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PREFACE 


Tur object has been to proAnde a text book of practical interest 
and utility, fulfilling the latest rcquiiements of the various 
examining bodies, and following, to a groau extent, the recom- 
mendations of the Mathematical Association 

Part I IS intended for beginners and therefore includes a 
laige number of examples uhieli may be taken orally 

Miiltiplieation and Division by polynomials are deferred until 
after simultaneous equations of the first degree have been tieated 

Algebraic piocesscs arc identified ivith those of Arithmetic 

Methods are referred to first principles , eg m the solution of 
equations each step is shoim to be a logical apjilication of some 
axiom and not a mattoi of arbitrary rules 

A great pait of the more gymnastics of the subject, such as 
the reduction of complicated specimens of fractions, is made 
suboidinatc to useful and suggestive woik 

It has been recognised that many Icarncis acquire some facility 
in manipulation of algebraic expressions ivithout getting any power 
of dealing vith the most important part, the solution of problems 
Much practice is theicfoic giien in tianslating questions into a 
symbolical foim, in older to lead the student easily to the solution 
of pioblcms 

A very laigc number of examples arc introduced at every stage 

Sti css IS laid on the impoi lance of testing solutions and checking 
results, and of using appioximations 

GraphiCtsl -noik, invohing largely the use of squared paper, is 
freely employed and interwoven throughout the book It is 
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used in connection with solution of equations, square and cube 
roots, statistics, height and distance problems, rate piohlems of 
various kinds, indeterminate equations, (logarithms, ratio and 
vanation 

Facihty in finding factors and m the use of labour-saving 
methods is aimed at, and the Bemamder Theorem is freely 
employed 

Students are introduced at a fairly early stage to the idea of 
a function and to the use of functional notation 

The bookwork is expressed in the manner suggested by much 
experience with learners as the one most readily grasped and 
retained 

Sets of revision papers are inserted at various stages, usually 
at the end of what may be considered a term’s work 

With a view to practical utility and as a stimulus to interest, 
loganthms are introduced as early as possible, viz , immediately 
after Proportion 

Thanks are due to various bodies, from whose examination 
papers many examples have been taken, especially to the Oxford 
and Cambndge Local Examination Delegates, and the Con 
troller of His Majesty’s Stationery Office 
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CHAPTER 

DEFINITIONS, 

3L It IS assumed that the beginner 
the meanings and u«c of the oidin; 

J-, X, -, ( ), as employed in Arithmetic The sjTnbol / is 
sometimes used to denote the o|ieration of duision 
Tims 10/7 = 10-7 =-V"- 

2 In .iVnlhmctic c denote quantities hj’ mmher’i, each numher 
hanng a fi-?od -value In Algebra uo denote quantities by 
generally letters, to which we may assign any \alue ivc 

please 

Thu®, in Arithmetic, 2 y 3 is always equal to G, whereas 2ya, 
or more shortlv, 2a, will haio difieicnb -values according to the 
numencal -value v e assign to the symbol a 
"When 0 = 3, 2<T = 2y3=-G If a = 8, then 2a = 2y8 = 16, 
and so on 
In Arithmetic, 

2xG + 3yG-»-r)y6=(2 + 3 + 5)x6 = 10x6 = G0 
So in Algebra, 2« + 3« + Oa = 10 x a, or 10« 

In the same w ay, Gb - 2b 

"We must also remember that •since the sv'mbols stand for 
numcneil quantities, we ma}' apply the ordinary Arithmetical 
laws in using them Algebraic proofs of the \anous Anthmctical 
laws will be given at a hter stage 
As in AnthmetJC 2 x 7 = 7x2, so in Algebra ayb-bxa, or 
abt^ha 

BBA, A C 


v.Tit «rri:7riaT irr^w 



iry symbols of opciation, 



2 


ELTSMENTARY ALGEBRA 


[CHAP 


Iti the •yimo 'ntiv, ]«st as 2 and 7 arc the factors of the product 
2 X 7, so a and b aro the factors of tho product nb, remembonng 
that ])y ab v o mean ayb 

Also n X ixc=a X ex i = i X fl xc, or abe=acb=bac, 
just as 2 X 7 X 8=7^2 X S = 7 X S X 2 ^ — 

Thus Sahe + 2nciP^ cab 

« =3ft?<+2abc + 7flbc 

In performing the aboi o addition nc look upon abc ns a sing 
quantity 

Examples I 

Wfilo down, or rcirt off, llio \aluGa of tho following 
1 2 a+a 3 2tt-a 4. Ix-Sx 

5 lly-la: 6 x — v 7 Snb + ~)ah 8 2a& + 3ba 

9 ah~ha 10 llxif-lxi/ U 9ay-3ya; 12 Ca6-lia 

33 Snhr-^tth 14 ‘5a,+4a:+’»x 15 3ti&+4ab+2a6 

16 Sab-rOba+llah 17 «+6«^ 7fl+2a 18 8al>e+4eab+7 

19 a+(»+a+a + a, 20 Sx+4x+x+2j;+5x 


Wlnt 18 tho ^aluc of 8* 

21 when *=2, 22 when *=4, 

24. a:=4, 25 x=2, 

Whnt 18 tho value of 5 

27 when a=4, 

30 x=l. 

Find tho \aluo of 3 j: 

33 whcna:=l, 

36 *=2J. 


28 when x= 10, 
3L x= o, 

34. whcnx=3, 
37 x=2 4, 


Find tho \aluo of ? 

39 whenxeC, 40 when *=12, 

42. *=2 I, 43 0, 


23 when x=^ , 
26. a:=2? ’ 


29 when *=3, 

32 »=2o? 

35 when *= 5-, 
38 *=1 G 


41 when *=7 5, 
44. x=s 024 


3 Symbolical Expression 

0£«*(20x 5) shillings, 
a£ =3 20n shillings. 

In tho same waj', a£ « 240 a pence. 
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Again, 


360 <»lnllings = (360 - 20)£, 
a shillnigs*= (« - 20)£ 


_JL 4 * 


^ X L.il{ crow ns = 30a; pence, 

just as 7 half-crow ns = (30 >-7) pence 

£x-i-y shillings = (20a: -Fy) shillings 
If I gii c 6 pencctocacliof4 bops, Igii enway (6 x ilpcnccaltogcthei 
6 a * Ofl 


Examples I b 


{ 1 hat the number w Inch is 2 greater than 
\ 2, VN lilt !*« tlio number winch IS 3 lets than ar’ 

3 If esch article co'-ts r ponce, 

(i) svlnt IS the cost of-" articles’ (ii) what is the cost of 7 articles’ 
(ill) 11 ’ (is) Tr.a ’ 

4 EspresaxX (i) in shillings, / (ii) in hslf Hoscreigns, 

^ (ill) in half crowns, ^iv ) in flomiH, (c)ui pence 


5 If I wslk X miles an hour, how fsr do 1 w alk 

(i) in 2 hours’ (ii) in 7 hours’ 

(ill) in half an hour’ («) in a hours’ 

6 Express ar^srds (i) m feet, (ii) in inches 

7 Exprt -ss T inches (i) in feet, (n}in}nnls 

8 If I gne 2 rfiillings to tsch lioj, how msnj Hhiilings do I gi\c to 
arlwvfl’ How mans pence do I gi>e them’ 

9 If 1 disidc <c shillings djnsllj amongst 7 bo^s, him inanj ehillinga 

docseschlKix get’ How msnj pence dots cich box get’ >• 

'' 10 If there are t forms in a scliool, lioxx msn\ lioja arc there in the 
school (,) vJicn each fonii contains 16 hojs’ 

(ii) yliojs’ 

11 3That IS the total numlicr of pence in £ar, and y siiillings ’ 

12L What is the cost in pence of ar articles at y pence each ’ Hoxx man} 

shillings do thej cost’ 

^ 13 Express x sqmre feet in square inches 
14. Exprcvi X square inches in square feel 
15 Express X metres 

(i) in dteimttrc", (ii) m centimetres, 

(ill) in millirnclrts, (u) in kilometres 


(i) in dtcirtitlrcs, 
(ill) in millirnclrts, 
Express * millimttrcs 
(i) in centimetres, 
(ill) in metres. 


(ii) in decimetres, 
(ix) in I ilomctrcs 
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17. What IS the double 

(i) of a: ’ (u) of 3r ’ (m) of ^x 7 (iv) of oa: ’ i 

{v)of5’ (VI) of ^7 (vn)of^? 

18 If I buy a horse for £x and sell xt for £y, how much do I gam 7 

19 If I buy a horse for £x and sell it at a loss of £y, how much do I 
sell xt for ’ 

20 If I buy a horse for £x and gam £y by scllmg it, how much do I 

sell it for ’ i 

4. An Algebraic Expression Any collection of symbols/ 
figures, and signs mvohnng only anthmetical operations, is called 
an algebraic expression j | 

f'Terin. The different parts of the expression connected by the 
signs plu§ ( +) and minus ( - ) are called terms 

Thus, 5^^-7y-4^! is an algebraic expression, and 
and - 4z are its ienns 

When no sign is prefixed to a term, the positive sign ( + ) is 
always understood 

A Simple exjrresstoji consists of one term only, a cmjxmnd 
expression of two or more terms 

An expression of one term is sometimes called a monomial 
(^Coefficient In the case of a product, such as 3x7, each 
of the factors 3 and 7 is said to bo the coethcient of the other 
Li the same way, a is the coefficient of he in the product ahe, or 
b IS the coefficient of ac, or c of ah 

When one of the factors is expressed m figures, it is called 
the niimencal coefficient of the product of the other factors 

Thus m the expression \2xpz, 12 is the numerical coeffiefen 
/oi xyz 

Power The power of any number or quantity is the result 
obtained when the number or quantity is multipbed by itself 
once or any other number of times 

Thus m IS called the second powei of a, am the iJtad power, and 
so on 

Instead of writing aa, we imte it thus a^, and call it ‘a 
squared’ In the same way wo imte a® instead of aaa, aP 
instead of aaaaa, and so pn 

Hence a* denotes the fourth power of a 
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'^Index The number written abo\c, called the index or 
cxponctil, indicates tlio number of faetois 

axaxiryaaa ton factors =-n" 

(^Square; Cube The second power of a quantity is c.illed 
its sanare, the third pow ci its cubeJ 

iV li — a* IS the same as a 

f Square root The square root of a number is that number 
which, multiplied by itself, gi\es the original niimbci 
The svnibol J is U'^ed to denote a square root 
Tlius \^2o = 5, for 5 v 5 = 23 

s/l6«- =* ift, fo! 4rt X trt = 1 6fl" 

r 

' Cube root The cube root of a quantity is that quantity 
whose third poiver is e<iual to the original quantity 
Thus, «:ince 2^ = S, 3 is tlio cube root of 8 
The cube root of a is written thus, IJa 
In the wmc w ay the fourth, fifth, etc , root of any quantity is 
that quantity w hose fonrl1i,jlflh^ cte , pow or is equal to Iho original 
qiniuitj 

The «**■ root of a is wntten thus, 

j* 

'^Like and Unlike Terms In any algobraie expression, 
tho^o tcmis which differ only in their mimencal coefficients arc 
<5aid to be hJc terms ') 

In the expression 

dar- - *ia-r - dalcz - 1 lf/-x - M — 3ax- 
Cfiz' and —Sax- arc It//! terms, also — and - IJer-x, —*)aliC3. 
and - led arc nnh/c to one another and to all the other terms 


5 Examples 


a’y <i =nxflxa=:a’ 

a" ^ a*=sa > axa^ a > «=rn* 


en a’s imiUiplicrl togc{licr=:a’’ 

N E — tt* not a tnnitijilicd In itself tlirco tunes, lint is (lio product ol 
three factors, a, a, a 

<t'b y h =:« ^.ayhy 7»*=n'lr 
0*1/* v a“b* ssa'y t^ylrx h*s: aeV^ 

«•/ a^x-a-'x 

— 0 ''ay ay hsz^aVt 

12abex 2a~bc =2lxaya-xbybj(cxc=: 24a^h''A 
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The square of a-=a-xa~=a* 
a®=a®xa®=tt’® 

4o-=4 X 4 X a® X a®= 16a* 

The square root of a* is a®, for a?xa-=a* 
a** IS o®, for a® x a®=a® 

Examples I. c. 

^ * 

1 Give three examples of 

(1) a simple algebraic expression, 

(2) a componna algebraic expression, 

(3) a simple algebraic expiessionmth a numerical coefficient. 

' 2 Express the product abx- in (ItiTcrcnt forms 

.^8 Lo the same with Ga®6®c*, l2d!Px 
What IS the 

4 second poM er of 3, 5 third power of 4, 6 6fth power oi 


7 

product of X and se®, 

8 product of a® and 

o®. 

9 

o® and ar. 

10 a®l» and b% 

U 

4d and 3b, 

12 4o® and 6a®, 

13 

12abe ind 3abc, / 

14 12a®y® and 

’iayz, 

15 

square root of a®, / 

16 square root of a:®. 


17 

16a® 7 

18 *«, 


19 

square of 6, 

20 > square of a®. 


21 

a*b. 

22. , 4a;®y*, 


23 

cube of a", 24. cube of ay®, 25 cube of 2a^, 

26 

cube root of le®, 27 cube root of 8a», 28 cube root of 27i 

29 

What IB tho coefficient of a in 

tho expression 6a, 


30 

tt" 

3(1%, 


31 

y 



32 

f 

y-x. 


33 


3a*Wc, 


31 

X 

'iabx’f 


Find the values of 



35 

2® +3®, 36 (2+3)®, 

37 3=+4s, 38 

(3+4)®, 

39 

7® -5®, 40 (7-5)®, 

41 42 

\/25-16 

43 

13® -5®, 44. (13-5)®, 

45 \^-x/9, 46 


6 Substi[|^ioii. 

{l)Ifa=4 2a=2x3=6 


( 


o®=a xa=3x3=9 



4a®=4xaxaxa=4x 3x3x3=12x9= 

108 

(2) If a;=5, 4a;=4 x 5=20 



4'e®=4x 5x6=100 
|ar>=^x5x5x5=6x5x5=150 
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(3) If a=2, b^3, c=4, 

of>c=2x3'<4=2J 


a®i.=2x2x3='12 

=2 X 3 X 3 X 4=C \ 12=:72- 


(4) If 0=0, li=l, 


c=3, a,=3, 

o-=0 o®=0 a*=0 

ol)c=0 N 1 X 3=0 
a"ir=0> 0x1 x3=0 
f.V=lxlx3x3=9 
W=1 1x1 x3> 3x3x3^81 

a:*=i3®=3 s 3 X 3=27 
**=3' =3 


4/27 = -5^=3 


Examples 


L d. 


If 0=5, 5=3, c = l, x=7, find tlie \alno of 

13a 2 35 3c® 4a? B4a- 

7 Oc» 8*cx 9 5* 10 4a» 11 2a? 12 lie* 

If 0=1, 5=2, c=3. T=4{ y=5, o\nlunlo the following 


13 7fl*5 

14. 6a5c 

16 Oa?y 

16 a''5c 

17 4^?c. 

18 V-acy 

19 S«>5 

20 Soar 

21 -il;5* 

^‘22 «* 

23 c» 

^ 24, 5' 

25 o"-'. 

26 5«- 

27 Aa" 

28 |c» 

29 — 

^ IG 

30 l5-f;e5 

31 

32 

If 0=0. 

5=1, c=2, a:=}. 

Cl altintc the follow iPg 


33 7a- 

34. 6n5 ‘ 

35 

36 4car= 

37 aher 

38 a>c*x 

39 l5®rV 

40 -25"ca^ 

41 a~l~e’ 

42 4^5^ 

43 <^15V 

44. 



- - 
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CHAPTEE II. 

NEGATIVE QUANTITIES 

7 Any quantity with the sign + picfixcdj or understood, is 
called a positw c quantity, and any quantity ''Vitli the sign - pro 
lived is called a negative quantity 
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Negative Quantities Arithmetically ivo cannot subtract 6 
from 3, « c the expression 3-6 has no arithmetical meaning 
In Algebra however such an expression has an intelligible 
interpretation 

This is best seen by considering a few examples 
If a farmer buys 7 cows, and sells 4 cows, he has 3 mare than 
he had at the start On the other hand, if ho buys 4 cows, and 
sells 7, he has 3 less than at first 
We express this algcbmically thus, 

7 cow s - 4 COW'S = + 3 cow s 
4 cows -7 cows= -3 cows 

Again, if a man gams £10 and loses £6, ho has £10 - £6, * c. 
£4, mote than at fiist If, on the other hand, ho gains £6 and 
loses £10 , ho has £4 less than at first, 
te £10- £6=-f^£4, 

and £6 -£10=- £4 

Moreover, if he loses £10 and then gains £6, he will then 
have £4 less than at first, 
te -£l0+£6=-£4 

If a man runs 120 yds along a road, and then luns 90 yds 
towards his starting point, he mil bo 30 yds from his starting 
place But if he first runs 90 yds and then 120 yds backwards, 
he mil still be 30 yds from his starting place, but on ihc ojiposite 
Side oftf 

120-90 = 30, 90-120= -30 

Thus we see that +4 and —4 aic the exact opposite of one 
another If we consider a man’s income, +£4 wnll represent an 
increase, whilst - £4 w ill represent an equal decrease + 4 yds and 
— 4 yds represent 4 yds in opposite directions, and so on 
Suppose a man loses first £10 and then again loses £4, he is 
£14 poorer than at first 

That is, - £10- £4 =-£14 

Thus - 3-2= -5, and - 5-6= -11 
^ Now instead of using £, or cows, or yards, let us use a symbol 
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We then have, 10a- 6a=+4a 

6a — lOfl = —4a 

— 6a — 10fl=-16a 
-lOff- 6rt=— 16a 

— 10a + 6a= — 4a 

8 Graphical Ulustrations Take a str line XOX' of 
unlimited length, and let all distanees mcasuied fo the tight be 
considered positn e, n hilst all distances niensured in the opposite 
direction, from right to left, are taken as negative 



Take =& along OX, 

and Oaj = a,a_, = a„a^ = =6 along OX', 

Taking O as the stai ting point in each case, 

OA„ denotes +61*, vhilst Offg denotes - 6&, and so on 
Also AjA- denotes + ih, nhilst A-Ag denotes - 4h 
Thus 66 IS denoted by OA^ (6 spaces io the right), and AgA^ 
denotes - 26 (2 spaces to the hft) , 

66 — 26=OAj = 46 

Again, still starting from 0, - 26 is denoted by Oa , (2 spaces io 
the left) and + 56 by oAg (5 spaces to the light) 

-26 + 56 = 0A3=36 

Again, - 36 is denoted by Oag, and - 16 by oyiy, both distances 
being measured io the left, 

-36-16=Oay= -76 

Once more, 


I 

* c 


— 76 IS denoted by On- (7 spaces in the negative direction) 
4-4h <^ 1 ^ 3(4 positnc ), 

- 76+ 16 IS denoted by OAj 


What IB the \ iluo of 


^^^76 + 46= —36 
^ Examples. H. a 


1 C-3 2 3-5 

6 -7-11 6 7-11 


3 11-7 
7. 4o-2a. 


4 -3-2. 

8 . 
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What IS the value of 


9 

-2a-4a 

10 

-4a+6a U 

3* -9a; 

12 

1 

H 

13 

7a® -3a® 

14 

-3a:®-lla? 15 

-lla:®+8a® 

16 

2a® -9o® 

17 

a®-4o® 

18 

8a6 - 4a6 19 

— Sab - 4ab 

20 

-ab-ah 

21 

4a&-lla& 

22 

Zxy-^xy 23 

3a"6-12a®6 

24 

ah -ah 

25 

ah - 6a6 

26 

-4-5 27 

-4*+ 7a; 

28 

-5a6+2a6 

29 

- abc - llotc 

30 

Sate - Bcab 31 

-Zvy-hyx 

32 

-3a6c+7ac6 

33 

- Sate - 76ca 


34. 14a:- llx 

35 

11a: 

-14x 

36 

-I2a!+I5x 


37 -ari-ie® 

38 

12a: 

-17a: 

39 

-I2a:-I7x 


40 -13»+17® 

41 

-15ar*+Cai® 


Graphical Emmples 


Use graphical illustrations to prove the follouing (squared paper uill be 
found useful) 


42 4-3=1 
45 -8+6= -3 
48 -2-3= -5 
51 -3a?+8»=6a? 
54. -2ar-3a:= -63? 


43 7 - 4=3 
46 2 - 6= -3 
49 -4-5= -9 
62 -2»-4a?= -Ca? 
65 -7ar+4»=-3a: 


44 6 - 2=4 
47 - 7 + 2= -6 
60 63!-3a:=2ar 
63 -6as+»=-4» 


9 Tlio order in winch additions and subtractions are pei formed 
IS immatoiial If you take 4 from 6 and then add 3 the icsult is 
the same as if you first add the 3 to the 6 and then subtract the 
4 The same pnnciple holds good ivith regard to algcbiaical 
expression, thus 6 a - 46 + 3c is equal to 60 + 3c - 46 
This IS generally accepted as aviomatic, but may with 
advaptago be illustrated graphically 



With the above diagram, using the same hypotheses mth regard 
to signs, etc , as in Art 8, 

46 + 36 - 56 takes us from O to (4 spaces), then from A 4 to A^ 
(3 spaces), then from Ay to Aj (6 spaces in the negative direction) , 

46 + 36 — 56=0A2 = 26 
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In the same way 46 - 5& + 36 takes us first from O to A^, then 
from A4 to ff, (5 spaces in the negative direction) then from 
a, to A, (3 spaces in a positi\ e direction), i e to the same point as 
in the first case , 

46 + 36 - 56 IS the same as 46 - 56 + 36 
Again, 66 - 46 - 36 takes us first from O to A,. spaces), then 
from Ag to Art (1 spaces in the negative direction), then from 
Art to (3 spaces in the negative direction) , 

66-46-36=Off^= —6 

In the same way -46-36+66 takes us flist fiom O to 
(4 spaces in the negativ e direction), then from U4 to a- (3 spaces 
in the ncgativ c direction) and then fiom a- to Pi (6 spaces in the 
positiv c direction) , 

-46-36 + 66=Qaj= -6, 
tc 66-46-36= -46-36 + 66 


Graphical Examples IL h. 

Proic the following griplncall>, using squared paper 


1 6+’;-3=S 
3 -5-»-4-2=-3 
5 7-7-2=2. 

7 8-5-1=n 
9 -2-rl-3-i-2-4-l3=-3 
11 Cw -7o^ ■la=3a 
13 + 10-91= -2rt 

15 9r=‘lr 

17 3a-5a-*-4a— 2a=0 
19 -a-'lo-6o= — lOo 


2 3-4j-2=1 
4. -l-2-3='-6 
6 -6+3+4=J 
8 1-2t3-4+5=3 
10 -2+5-7+4=0 
12 3 o - 4 a - 60 — Co 

14. -4a-3a + 7a=0 
16 — 7a‘J 4a;-* -2r 

18 -%-i 8a-f3(i-’>o= - 3 * 
20 -7n-t-4o-30t4 60=0 


10 Substitutions 


Example 1 


Example 2. 
ar-Jr+C'-qd 


When 0=2, &=3, c=l, <f=0, find the 'iluc of -^5^ 

[a’T^ ah 2x3 , 

^ c ~‘Jc~ 1 

With the same values of o, h, e and d, fil’d the value of 

a’-t*-t-c*-^i=2x2-3y3-f 1 xl - (7/O 
=4-9.j-l (yx0=0) 

= -4 
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Example 3 TVitli tlic sime \alnes of a, b, c and d, evaluate the 
expression ^ ~ 

„ ®rTvT* IT^ 

' The gi\en expressions ate 

=lx|-i+6 

Krainpin 4 Rmd the \ allies of as”- 0 *+ 4 for the following values of 
X —0, 1, 2, 3, 4 5 


When 


a: = 

7 0 

1 

2 ' 

3 

4 

5 

, ~ 

0 

1 

4 

0 

IG 

25 

-3» = 

JO 

-5 

-10 

-1-) 

-20 

-25 

4 = 

4 

4 

4 

4 

4 

4 

a?— 5 xt4= 

4 

0 

-2 

“2 

0 

4 


4, 0, -2, -2, 0, 4 are the required values 




Examples II. 




^ If a=53, find the ^ aliie of 
'La® 2 -a2 3 a-4 4. o®-2. 5 3a=-2n 6 a-2a« 

If x=!l, y=2, find the vxlue of 

7 2xr+v 8 a-2y 9 10 IL 12. dx^-y- 

If 0 = -3, find the value of 

13 a+2.' 14 a-3 15 2a-7 16 5o+lo 17. 5+1 ?5+4t 


If x=0, y=4, 0=7, 6=3, c=8, find the value of 
19 Vf' 20 Z2 ^ 23 -v^/X 24 -{/J 


9 . ■ - O 

\pc 


25 o-+6*+c® 26 X* 27 x®y 28 p*® 29 5a?+6c-20y 

80 Sa6-46c-2ay 31 o®+6®+«r— ar-y® 32 7 “^— yCV-^yS 

33 dbs?—’/acy-+iia-ey 

‘ If 0=0, 6=4, c=0, d=2o, find the value of 
j34 - \fUc+ JIS 

y37 tjbcd~ \^ocd— \^dd, X38 6\^5+a \^6d —i'Jbc— '?^06c. 

39 Find the values of ar-6x+9, when » h is the values 0. 1, 2. 3. 4. 5 
Tabulate the work >>->>> 

,40 Find the values of 2a?- 3x— 10, when X has the values 0,*2 4 G S 
Tabulate the work. o 


M d* c- Iht brd 
^ 2o~81 9 3G 
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41 Find the \alues of 4ar® — 5a;+4 when x has the values 0, 5, 1, 1 5, 2 
Tabulate the ivork 

42 Prove that 2ar* - 23a;+ 63=0, when x=7 

8x Q1 

43 Prove that g when a;=3 


11 An algebraic expression consisting entirely of 
unlike terms cannot be simplified unless the values of 
the symbols are given 

K a man has 7 pigs, 3 cows, and 3 geese, he does not know the 
value of 7 pigs +3 cows +5 geese, unless he knows the value of a 
pig, the TOlue of a cow, and the .Aralue of a goose 
In the same way we cannot simplify the expression 7a+ 3b + 5c, 
unless we are giA'en the values of a, h, and c * 

On the other hand, if an algebraical expression consists enturely 
of like terms, we’^n collect these terms mto one 
Just as 2 dows + 3 cows +';5 “com's = 10 coivs, ' ' 
so 2aHf-^a+5a=10a , 

7 pigs - 3 pigs=4 pigs 

In the same way 7a - 3a = 4fl 

1 1 geese — 4 geese = 7 geese , ' 
lla— 4^=7® 

1 2 horses — 7 horses + 2 horses = 7 horses 
In the Mme way 12y —7y+2y=7y 

12 In Arithmetic wo know that 

2(3 + 4) = 2x3-«.2x 4 = 6 + 8 = 14 
Or otherwise, 2(3+4) = 2x7 = 14 

In Algebra 2(3a+4a)=2x3a+2x4a=6a+8a=14a 
Or otherwise, 2 (3a + 4o) = 2 x 7a = 14a 

Let us now consider the expression 2(3a+4&), noticing that the 
terms 3a and 4& are vnhle 

2 (3a + 46) = 2 X 3o + 2 X 46 = 6a + 8&, and this expression cannot 
he further simplified unless the values of a and 6 are given, for 
the terms 6a and 86 are unhke 

Thus we see that the second method used in the above arith- 
metical examples cannot be used m Algebra when the terms are 
unhke , , * 

f - 1 
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13 Example 1 Express 4a4-2&- 3c— 2a+&-c in its simplest form 
ia+2h-Sc-2a+h-c 
=4a-2a+2b+b—^c-e 

(collecting like terms) 

=2a+36-4c 

Example 2 Bind the simplest foim of 

3a^-4x^ — 4xy--Gx^+2xff--3afiy—S3^—3z^+6 
The giien expression 

=3a?i^-3a?y-4'B*-3a?-4a:y®+2a:y°- 6x®-5ar*+6 
(collecting like terms) 

= -7a:»-2*y3-llar>+6 


Examples n d 

Find simple forms of the folloiring expressions 
1 11-7+4-3+2 ^ ^^2 -6+9-11+2 

*3 3o-6o+4a-a 4. -lla-4rt+2o 

5 35c-7l>^-9bc^+186^ » V 6 -3-c-y-7ary+4ay®-3a:y- 

P 9a?-14'cy+2j/’+6a^-6ar'-5y® ' 8 2(6o-4a+2a) 

9 i(9a-3a-2a) ' i 10 

Prove that the following statements arc true when a;=l, y=2 and s=4 


11 •i?+ya+sS=21 
13 ys^-2y"x;-5®®=-5 

15 

^ y z X 
•» w y 

19 


OZ a-sy+y=s=18 
14 1-^=0 

X y 


le f-C4=« 

18 a:»-y«-s9=-19 
y*+!r'+c*'=19 

CBLA.PTER nr 


SIMPLE BRACKETS 

14 In Arithmetic iThen a number of terms are included ivithin 
brackets ( ) it is understood that the terms ivithm the brackets 
should be considered as a vJioh 

Thus 8 + (7 + 5) means that -we first add 7 and 5, and then add 
the result to 8 

When a group of terms within brackets has the positive sign 
(+) prefixed, the brackets may be removed without changing 
any of the signs within the brackets < 
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I To prove that <i+(&+c)=a+5+c 



Let the straight lines PQ, QR, RS represent a, h, c respectively 
Then a+(5 + c) = PCl+(QR+R8) = PQ+QS 
^ PQf QR RS * a "P 6 *1“ c 

n To prove that a+(b-c)=a+h—c 

P Q S R 

p S Q R 

Eepresenting a, b, c by straight lines as before, remembering 
that we must draw RS in the opposite direction to PQ and QR, 

(see Art 9) a+ (6 - c) = PQ+ (QR — SR) 

= PQ + QS in fig (1) and PQ - SQ in fig (2) 
= PS in each case 
= PQ+ QR — SR in each case 
^=a + b — c 

Also, since we may write algebraic terms in any order, 

a + (-c+b)=a+(b~c)=:a+b-c—a-c+b 
We have thus proved the rule 

When a group of terms within brackets has the negative sign 
( - ) prefixed, the brackets may be removed on changmg the signs 
of all the terms within the brackets 

P S R Q 

Ajs above a-(6+c) = PQ- (RQ+SR) = PCl-SQ=PS 
— PQ — RQ — SR = CE- — 6 — c 

p s r Q 

Also a-(J-c)=PQ-(RQ-RS) = PQ-SQ=PS 
^ PQ — RQ RS = a — & + 0 
Again, since terms may be written in any order, 

a-(-c + b) = a-(b-c)—a-b+c==a+c-b 
The rule is therefore established 
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15"' In addition to tlie ordinary brackets, ivo sometimes use a 

line, called a “vinculum," drawn over tbo terms to be connected 

Thus a - 26 + 3c is the same as a - (26 + 3c) 

3 + 5 3 5 

In Arithmetic we Imow that — is the same as ^ + jr 

c A1 1 '3'c + 4fl Zx . 4a 

So in Algebra — p — is the same as +- 5 - 


Here the “nnculum” 


5 ‘ 5 

, drawn underneath, has the 


same value as a pair of brackets 
For instance 3 + ^^^ — = 3+^(2g-4) = 3+'^-^ 

Also3-?:^ = 3-|(2a:-4)=3-^+| 

As in Arithmetic 3(2 + 5) = 3x 2 + 3x5, 
so in Algebra 4 (a + 6) = 4a + 46 

Example 1 Pro\e, by removing the brackets, that 
7-(®+2)+(3-2»)-(-6a:+3)=5+3a: 

The giien e\pres8ion=7-a.-2+3-2x+6'C-3 
=7+3-2-3+6a-®-2® 
s=10-5+6x-3* 1 

=5+3® 


Q£ D 


Example 2 


Example 3 


Pro\e that 4a-2(a+5)+3(a -6)=5o-66 
4a-2(<i+6)+3(a-6)=4a— 2a— 26+3a-36 
=4a+3(t-2a-26-36 
=7o-2a.-56' 

=5a — 5b 

Simplify the expression 

5x-15 12-42® 27»-54 


QED 


6 


9 


5® la 12 , 42® 27® 54 
The given expression=y— g--- ^+-g-+-g — j 

5=®- 3- 2+7®+ 3»- 6 
= 11®-11 


'What are the values of 
l''\+(4-2) 

V4. 9-;{3-4) 

7 14-(3+ll) 

10 -2- (3+4) 


Examples UC a 

2 6-(3+l) 

6 ll-(8+4) 

8 ll-(-2-3) 
11, -2-(2-4) 


3 9+(3-4) 
10+(3-10) 

9 17+ (3-6)^'% 
12 -7+{-4+ll) 
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13 21 -(25 - 23) 

16 6a -(4a -2a) 

19 a-(a+o) 

22 -(a+a)+5a 
25 -a?-{-3x^)+(-Sa^) 


14 -(4+7) + 15 15 6a+(4a-2a) 

17 6a-(4a+2a) 18 6a-(-4a-2a) 

20 a+(a-o) 21 -a-(o+a) 

23 3o2-(5aS-7a=) 24 6a5-(2a5+4a6) 

26 -aP+{7a^-6afi ) , - , 


Pro\ e the follo-wing by removing brackets 
27 G+(a:-2)-(3+4r) + (6r+l)=3x+2 f 
"m (3a:-2)-(4a;-5) + (a:+7) = 10 4 

"^9 (9a-l0+(-2a+36)-(6a+6&)=o-35 iC ' 

30 x-6a-{2a,-3a)-{a~6x)=5x-4a 

31 (a+6-c)-(a-Z»-c)+(a-Z)+c)=a+5+c 

32 3a-26+3c-(2a-5B-3c)+(3a-35-2c)=4a+4c 

33 a-6+6-c-a-c=0 


34 4a-26+5c-2a- 16 + 7c+3& + 9c-2a=46+7c 

35 2(r-l)+3(l-a;)-2(2-3r)=5^-3 

36' 3(2-a)-^+6)+6(2a+7)=2a+6 37 2(a+6)-(2a-6)=36 

38 3(2a-c)-7(c-3a)-4(5a-2c)=7a-2c 

3(a-Z»+c)-4(5+a-c)-2(c-a-6)=a-55 + 5c ^ 


39 


^ 2(3a:+12) + 3(a.-4)-4(2a:+3)=ar \ 


2ar^4,3'^;-G „ 
^ - 5 — 4— =2ar 


42 


44 


45 


3a!-9,4a,-12 8x+12 

» a :-12 

31;+ 12 2a: -4 22 - 33r 


I 


3 2 11 

6a;-8,10a;-5 ]4x-21 
2 5 “ 7 

8-9-c 7-21a; 20 h 25i 


=3a.+4 


=3a;— 2 


3 


.__+. 


=5x+Sf 


ADDITION 

* 

17 In Arithmetic the sum of 2 and 3 may ho ■written 2 + 3 
So in Algebra the sum pf a and & is a + 6 
Using the rules for removing brackets, the sum of a and — 5 is 
^ a+(-b)=a-l) 

When like terms are to be added together, they may (Art 9) bo 
collected into one terra 
Unlike terms cannot thus bo collected ^ 

The sum of 2a, - 3a, and 5a is ^ 

2a + (-3a) + 5a=2a — 3a+5a=4a 
B 


BB A. 
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The sum of - 3a, and — 6 is a® + ( - 3a) + ( - 6) which is equal 
to _ 3-5 _ 6, ‘and this cannot be shortened, since the terms are 
all unlike 

When a numbei of like terms are collected into one term, the 
result IS called their algebraic sum, even though some of the 
terms may be connected by the negative or minus sign 

18 Example 


1 Add together — and % 
D 5 


Example 2 


The sum required=^+g 

5x5a; 6® 

~~5xS ■*'6x0’ Arithmetic) 

_25®+6»is 31® 

- -fso 30 
Qr- 

Find the sum of ^ and — 

3 7 “ * 


The sum rennii ed = ^ - -jr- 
o 7 


7®® 3x2x® 

'7x3~ 7x3 
7a!® -Or® ®a 
21 “21 


Examples m b 
Add together the following quantities 


1 

4 and -7 

2 5 and - 3 

3 

>-4 and -2 

4 

-7 and 6 

5 -4 and 4 

6 

9 and - 9 

7 

3® and - 2® 

8/ -2® and -4® 

9 

- 7® and 9® 

10 

-7® and 3® 

11 3a and 4a 

12 

3a and -40 

IS 

— 3a and - 6a 

14^6^ and - 2a 

15 

- 2a and 7a 

16 

a? and - 3®® 

17 aoc ind acl> 

18 

hca and - cab 

19 

® and g 

A 

20 ®and-g 

21 

-2® and -■^® 

22. 

-g and 3® 

A 

^ 23 2a® and 2a 

24 

3a® and - 3a 

25 

-Ca® and -2* 

26 - 2*® and ® 

27 

|„d| 

28 

® , ® 
gand-- 

29. |and-| 

30 

X J X 

-gand-- 

31 

3® ,® 

-^and^ 

32 -|and^ 

33 

*5 «- 1 

and — ^xyz 

34 

® , ® 

35 ^and-?^® 

0 4 

36 

3x- and - 2i/" 
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19. Example 1 Tiie sum of 3a:— 4a and 2i:+ 3a , 

=,3r-4a+2a;+3a 
=3a;+2a:-4n+3a 
=5* -a 

Example 2 The sum of Ifr-y) and 6{x-y) 

=q(^-y) 

Hero M 0 look upon t - y as a single quantity , and just as 

ja+5a=9a, ^ 

or 4 cats + 1 eats=9 cats, ' 

so 4(a--y)+u(a -y)=9(a:-y) 

Example 3 Find the sum of A(2a — 6) and ^ (2a - h) 

Hero u e may look upon (2a - 6) ns a suiglo quantity, and therefore the 
sum icquircd 

=9 tunes ^(2a-6) 

=^(2a-6) 

=2a-7> 


/ 

. . Examples 

ni c 

' 1 ind the sum of 



1 

a +5 and a~b 

2 

2x-a and 3a:+a 

3 

-ar+a and a:+a 

4 

2a:+a and 3x-l a 

6 

a -36 and a +26 

6 

Qa-h and la -6 

7 

a:®J-y’ and 

8 

2a --y- and 3ar® — 2y® 

9 

a 6 , a b 

2*^2 2~2 

10 

tt , 6 1 0 ,h 

2'^2 2*^2 

11 

;q,+ 56 and g«-»-i6 

12 

Jo - )^6 and 

13 

n-6 and 6-c 

14 

a-c and 6-c 

15 

Sir- 36 ami a- 3r 

16 

2x-+Sr and r-t 4 

17 

Sr^-Sx and 2a:- 3 

18 

aP-3xr and 2a.-- r 

19 

a:--* and ^-*-2 

20 

.la "+5 and “5 

21 

a+6-c uid a- 6-{ c 

22 

Ire — 26— 2c end 3a^2b-c 

23 

a-+y -2 ami lr-2v-, 4r 

24 

n-—lr-r- and -re®+26- + c* 

.25 

3x‘’+li+l and 2ar — a-1 

/ 26 

a'®-2a:f/+y" and a:®+2a:y+y® 

27 

3(0-6) and 2(«-6) 

28 

' (a + 6) and ' (red 6) 

'29 

r{^-v‘) and ^ (a^-v") 

30 

^(t+ 3) and J(ad .')) 

?31 

® (a -6) and -•t(«-'6) 

32 

-^(■'-'5) - ’,(a- 3) 

‘33 

9 times s' and -8 limes S' 

*34 

*5 tunes 3 j and -4 times 3j 


3 times ij and twii.c 1 J 

< 36 

8 times ly nnd - 1 times l| 

' 37 

4(0-6) and 2(«4 6) 

38. 

3(a:+i/) and ~2{x~y) 

39 

6(a*-l) and jfa’-S) 

40 

7(1 -a) and 2(1+*) 

41 

3(1+2*) and 2(3 -2i) 

42 

x{a-b) and x[a + b) 
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20 . Example 1 Tlic sum of 3a, - 4a, 6a, - 2a, la 
=3a-4o+6a-2a+7o 
=3a+6a+7a-4a-2a 
=16a-6a=10a 

Example 2 The sum of 9*®, - 6a;®, 5a?, - 2a:®, 6a:®, - 3a:® 

= 9ai® - 6a:®+ 6ai= + 3 t® - 3a:® - 2a? 

=6a?-2a?=l7? 

Examples HI d 

Emd the sum of 

I 2a, 3a, 4a, 5a 2 2a, -a, 3a, -2o 

3 -X, -2x, -3a:, -4a: 4 5a?, -3a:®, -2a:®, 9a? 

5 "ty, -3y, -2y, -5y 6 6p, -4p, 3p, -2p, ~3p 

7 -Sab, -lab, lOab, 5al» 8 7a, -Sa, 9a, -7a, 3a, -9a 

9 2a?, 'la?, -3a?, -2a?, -la? 10 fa:, 2a;, fa, -x 

II fa, -%a. 6a, -2a 12 -7^ 9? 

13 fa;, fa, fa:, -fa 14 2a, -fa:, -fa, ya 

Collect the terms m the followng 

16 3a-2a+4a-a 16 7a:®-3a'’-a®+2a® 

17 3a5-7a6 + ab-2ab4 9ab 18 lla?j/~8a?y-2a?y + 4a®y-a®y 

19 4o6c-9a6c+6obc-7abc 20 -3a:*-4a:*-7a:*-ar* 

21 -9af'-6a»+8af'-2ar'+9ar' 22 

23 + 24 — fu®+fa®-a®-2a® 

21 Example l Find the sum of 3tt - 4li - 2c, 4tt + 2b - c and 2a - b - 3c 
First Method The roqmred sum ^ 

=3o-4b-2c+(4a+2b-c) + (2a-b-3c) 

=3re-4b— 2c+4a+2b-c+2a — b~35 
=3a+4a+2o-4b+2b-b-2c-c-3c 
(collectmg like terms) 

=9a— 3b — 6c 

Second Method Arrange the gi\en expressions in lines so that the like 
terms appear in the same "n ertical columns then add each column 

3a - 4b — 2c 
4a+2b- c 
2a- b-3e 

9a— 3b— 6c 
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Example 2 Find the sum of 4a? -1-3*°, 5a? -3* +2*®, and7-2*+2*° 
Ai ranging the expressions so that like terms appear in the same lertical 
column, 

4a?-3i? -1 

2a?+5a?— 3* 

2t°-2*+7 

Ga?+4-j?-5*+6, the required sum 

Example 3 Fmd thesum of %{x—y+Zz), ^(4*-8y-2), ■7(2*+2y-23) 

\ 

Ss? ^1/ Ss 

The reqd sum=-^-^J-2s+3*-6y — j+*+y-2 

=y+3*+*-^y-6y+y+2r— ^-2 
(collecting like terms) 
=*{§+3+l)+y(l-6-.j)+2(2-l-|) 

=^4.-c-.^y+ls 

Examples III e 

Find the sum of 

1 a°-62+c°, -a°-6°-c=, a°+i>°+c° 

2 2a+56-4c, 3a-26+4c, a+6&+6c 

3 3*-4y+4z, -2*+6y-5z, *-3y-8z 
4. -a-h-c, -2a-2b-2c, -3a-36-3c 

5 4a*-3&y+5cz, 7ax+8iy-2cz, 2ax-2by+cz 

6 a+6, h+c, c+a 7 2[a-h), 2(a+l)) 

8 0+6-C, 3(a-6+c), 4(a-6-c) •' 

9 a?+2*y+y°, a?-y2, 2.%y-^y- ' 

10 '»?+3*VX3a;i'-+J?, a?-3a?y+3*y®-y®, a?+j? 

11 4*-6*°-l+2a?, 3*°-4-ar + 5*, 12-* 
ll2 3a»-2c®-<P, 5*+<r'+4(P, a^-SlP-4<? 

13 a?-3i?y+3*j^°, — 2a?i/-®}/2-y®, a?+42? 

11 4p°-3g«-4r-3, g=-2r-4, G»-2-3p° 9-g= 

15 7a?yz - Sa^r®, 3*y°z - 4a?y2,^ - 5*y% — 7*^2°/ (2a?^ — 4a^% + 6a:y2® 

16 n®-6c-2ac, l?+ac — c°, c°-3ot,-45c, a5+oc + l»c 

17 a‘‘-l?-3a®c, l?-3a6e+3ac°, Gdd+7a-c-2ac- 

18 4(a+5+c), 3(2a-6-c), 8(/;-o+2c) 

19 ^{a:+y-2), ^(x-y-z), ^(-r+y+z) 

20 ^a+^b, ^a-c, 36+ Gc 

’21 T(8a:-12y), 5(G*-9y). ^(]2*+S0y) 
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SUBTRACTION 


22. 2a subtTPcted from 5i = o’-2.=3a. 


-3c 
4 ^ • 


— — Oa — - *C 


Tt. = 7c - ( — 3'') = 7u — = IHt 

-2/’=-2i-^ — 4r)=-2<i — 4^ = 2i- 

r — t = X j/ - ( X - 1 ) = X — i/ - 0 - — y = 2 o 

x^- 5 x=x^- 5 x-(x- 2 ) 


=2^ — 6x— 2 


Sal>*Tscc 


Ssamples. HI. £. 


1 I'fro’a-ic 2. -ofroa4a. 

4 , — &rrom 6 ^ 5 -ofrom— 6 ^ 

7 — SofroalU 8 X iro 2 i — X. 

10 Si* from a® * IL Tax® front llnar. 
13. -Tci^irosa II ojt 1A Tcjr from — ISia? 

16 Ho from 0 17 -So from 0 

19 r-cf'omO 20 a-ofroma— 6 


2 L is 


la —iJt 


24. -a -if from a -6 
28 a—h f-om c. 

25. —tr from or. 29 — o 

'WJ’at mns* Be -dned to 
3L 2s— £> to raskc A* t 
33 _ <j— o— c to mtke cl 
S 3r— to mase "i.*— :r ’ 
"ST. ar— IX— e to make Sar-^x’ 


-a from —ox. 


S2. As-S^ 
34. Ss-o- 


5. 2o aom -oa 

6. -oofrttm -5* 

9 - 2 1 from 2^ 

12. -Tear from 

13 efrom 0 
18. Sa-A>»n>m0 
2L 2e— 6froir Sa-S3 
23 io— if from r — 6 
^ c from c — f 
27 o irom rx 
SO X from sr. 

to make 2a’ 

- c t-> make — 0 ? 

—6 to make 5x— 6’ 


23 Krample 1. Sv *rcff ^ — 2r— 2- irrx 5a— — 4f. 

Toe rood. rtt;mt=5a— Sn— 4c— {Sa— 2*— 2-) 

=5a— 35- 4c— So— A"*— 3: . (1) 

=5o— So— St— 2a— 4c— 2* <2j 

(collect mg like terms) =2i— 5t— 6c. 

Example 2. Sr-Srr-S/r- - Tx-5-2r=-4s® 

__Io ca«es Facit r.s to s it is geaemliv Bes* to anrance the exrress’ons in 
a«tr“ 'i ^o~c'S‘F*"f ^ ptire-s ol x. 

A”m''g'ag *Le expmss on? in povrem of x. 
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tlic rcqd rcsult=4a:® - 21® + Ta* - 5 - ( - 2 j.®+ 3a; - 6) 

=4a:®-2a?+7a;— 5 + 2a^-3a:+6 (1) 

s:4x®— 2ar*+2a;®+7a.-3a;-5 + 6 • (2) 

—43?+4x+1 

WJicn the student lias had a little practice, ho ^\ ill he able to shorten 
the ^^ork. b} omitting lines marked (I) and (2) in the aboic 

24. The AN ork of subtraction is often com emcntly arranged as 
follows 

Siibiract 5a-3b+ Ic fiom Ga — ob — 3c 

6h-56-3c 
5fl - 3b+ic 

a — 2b -7c 

Explanation. "We see from the examples p^c^^onsly worked 
out, that we most change the signs of all terms in the expression 
to he subtracted and then take the algebraic sum of the two 
lines 

6rt-5fl«c, -5b + 3b== ~2b, -3e-4e= ~7c 

The signs need not bo actually changed , the change ma^ be 
made mcnfalh/ 

Sublraci 3((* - 2«- + 3a from 2if' -r 3a* ~ 5a + 4 

2o® + 3a^ - 5« + 4 

3n< - la’+Sn-H- 5a 

+ la3-2tt--10a + 4 

Explanation 20^-0 = 2rt^, 3o^-3n‘ = 0, 0+la'’ = 4n'’, 
0-2a-=— 2a-, - 5a - 5a =-10ff, 4-0=1 

Examples HI g 

Subtract 

1 n®+2ah— li® from 2(ih + ?r 2 a'J-3y-t 3: from "la'+Ty — 2: 

3 .'»^-3x+2 from 7a~- ir-rC 4 3r®-2ay-3y® from a.®-} 2ry4 ly® 

5 2a -h-4ff from n-3t f-r 6 3x-4aa-ll from flx-Sa -2 

7 - 3a/i — 24* -*-11 from S4®-< 5nh f 2 

8 5'i-3<- H<f from nft-24-3r-2rf 

9 a®-6i®y- Ixy® from x* -9x®y-5xy®+y* 

Trom 

10 6a— txc-*},/ t4ikc 3a f4-c-cf 
U. 6x-3y-4s-f 7 t ike 3x+2y-d:+9 
12. fxi®-7a4- 12 take -.3a4+2. 
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From 

13 33i=4arf+7a£=5 take 8,;:i2*- 8a;®— 2i® 


14 

5a® - 9a®+3 take 4o® - 6a - 3 



15 

ab-bc-cd-ad take -a&+6c- 

3cd 


16 

a®-l -2a*— 3a+5a® take 3a®- 

4fl*+i)a®— 2 

17 

6a;* - 36 + 8ar* - 9* take 3*® - 7 + 8ar* - 

3a; 

By how much does 



18 

7 exceed 4’ 

19 

7 exceed -4® 

20 

- 7 exceed - 9 ’ 

21 

3a exceed - o » 

22 

2a^+ 1 exceed a;®+ 1 ’ 

23 

afi-2x+ 1 exceed 2x + 1 ® 

24 

a - 6 exceed o - 36 ? 

25 

3a - 4a; exceed o + 7a; ’ 

Find the excess of 



'26 

6a over -2a 

'27 

7a over 6 

*28 

3a:® over -x 

'29 

6 -a;® over -a:" 

a30 

3(a+6] o\er2(a-6) 

'31 

8 times 3^ over 6 times 3^ 

;^2 

'33 

9 times 3^ over 3 times 3| 


Subtract the sum of 3a - 6 and a+2& from 6a - 76 

,'34 

Subtract 3a,-y-z from the sum of x+y-z, and 3y-z 

35 

By how much does zero exceed 7x~ 

6’ 

36 

Subtract 3a®- 6®+c® from zero ’ 


"37 

Subtract the sum of 3a-b+2c 

— Sd and a+b-2c+3d from the 


of 6a-c-d over 0-6-C 



' 38 

Take 3 from 2a;® and the result from ai® - 3a; - 3 


CHAPTER IV 
MULTIPLICATION 
Rule of Signs 

25 We know that 

+ 2x+3=+6, also +ax +Z> is represented ky +«& (1) 
Again, - 3 X + 2 meAns - 3 taken tmce 
te -3x +i=-3 + (-3)=-3-3=-G 

We therefore deduce that— ax + 1= - ah (3) 

Neict let us consider + 3 x — 2 

This means + 3 taken — 3 times, and therefore has no 
arithmetical meaning 

It hears howei er an algebraic interpretation 
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n ] 

Eemcmbcung tlio convention of signs for direction (Art 8), ne 
SCO that + 3 taken - 2 times is the same ns + 3 taken + 2 times, 
but in the ojiposite dvccUon 

4 3 y — 2 = + 3 X + 2 nitli the opposite sign, 

= + G nitli tlio opposite sign, 

= -6 

Algebraically tlicicfore, 

+ax —b= -ah (3) 

Lastly let us considci the product - 3 x - 2 
This denotes - 3 taken - 2 times 

remembering the coinontioii of sign foi diicction, tins is the 
same as - 3 taken tnicc, but in the dacchon, 

— - G in the ojpimitc dirtciion, 

= +G 

in algebra v o say that - a x - & = + a& (4) 

« Examining the icsults (1), (2), (3), (1), no baxo the folloxviiig 
rule of si^ns 

fTenns with like signs multiplied together give plus ( +) 

I Terms mth unlike signs multiplied together give minus ( - 


Indices 


26 By definition, «’’ = a x « x a, 

and «-‘ = «xax«x« 

a"* X « X « V a X n X rt X a X » (7 factors) 

— definition 
In the same u aj' a- x «'’ = a x « x « x a x « 


In each c.isc the index of the pioduct is the sum of the indices 
of the factors 

"We theieforc deduce the following law 
ij’ To multiply two powers of the same quantity, add the indices 
of the factors 

^■'Tlie contmued product of a number of quantities is the result 
when tlioy aio all multiplied together '' 
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Thus the continued product of 2, 3, 4 is 2 x 3 x 4 = 24 

a, h, c, IS ahe 
„ a?, a* IS a® 

— a, 2a, -3a is 6a® 

- a, - 2aj - 3a IS - 6a® 

27 Examples ^ 

(1) o2i»xa562=a2xoSx6»x62 

=a>b’‘ 

(2) 3o®6 X -45=-3x4xa®xftx6 (Unlike signs gi\ e minns) 

= -12aat»2 

(3) -4a?y X -5*®^= +4x3xar*xa:®xyxy (Like signs gii e plus) 

=20a:»y= 

(4) (3a-46)x -2=-6a+86 

(5) -i3P!/^{aP-3yz+3z\ 

= -4ar*y®xar*-4a?y®x(-3y=)-4aryx(5:®) 

= -4ar*y®+12j:®y^£— 20a?y^- 

(6) 24a0a8- |6*-r|ic)=24a x ^08-240 x ^68+24a x|6c 

= ICo® - 6a68+ 9a6c 

( 7 ) -^0^0= -^ah-cx^a+^ab-cx^i+^alrcxe 

= — ^o=68c+|a6’c+|o&8c= 

Examples IV a 

Multiply 

1 2<i 3 2 3a by -3 3 -2a by -4 

4. a by 2a- 5 -2aS by a- 6 -3a6 by 2ab 

7 3* by 4y 8 -3x by -2y 9 -5x bj 3y 

10 7x8 |,y _2x 11 ahc bj a6c 12 a^h bv -ire 

13 -o® by a? 14 -20= by -3a& 15 4-«“ bj -2a^ 

16 by -p* 17 -p~q bj -pq' 18 - 3qPq by 2pif^ , 

19 aW by atV 20 t® 21 t®" 

22 |»®hy-|x 23 -|*=yby 24. -^aPbhy 

Write down, oi read ofiF, the continued product of •» 

25 -2, -3,4 26 a, -b, c 27 a®, -t®, c 

28 b% -c=, -a 29 2a, 36,5r 3a, -26, -4c 

31 a“X, X, —y 32 3a, x, —eeK ^^^33 —a, —a, — a 

‘34. -2o, -2a, -2a 35 a®, 6®, 2c‘ 36 3ifi,2pq,4qr 
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Wnto down, or read off, the \alues of 


37 (-«)■ 

40 

43 

46 (-1)V\ 

49 (-**r 
62 (-2a=i)\^ ^ 


38 (-or 
41 ^ 

44. (-2a.y)®t^^ 
47 {-l)s 

60 (-ar*)* 

63 


39 (-o)« 

42 {!^)- 
46 (-2a:y)^ 

48 (-1)« 

51 (-2r=)«4^ 
54. 


Examples 

Multiply 

1 rt+o'i-3c by 5 
3 a + b+e bj 2a 
5 6a® -40= -2a -5 bi la- 
7 2ai - 36c - lea bj - 3a6c 
9 ar'-3x=y-^3ry=-2/® bj -3 t= 

11 3a6-*-2ac-6c bj (the 
13 a®-3x® + 3a:+rb> 2x 
15 -3a2-2a6-t/r bj -2/r 

Find the continued product of 
17 « - b, a, b 

19 I® -5x4 3, 2a., and -3r 


IV b 

2 2a-36 + 2c by ■^4 
4 3a--2a+3 by -2a 
6 ab~bc + ca by be 
8 x=-2.ry + y‘’ by x® 

10 a= + a6 + 6=-ac-6c by -c 
12 l-3x-2xs+x® bj -2x 
14 3x^-2x® + b by -5x® 

16 - 5a® - a6V + 96®f® by - 12a®6®c* 

18 a® - 2n6 - 6®, 2a, and 3c 

20 ar* - 3 t® + 2x® - 3, - 6x, and - 2x 


.Eollou ing tbo Lim of indices, what is the product of 


a” and a" 

23 o” and a” 

25 -a® and -a” 

21? M\d o®"* 

29 -2a's and n” 

, 31 a*+(ir* and «* 
33 «”*> and a"+’ 




22 

24 

26 

28 

30 

32 

34 


Wien a= -2, what is tbo ssluo of 
35 o®-2 36 2a®-a4 4 

38 3n®+2a-lC 39. 2/i®4-I6 

When p= —1, 6=2, find tbo >alnc of 


o’" and -o" 
o’" and a®” 

-a® and a" i 
a"’" aud a®" ' ^ 

-3a'"6" and -5a”b'^ 

- c"+ 1 and e=* 
o’""® and 


41 fl®4 6 
i44 Sa®-6® 


42 

45 


a®-5y. 


v/ 


37 o®+8 

40 c*+3a®4-2a®-o 

43 a®4 6® 

46 o®+6® 


a-+ab-i h" 

When x=0, y= - 1, 2=2, find the saino of 
47 48 xt/ 4 yr+r-r 

49 jr-y®— :? "-50 a:-+y'’+ 2 ®-xy-vs-sa: 

51 x*+y*+ 2 < i''52. (x-y)=4 (y- 2 r+( 2 -xy 

/ 
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28 To find the jn oduct of (x + 3) and (v + 4) 

First let us regard (» + 3) as a single quantity, a suppose 
(®+3) X ('B + 4) = ax (®+4) 

= ax + ia 

= (® + 3)x'B + 4 ('C+3) 

=v^ + 3x + i% + 12 

= ®2 + 7® + 12 

Examining the above, we see that it is the same as multiplying 
(® + 3) by ® and by 4 and adding the results 
To find the product of - 2) and (® - 5) 

Regarding (® - 2) as a single quantity, a suppose, 

(® - 2) X (® - 5) = a X (®- 5) 

— av-ba 

=®(®-2)- 5 (®-2) 

= ®2-2®-5®+10 
=®2-7®+10 

Again, we see that this is the same as multiplying (® - 2) by ® 
and by - 5, and then taking their algebraic sum 
The work may conveniently be arranged thus 
®- 2 

®-5 

®- - 2® (multiplying ® - 2 by ®) 

-5® +10 (multiplying 3 — 2 by - 5, and placing like 

- 7® + 10 (adding) terms underneath one another) 

N B — (® + 3) X (® - 2) IS usually •written thus, (® + 3) (® - 2) 

29. Example l Multiply x+a by x+b 

x+a 

x+b 

ar+ax 

bx+ab 

a® foaH bx+ab 
This may be w ntton a?+{a+b)x+ab 

This result is true whatever values ive give to a and b, positive or 
negative 

Hence (a+2)(a+6)=a®+(5+2)a+5x2=a®+7®+l0 

(®-3){a-5)=a®+(-3-5)®+{-6)(-3)=aS-8a+15 
(a-3)(a+7)=a‘’H {-3 + 7)®+(-3)(7)=a®+4a-21 
(a+3)(a-3)=a®+(3-9)a+(3)(-9)=aS-6a-27 


i 
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After a little practice the student ■will be able to •write 'down such 
products at sight 

Example 2 Multiply 5 + Sr by 7 - 2a: 

5 + 3x 
7-2a; 

35+21a; 

— 10a;-6a:° 

35+ 11a: -6a:® 


Example 3 M ultiply ay+hhy cy-d 

ay+h 

cy-d 

(tey'^+hey 

- ady - hd 

acy- + bey - ady - bd 

Example 4. Multiply a + & by a - 6 

a+Zi 

a—b 

a-+ab 

-ab~b^ 

a?-b^ 

ie (a+l))(a-b)=a®-l)® 

This result is i cry important It is true for all % allies of a and b 
Hence (a+2)(a— 2)=a®-2®=a®-4 

(a + l)(a-l)=a=-l 
(a: + a) (a: — o) = r® - a® 
(2a;+3a)(2a:-3a)=(2a:)" - (Sa)® 

=4a:®-9a® 


Examples IV c 

[After a little practice, the student "w ill be able to •w rite down the results 
in mmj of the following, without showing any woik ] 


Find the product of 


1 

x+2, 

a:+3 

2 

a: -2, 

x-Z 

3 

a;+2. 

x-Z 

4 

a:-2. 

a:+3 

5 

a;+3. 

a:+9 

6 

X 

-3, 

x+G 

7 

a:-ll. 

x~7 

8 

a:+ll. 

x-7 

9 

1 

+x. 

l+2x 

10 

l+4a:. 

l-3a; 

11 

1-r, 

l-2a: 

12 

2+a:, 

3+a: 

13 

5+a:, 

G+a: 

14 

3+t, 

7+a; 

15 

1 

-9a:, 

l+7a; 

16 

l-7a:, 

l + 3a: 

17 

a:+l. 

r-1 

18 

a:+2, 

a;-2 

19 

a:-3, 

a: -*-3 

20 


a:+7 

21 

1 

-X, 

1+a: 

22 

2+a:, 

2-a: 

23 

7-x, 

1+x 

24. 

9 

--c, 

9+a: 

25 

x+y, 

x+y 

26 

x+Zy, 

x+Zy 

27 

X 

-2y, 

a;+2y 

28 

x-y. 

x-ly 

29 

x-Zy, 

x+2y 

30 

X 

-by. 

a;+4y 



30 


ELEMENTAHY ALGEBRA 


[chap 


K 

Find the product of 


31 

2x+y, 2x+y 

32 

3x-y, 3x-y 

33 

2x-3, 3x+4 

34 

2x^1, 3x-4 

35 

5x+6, 2x+3 

36. 

3x~7, ox+2 

37 

2 -3a?, d-2a: 

38 

*5-4x, 6-*-7* 

39 

2-3*, 2-‘-3* 

40 

2x—5, 2x+5 

41 

5x-7, 5x+7 

42 

6*— 5, 6*+5 

43 

9x+8, 9x-8 

44. 

4x+7, 4x—7 

45 

x-a, x+b 

46 

x+a, x-h 

47 

a+b, a+b 

48 

ax+b, ax+b 

49 

a-t, a-b 

50 

ax-b, ax — b 

51 

px-q, -px-q 

52 

p+qx, p+qx y 

53 

a+3x, 0 — 5* 

54. 

3~x, 7-«-2* 

55 

x+ay, x~ay 

56 

pv-q, px-rq 

57 

px+q, px+q 

58 

cx-d, cx-d 

59 

3x—4y, 4x-3y 

*60 

3x+4y, 4*-5y 

61 

7x+8c, 6x-4'' 

62 

2a* +3, 3a*+2 

63 

a®-b®, a®+b® 

64 

a®- 46, aP->-4b 

65 

a®+Gb, a®-4b 

66 

a® -3b, aP—Sb 

67 

4a® -3b. 4a®+3fe 

68 

5a®-2b®, 5a®-r2b® 

69 

a?— 2o®, ar*+2a® 

70 

T^-p, ar*+j> 

71 

a-b\ a+b* 

72 

o-b*, a-b® 

73 

a?+l, aP-1 

74. 

ar*— 2, ar*+2 

75 

a*®-rl, aar*-l 

76 

bsP+e^ bx--c 

77 

a*J-l, b*+l 

78 

o*+l, b*-l 

79 

"x+2y, 3x+l 

80 

2x—a, 3x+b 

81 

a+b, c+d 

82 

a-b, c-d 

83 

2a— b, 3e+4d 

84, 

,a+3b, 2a~Sd 

85 

x'-^a, a:®-3t> 

86 

o*®+6*, ax+b 

87'^ 

aaP—hx, ax+b 

88 

ai®+a®, x+a 

89 

x-~a-, x+a 

*90 

a;®-4^, £-2y 


SQUARES 

30 {%.+Sk)- = {x+a)(x+a)=x-+ax+aT+a^ 

=x- + 2ax+a2 

This IS true for all values of a 
Hence {x + 2y^=x- + 4x+4 

^ ( 3 - + 7 ) 2 =*2 + 141;+ 49 

{:s.- a.Y = {x - a)(x- a)=x- - ax - ax+a? 
r =x2_2ax+a2 

This IS also true foi all values of a 
Hence (* -3)^=x--Gx-i-9 

^ (a;-8)2=*2_i0T.^.64 

From the above we gather that 

The square of the sum of two quantities is equal to the sum c 
their squares plus twice their product ^ 

The square of the differfence of two quantities is equal to th 
•^.sum of their squares minus twice their product 



nr ] SQUARES 

Examples IV. d. 


Doing all the nork mentally, tmte down the e\panded \a1ucs of the 
follo\nng 


^1 

(a^&)2 

2 

(a-rx)2 

3 

(c+d)2 

4 

(X + 4)2 

5 

{x-«.7)2 

6 

(7)^3)® 

7 

(a-&j2 

8 

(a-x)- 

9 

(c-rf)- 

10 

(x-4)2 

11 

{*-!))= 

12 

ip-i)- 

13 

(2;, ^3)2 

14. 

[3p+q)- 

15 

(2/)-3)"- 

16 

CL 

1 

17 

(x-l)2 

18 

(3x-l)2 

19 

(1-x)* 

20 

(l-2x)2 

21 

(l-5x)2 

22 

[l+P? 

23 


24. 

(2a -^36)2 

■25 

(4x-3y)2 

25 

{-a+bf 

27 

(-2a+x)2 

28 

{2x-.3a)2 

29 

{-2x-r3a)s 

30 

'(4;»+o5)2 

31 

(5/) -43)2 

32 

(a2+&s)2 

33 


34. 

(a"-^bT- 

35 

la'-pT- 

36 

(2a2- 31-2)2 

37 

(4a2-»- 3 Vjs 

38 

(a-^bf 

39 

(x*-* 1 ^)- 

40 

(x»-3^)2 

41 

{2a:=-^a)s 

42. 

(3j^-2r)= 

43 

(1-2x2)- 

44. 

(-l,-ar)2 

45 

{-l-2.r)2 

46 

(x‘+a^)2 

47 

(x*-27»)“ 

48 

(2x‘-3y*>- 

49 

{2ir'+332)2 

SO 

(xs-a*)2 1 






31 Example 1. (a;+2){i:-2)=a^®-lP=ar-4 (See Art 29, Ex 4) 

Example 2 (2c-3)(2r-‘l)=(2j-)2-{3)==4a:5-9 

Examples {-a-i-x){-a~x)={~a)~-a^=u--ar 
Example 4. {vX'-q)[px-r(j)=jPx''-q-, 

Examples IV e 

Vilte doira the following jiroduets 

L,(a:+lKr-l) 2 (*-2Ha:-<-2) 3 (I+x)(l-x) 

4. (x-^5){x-o) 5 (S-yK^-i-y) 6 (7-x)(7+x) 

7 fJ-o)(?'-^a) ,8 (-p-rq}(2p-q) 9 {3p+q){3p-q) 

10 (a-3^)(n-r3^0 11 {3p-rQq)Op~2q) 12 {5x-4o)(5x+4a} 

13 14 (-2a-»x)l-2ff-x) 15 {n-7h){tt+^b) 

16 (-a-7(.)(-a-7h) 17 (J^-y=;(x=-jr) 18 {a+2lP){a?-2ir) 

19 {px-q)[px-rq) 20 {n-lx){aThx) 21 (x'-o®)(a“fa*) 

22 (-a:*-rt)(-a:'^a) 23 (2«Vx)(2a’-x) 2| (Za*- 3r)(3a®-t3x) 

25 (l-x^Hl+x*) 20 (l+aar)(l-a3^) 27 (3-a»)(3+a'>) 

28. (11-7x)(11+7x) 29 (9-3x)(0-> 8a.) 30 (7x-9)(7x+9) 

32 Tlio formulae 

(a-i-h)-=a- + 2ah-i-l- and {a — h)-=a-—2ab + b- 
may be need Mith great advantage m aiithmctical vork 

992 = (100- 1)= = 10,000- 200+ 1 = 9,801 " 

10is=(100-^ 1)2=- 10,000+ 200+ 1 = 10,201 

10j^ = (100+ 5)2 = 10,000 + 1000+ 25 = 11,025 
)00 5= = (100+ 5)2=10,000+ 100+ 25 = 10,100 25 



8g §2 § g 8 S3 S g? f3 


ELEMENTARY ALGEBRA 


[chap 


sa 


These formulae may often be used in approximations 
a00 03)==(100-^ 03)2 

= 10,000 + 200 X 03 + *0009 
= 10,000 6 J- 0009 
= 10,006 00 correct to two dec places 
In ginng approximate values, 5 or more counts as unity Thus 
79 7, 79 5, 79 8 uould count as SO, correct in whole numbers 
On the other hand, 79 3, 79 2 would be talien as 79 
In the same way, 6 035729 would be taken as 

6 04 correct to tw'o decimal places 
6 036 three 

6 0337 four 

6 03573 five 

Using the formula (a ■hh){a — b)=a- — h- 

99xl01=(100-l)(100 + l) 

' =10,000-1 = 9999 

A4sa, j59 6 X 100 4 = (100 - 4) (100 + 4) 

- =10,000- 16 

= 9999 84 

13 6xl4 4=(lo+ 6)(15- 6) 

= 225- 36 
= 224 64 

r 

V. Examples IV £ 


Witlioub doing the actual inaltiplication, find the a alne of 


1 9S= 

5 1072 . 

9 992 
13 20,010= 
17 993= 
899 0= 


2 201 = 

6 99993 
10 10,003= 
14. 2 00o= 
18 99-97= 
22, o00 3= 


3 102= 

7 1001= 
U 20,001= 
15 100 3=1 
19 80-2='^ 
23 9 00G® 


100-02=, correct to three decimal places 

1005=, 

four ^ 

10 08=, 

. three 

999 96=, 

two 

10 005®, 

four 


1002 n 99S 
11 oxlO o 
172x168 


3L 203x197 32, 97x103 33 

35 9 3x10 7 35 ^2 x 78 37 

39 1 96 x 2-04 40^ 9000 4 x 8999 6 


4, 103= 

8 100 - 2 = 
12 990 8= 
16 1008= 
20 600 5= 
24. 7 996= 


S3v77 
20 04x19-93 
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33 Example l* Mnltiply a?-2r— 5 by x-»-2, 

a=-2r —5 
s —2 

j:*-2jr-5r 

2ig-4a:-10 

j. X— 10 

Example 2. 3Ialtiply a-b-rc by 2>-c. 

a-h~e 

h — c 

aJ -V-bc 
-ac — bg-c* 

ah-ac-lr — 25c-«r 


Examples IV g 


yrmd the p-tMiuct of 
sS-2j:-1, x-1 
5 2r=-Sr-rI, 2r-l 
5 ^c-1 

7 x*-ar--a-, x-a 
9 a-5 

U. a®— ii*, tt-^6 
13 4i=-^2r-l, 2r-l. 

15 4iS-% x-2. 

17 93^-3r-l, 3r-l 
19 X-G, x-6, x-c 
2L x-Zb, 2»-9i® 

23*a-&, a-6, G-f. 

25 2a-2b-c, *1^-46 


2. X*— 4x-4, X— 1 
4. ar-2r~4, x-^2. 

6. >2“-2x— 4, 2r-*-5 
8 35 x®-^5xt1, 5j — 1 
10 x*~ax— o®, X— o 
12. *®-6x-9, x-3 
14 4a:S-2x-5, 2ar-7 
/6 x®-3x-4, x®-2: 

*•^18 ar-3a«-3x-*-l, x-1 
20 x-3g, x-2g, X — 4g®. 
22. 2x-3, 2r-7, 3r-2^ 
24. a-rb-c, a-h 


Examples 17 h. 

Find, f y rvptr'Kn, the coefS<rcnt Oi 


1. X in the p-oduct (x-2)(xJ-7) 


2. 

T . 

rx-3)fr-7) 

3 

a: 

f2x-l)(3x-ll 

4. 


f2r-‘-3)far-4) 

5 

X 

(3x-5)(x-2) 

6 

X 

(ox-4)(2x-l) 

7 

a 

(ax2j(x^3) 

8 

h 

{x-2){x-»-3&). 

9 

a 

. (x-2o)(3x-5) 

10 

a 

^x-2a)(x-5a) 

IL 

3^ 

{2a?-i-x+ l)(x-*-2). 


BB.A. C 
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Rind, hy vsepzeiwn, the coefficient of 
12. a? in the product (3ar^— 2*— 4){5a:— 7) 

13 a? (5ceS-3a:-ll)(3r-3) 

14, 3? {oa?-33:-4)(2ar-l) 

15 3? (6j(?-aa:-7){6j;-ra) 

16 3? (3z=-2x-4)(5r-7) 

17 3? (oa?— t«r— c;(a;— d) 

18 3? {euP-bx—cUax-T-b) 

19 * {33~-2x~4){5x-7) 

20 a {9jr-Sa:-3)(5r-2) 

2L a [a3?-bx—c){cx~b) 

22. a {oar*— fee— c) (6a— c) 

23 Simplify [a (3-6)— 5 (a— 1)- 2*3 X (a— 6) 

24. Find the product of 3a(a-3)— 2(2a?— 1), and 4(a— I)— (a-9) 

25 .Simplify (a-3)5-(a-2){a-2)-{a-l)(a-13) 

26 Without doing the complete mtdtiphcation, deiermme the coefficient 

of a? m the product (^-9a?— 7a- I3)(3x-73'^ 

27 If X=3r-2a, and r'=2a— 3a, find the value of (2X— r)(3X— 213 

28 Find the value of (X—r)(X—r)vhen X=5a-2 and F=3a-2. 

29 Simpli^ (a— l)(a— 9)-4(a-2y*— 3(a— l)(a-l) 

Check your result hy using some particular -alue of a 

30 If X=3pES-pa-4, and F=16-*-ga-3ga?, find the value of qX—pT 
3L Multiply the sura of 2a{a— 1)— (a-4), 2* -3, and ar*— 1 hy the 

remainder when (a+l](a— 1)— (a— 6) is subtracted from 
(a-i)(a-2)-2(a-2). 

32. s™pi*(225»-Sji)(5ir2S-»j£). 

33 Fmd the value of (3a-l)(4a:— 5)— 2(2r-l)®-4(a-l)(»J-5), 

when x= —2 

34. Prove that 4(2x-i-l)®-3(a-2)(2r-l)-2(5a:-l)(x->-2)=13*— 2. 

35 Simphuy 2(x— 2>’-(*-l)(x— l)-(x-3)® 


'-"CHAPTER Y 


34. Btile of signs. 


DrnsEox. 


•*-ab= ~a y -*-5, 
—ah - +a= J-fe, 


—ah 

-rfl 




or 
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-ah<= —ax +ft, 

* -ad < 1 = 

01 ( 2 ) 

-a 

+ab= -ax -I, 

+ab a= - b, 

or ±^=-b (3) 

-ft 

-ftJ-= +flx -b, 

-ah — +ft=3 —b, 

or — -b (‘0 

+ ft 

Evamimng tlio results in (1), (2), (3), (4), Moliavollio following 
mlo of signs for division 

Tonns mtli. Uko signs dmdnd ky one anotknt gwn ylns ( + ) 
Terms with unlike signs divided by one another give minus ( - ) 
iV li — The rule of signs in dn ision is the same ns that in multi- 
plication 

35 ft' «= ft X ft X ft y ft y ft, by definition, 

and fl®«=flxflxfl, 

, - ftXftyftXffXft 

r=axa 

ay ay a 


In the Siime ii nj , n" - o' = 


afiaxoxnxaxaxa 
ay ay a 


111 each case the indc\ of the qmUeni is the index of the 
dividend dxmxm^heJ by the index of the divisor 
We therefore deduce the following law 
To divide one power of a quantity hy another power of the 
same quantity, subtract the index of the divisor from the index 
of the dividend. 

36 Examples 
(1) 




r>ai* 
= -a:» 


(Uiiliko signs gne tnimis ) 
(7-2^6) 
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( 3 ) - SSa^iPc 'Jabe 

— (Like signs give pJus ) 

idOC 

=5a-b 

(4) (6a-96+3c)- -3 

“ 3 ■‘■3 3 

= -2a+3&-c 

(5) (28o’6<-20a»6»-36o<6»)-4a*6s 

28a’5< 20a'6’ 360*6® 

~ 4a%‘^ ~ 4o-6* “ 4a^lP 
=7o»6«-5o»5-9a®6» 


( 6 ) 


43?y - I4xy'^ —2Zxy _ 4ii^ I4xy- 22x^ 
2xy ~2xy 2xy ~ 2xy 

=2x-1y-ll 


After a little practice, the student will be able to write the answer dowi 
at once in exampes bke the above 

( Examples Y a (Oral) 

Dmde 

3* by 3 2 3* by* 3 -3* by -3 4 -3* by 3 

5 7a6c by 7a JQ 7abc by - 7a 7 o® by o 8 o® by - o 

9 -a® by* lAo -*®by-» 11 o®bya® 12 -a*byo* 

Ma « W ^ M «•« m ^ ^ ^ M ^ A 


13 

a® by 0® * 


14. 

a® by -0® 


15 

24a* by 6ar 

16 

21*® by -7* 


17 

80® by -4o® 

18 

-60® by — 2o 

19 

7o^ by - aa 


20 

- 0*6® by - 

o®6® 

21. 

- 54a®6c by 6a6c 

22 

16a®6®c® by 4abc 

23 

-21a®** by 7o** 


C3a®6«c®by-7o6»c® 

Simplify the following 




25 

‘J2o 

4 

26 

6a 

a 

27 

-6a= 

a 

og — Sa®6 
-ah 

29 

24a«6® 

30 

9?yh^ 

31 

96o®6« 


32 

-4a 

xy 

4a®6= 


-9p®5®a 

33 

-56aW 

8a»6®c® 


34. 

49p(7®r 

-7pq 


"35 

-32Pnm 

4fni- 

36 

-72aW 


37 

64o®6** 



J32*»y’ 

Sabo 


— 3a6 


00 

■I2*®y® 


Examples Y b 

Divide 


1 So— 66 by 3 
3 4*® - 3* by a 
5 a®+a6 by a 
7 3a® - 6a6 by 3a 


2 3a-96by -3 
4 y®-6ybj -y 

6 -6®+a6 by -6 - 

8 4a®6-12a6®by4a6 
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9 by -Salt 10 af*+ncbj o 

11 aa:+5iby -r 12 la;“-5ar* bj ar 

13 -7j:*+9x*b> -a:* 14 a*b^ - a*b* hy a’h'^ 

15 -3a?bc+7airchi -abe 16 Ga:ys»-6a:»y"s« by a;3y«:? 

17 lJo=6-7aiM)} - 7 abJ 18 -33a:*y=-18ar'y’ bj -Sx>t/”- 

19 12o« -240*6’ by 6a« ^ 20 - 5m’;t+20ffj’/t’ b> -Bmn 

21 12o-<J6-18cby -3 22 ab + be + bdh } b 

23 Sac-4c<i-12«:by -c. 24 -n’ic-aa’-o’aj’ bj oa: 

25 2o’— 8o6-^16ac b\ —2a j 26 a:®-*-3x’-3a‘by a* 

27 aa:* - aV + aV bj -aap^ 28 7n*6’+35a’6'*-21o’6’ bj 7a’ir 
29 a^be-ab'‘c+ab(?hi 30 4**- 23:*+ 8a? -2a: by -2a: 

31 15y<-5y’a:-S0ya?bv^V 32 9xV’-21oy»-3a?y bj -3zy 

33 la?y’-SaV-2Sa?/ bj -4a:y ^ — 

31. 27:Hv»a«-43a?vf::*4^64a?jrVby9a?y*:’ 

Following tbc Hw of indices, what is the quotient when 
35 18 diMtlcd bj a" 36 a" is divided bj o* 

37 z* *''38 6z" -2z* 

\39 27Z-V** "^•T 40 -MarV 1i^-Cr’'y" 

37 c hive already seen that jr (a: + 2) » z- + 2z 

The com erso therefore is tru(^ n/ 

z -+ 2 £= z ( x + 2 ) 

Hence (-c2+2x)-(a+2)-^^^^==z . ' ^ 

Di\idc a:®-f5r+C by x-*'2 

.. . Tir-rC 


-2a y 
- aap ^ 
-Qor., 


14 n<6»-o’6«by a"6’ 

16 Gz* y’s* - 6a?y" s® by a?y*:? 

18 -33z*y=-18z’y’bj -Sz’y’ 
20 - 6m’«+20ffi’«’ by -Cmn 
22 a 6 + 6 c + 6 £ fby 6 
24 - “ aa? — 0*3? by ax 

26 z’-*-3z’-3zby z 
28 7n*lfi + 35a’6* - 21o’6’ by 7a’6= 
30 4a?-2z’+8z®-2r by -2z 
32 9x^’ - 21zy* - 33?^ by - 3zy 


(ar+Gz+0)-(z+2)=- 


a’4-2z+3x+6 


'^ ^ + *1 (Tuntns — J + f in Arilhinelic ) 


z(x+2) 3z+C 
“ z+2 z+2 

_ . 3z+G 


*+2 ^ 

=Z4 3 

The ahoy c leyvorhcd out in full detail and ehould he studied 
carefully 
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The woik however is more conveniently arranged as follows 

■c+2)a:®+6x+6(a;+3 

aP+2x 

+3x+6 

+3iB+6 

If the two methods are compared, it will be seen that they 
differ only in arrangement 

It should be observed that the second method is analogous to 
that used in Arithmetic 

38 Example 1 Divide 16a? - 26a;+ 8 by 5a; - 2 

6a;-2) 15a:-— 26a;+8(3a;-4 
15a?- 6a; 

-20a:+8 
-20a; -I- 8 

15a?— 5a;=3a; , 3a; is the first term of the quotient 

3x(5a;-2] = I5a?— Oa;, and ive thus obtain line (1) 

Line [2) is obtained by subtraction, and by bringing do'wii bbu term 
- 20a:— 5a;= - 4 , - 4 is the second tei m of the quotient 

-4(5a:-2)= -20z+8, and wo thus obtam line (3) 

There is no remainder 

" Example 2 Divide a?- 16 by a:+4 

a:+4)a:®-16(a;-4 
a?-f 4a; 

-4a;-16 
-43;- 16 

Example 3 Divide 6- 13a-(-6a^ by 2-3a 

2-3o)6-13(H-6a®(3-2o 
6- 9a 

- 4o-f6a® 

- 4<i-J-6a® 


( 1 ) 

(2) 

(3) 


Examples. V. c 


Divide 

I a?+7a;-H2 by a;+3 
3 a®+3a+2 by a+2 
5 5®+l%+42 by 5+6 
7 * a?-14a;+49 by a:-7 
9 a®-15a+54 by a-9 

II 2a?-3a;-2 by 2a:+l 
13 2a?+3a;-2by a;+2 
15 . 9a?-3a;-2 by 3a;-2 


2 a?-7a;+12bya;-3 
4. a®— 5a+4bya^4 
6 a?+ 0a;+9 by a;+3 
8 a;®-2x+l by a:^l 
10 y®+ 13y+36 by y+4. 

12 10a?-14a;-12by 2a:-4. 
14. 3a?— a;- 14 by af+S 
16 10a?-14a:-121>y 5a;+3 
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17 4+4r+ar*by 2+ar 
19 9-6a-^ ar by 3-ar 

21 25 - 30a+9a’ by 5 - 3 a 

23 rr—a- bj a;+a • 

25 a^-io^hy a-2x 

27 l-4*2byl-2r ** 

29 l-10;>(jr+64;iV^J I-Sjjj 

31 * o^-Jrc® by ffJ-Ztc 
33 8Ix»-lbi 9x»+l 

35 100-a?bj 10+a: 


1 -5r+6x* by 1 -3r 
3a--Sa+4by 3a -2 
35y5+32y-99by7y-9 
25A-5-lGby6a:-4 
25-a?by5+a; 


18 
20 

/ 22 
24, 

2b 

2^ a^-xt/+6y^hy x-^y 


/ •12a=-7a&+l»sbj 4n-i» 

22 4ar*-40b} 2a:®— 7 
34. 25a:<-lCy‘bj ' 

__3G l-lOOMby 


37 

39 

41 

43 


Fro\c t]ic following b^ division 
a^+7a:+15_„. , . 3 

-^?+3 

a®-15a+50^ ^ 

~a-9 

=5a+ llf>+ 


a-9 
.15a=-».32ffZ»-91/.® 


7a -96 
25 -3a:® 


38 

40 


5-a: 


=5j.a:__ 


a:®-14x+ 48 
x-l 
10ar+14a--16 


=a:-7- 


X- I 


86® 

7a — % 

44. 


42 

lli2^ 

*l+4a; 


6a;-3 
l-na~* 


=2a:+4-^3 


l-2a: 


= l+2a:- 


l-2a: 


=1 -4a:- 


3a:® 

1+4k 


39. Ezomplol Divide a:*-aa:®+a^-a® bj z- n 
a: - a ) a:* - oa:®+a^ - «® ( w®+«® 

7^-a7? 

4 o®i:-a® 

-f-o^ - a® 

Example 2 Divide 35a;®-Cac3:+7P7a;-ac/»7 bj 7x-ac. 

7z-ac) i5a^-Ga(x+7pilx-aepg(5x-i-2)q 
3'>3p-Gaex 

+7pqx-aepj 

+7p7x-acpq 


1 

3 

5 

7 

9 

11 

13 

✓14 

15 


Ezamplos V d 


Find tlic quotient in tlic following coses 


(a:®4-aa?+a®a:+a®)— (a:+o) 2 

(aP-ax-bx-*~afj)-{x-b} 4 

(a?+aar*+a®a:+ft®)— (ar'+o*)/ 6 

(par>+jj®x+x+y)-(x+;») 8 

(a:®— aa?4 a®r-a®)— (ar+a®) 10 

(axS-7nx-‘>i‘x+35r)— (x-7) 12 


(oa^ - 7ax+5ex — 33c) — (ax + 5r) 

(‘iap3p-3aqx+Ghpx—.ibq}~(Gpx~3q) 

{2lap7?~3aqx+llbpx-2lq}~(72>z-q) 


(r®+ax+7>x+a6)— (x+a) 
(.3ar‘+xy4 *la-+y)-(3x+y) 
(3a:®+xy-Cx-2y)-(3x+y) 
(3/>x®+ 7X4 3pr4 q)-(3px+q) 
(px-+2x-2Px-2p) — {x- 2 >) 
(a®a:!®4 abx-i-aex-i-lc) — (ax h6) 
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Eind ilie quotient in the following cases 

16 (a®^-a&a,-ac^+6c)— (oai-c) 

17 {27a;®+%aB-9aa!-a&c)— (3a:-a) 

18 (\^^-2a/px-^’lbqx~dbpq) — {’lx-ap) 

19 (a&a^®-26ca,+aca:-2c*)— (aa:-2c) 

20 (bapse^-Bhpx-^-2iaqx-2ibq) — {ax-h) ^ 

21 ide thyum of a!(sB - 3) and 2(3 - a) by a; -2 

22 Divide the product of 3^ - Ca and 5x - 15a by a; - 2a 

'23 Simplify [6a;{a:-l) + 5(a!-3)]— (3aj-5) Check your result by putting 
a!=3 

24 Divide the sum of a^+ 1 and 3a;(a;+ 1) by a;+ 1 Check your result 

25 Simplify (3a + 9){7a!-21) — (a;-3) 

26 Find the product of 2a:^- 91: -5 and ai-1, and divide it by 2a; +1 

27 Simplify [6a;('c- l) + (a:-6)]—(3a:+2) fiheck your Jesuit ^ 

„ 28 Find the oxpandedjtfilue of (a+6)(a-?>)® 

29 Without doing all the multiplication, determine the coefficient of aP 

in the product ('c’-2a?+6a;-9)(2a:-3) 

30 Divide 2a^- 17a; by a; -3, and hence determine what number must be 

added to the drst expression to make it exactly divisible by the 
second 

31 Divide the sum of 2a; - 7 - 3ai®, 6a? + 1 - 3a;, and 7 - 4r + 2a? by 4a; - 1 

32 Divide 5(a;-l)(a;+l)+3a.(3a;+l)by 7a;+B 

^ 33 What must be added to the expression 3a?-8't;^+10a; to make it 
exactly div isible by 3a; - 2 ’ 

34 Divide a; (6a;-c)+c (&a;-c) by a; +c 

35 Simplify [a®{a;®-l) + (a-ii)(a+6)]— (aa;+&) 

36 Divide (a-2&)(o+26)+4&(a+h)+4h® by a+26 


CH^^>TER VI 


REVISION EXAMPLES 
VI a (Oraf ) 


1 Read off the simplest form of 

(1) gH 2 *+2 

(iv) 4ah+^ (v) 2ahe-^hca 

J 

7 x2 What is the value of 6a; - 1 when 
(i) a;=2, (ii) x= -2, 

■>' (iv) x= 4, _ (v) x= - 8, 


(ill) x-^ 

(vi) 2a-|+a 

* (ill) x= 2, 

(vi) x= 37 
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1 


3 (i What IS 

(i) the second power of 
‘(m) 

' (v) the square of - 1, 

1 . ab 

O 


6 , 

1 

ir» 


1 

■jj 


(ii) the second pouer of -3, 
(iv) 

(vi) the cube of - 1, 

(vm) 


4 What are the values of 

(1) (_2)"-+(-3)= (u)(-2-3)® 

(IV) (-2+3)2 (v)l-(-2)» 




(111) (-2)2- (-3)2, 

(VI) [l-(-2)]2? 


5 Simphfy 

(i) 7-5+3, (ii) 7a-a-7a, 

(iv) a?-3a?+9aP, (i) 3a:y-7ya,+4ry, 

6 What IS the value of a:2 - 1 when 

(i) x= - 1, (ii) a;=2, 

(iv) x= - 3, ( 1 ) 3 ;=- 1^, 

7 What IS the value of - 5a, +7 when 

( 1 ) x=0, ( 11 ) a;=l, 

(iv) a:=2, (v) a?=3, 


(ill) -a-5a + 3a, 

(\i) 5-4+3-2+2-1 

(111) r=4, 

(vi) aj=2i’ 

(in) x~ - 1, 

(vi) a;= - 3’ 


8 What IS the value ot a?-2a?^2x- 1 when 

( 1 ) aj=0, ( 11 ) ajsl, (ui)a;=-l, 

(iv) a;s=2, (v) a:=3, “ (\i)a:=:-3’ 


9 Read off the simplest values of 
( 1 ) 5-6(1 -a;) 

(m) 2a?-(33P-4iP) 

(v) 2(r-l)+3(a;-2)+4(T-3) 


( 11 ) 6a+(-3a+2a) 

(iv) - 2a6 - (3o6 - 7o6) 

(m) 3(2a;-l)-2(3a:+l) + 7 


10 Simplify 


( 1 ) 

3a;-6 

2a:-8 

(11) 

9-3a; 12-8a; 

3 

2 

3 4 

(111) 

1 

1 

5x~5 . 9a:-3 

(IV) 

3a:-l . ar-3 

2 

5 ' 3 

4 ' 4 

(V) 

7a;-9^ 

a;+l 

(VI) 

711-6 3a:)- 13 

8 

8 

4 4 

(Ml) 

23a;+7 

3a;-3 

a 


4 

\ 


(viii) (a+6-c)-(a-6-c) + (a-6+c) 


11 In the expression ax^+b3?!/-2exy^+2^, what is the coefficient of 

(0 y> (m) y®, (ill) o’ 

12 In the expression asfl-bx-e — hjfi+cx+d, what is the coefficient of 

( 1 ) a?. ( 11 ) a;’ 
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13 What IS the sum of 
(i) Sannd -7a 

(lU) * 

, . 5a:® 3a«-8 

-F’ — 

(\ii) aP-Ssf^, 33^-4 x, 4r+l 
(ix) 3(a;-l), 4(a;-l) 

(m) f(a+ 6 x), ^{a-^bx) 

(xui) 2 a;( 6 -c), Qx(b+e) 


(ii) 2a, - 5a, 7a 
(IV) - 5 . g. a: 

(m) aP-2x, 2x+l 

(mu) ar*-3r, l-2a: 

(') 7 (»- 3 ), §(a,-3) 
(xu) 

(\i\) i(o+a:), i{a-a:) 
a a 


14. 


Add together 

( 1 ) x-2y+3=, 2x+y-3=, *-2y+s 
(ii) a:?-2a:+l, 3x-l, 2*®-x 
(hi) 2{a-6+c), 3(o+Z»-c), 4(5+c-o) 
(i\) a:®-4a®y+5a:y®, 3 a^*y- 2 jg^+ 2 /®, 

(t) 3z^~7aP-^5x, 3?-7x-i-2, 3a:®+2r-7 


(vi) 


5a 36 7c 76 c a 3c 
-g- +-g.a+-j— 2* 


15 In each of the following cases, subtract the second expression from 
the first 


( 1 ) X, -3x 


(\) -o®*, -3a®* 

(vii) 2 {a:®-l), 2 a ?* -2 
(ix) 3(x-2), 7(x-2) 

(xi) a, 3a -26 
(xin) ar'-l, x®-l 
(xv) 4(x-y), 2(T;-y) 

(x\a) 3(ar*-3a:+2), 3(2 -3x) 
(xix) 7{x-y)-z, 5(x-y)-2z 


(u) a:®, -xy 
(w) 0, 2a;-3y 

(m) 0+36, 0-56 
(mu) a-b+c, 6 +c-a 
(x) 3o, 2a — 6 
(xn) a?*-3x-2, a?-5x+4 
(xu) 5a:®— 6a?*+3, 2ar*-5x+2 
(xm) 5(2a-6), 7(2o-6) 
(xMii) c(o+ 6 ), c(o- 6 ) 


16 In each of the follovnng eases find the excess of the first expression 
o\ cr the second 


( 1 ) 

(III) 

(') 

(Ml) 

(IX) 

(XI) 

(XII) 


2 a;, - 2 a: ( 11 ) 

-3a?, -2a? (iv) 

6 -a?, a? (vi) 

a?-7a?, 7a?-5 (mu' 

3 times 141, twice 141 (x) 


4 times tlic square of 9, 3 times the square of 9 

5 times the cube of 2, twice the cube of 2 


7a?, 4 

-3a®x, — 5a?r 
2 ( 0 - 6 ), -2(a-6) 
-5(a®-6®), 2(aS-6®) 
5 times 2i, 3 times 2i 



VI] 


REYISIOX EXA3IPLES 


43 


17 Simplify the follovring 


(i) -2ay3b 

(ii) -2a— 2a 

(m) 

(n) 

(t) ?^atrc / 

(vi) 

(vn) 

(inn) 

/to 

(IX) 

(X) fa?v-^*y 

, , 15 2a 

(xi) ^ -e 

(ill) -3pya~—ax 

(xin) (-a)»x(-a)*. 

(xiv) (-a®)-{-a)« 

(XV) {-o’;xa* 

(m) (-a)=x(-a)®-o’ 


18 Head off the prodncts of the following expressions 


(1) f -f , 12xy. 

(n) f 

-i-ip 

(in) 12i?— l&c-Sj 

1 

> T 

(iv) 12x»-exS-9r, ^ 

' ' 9 27 3’ 


(vi) 3ar'-2a:— 1, 3r, -2r 

19 Jlcitiply oat 




(1) 

(ii) (lJ-x>= 


(lu) il-2xf 

(n) (a-26j* 

(V) (x-3)(x- 

-5) 

(nl (a:-3)(*-2) 

(vii) (x-2yj(a:-3y} 

(vm) (3r-l)(3*-l) 

(ii) (5~p)(6-p) 

(I) {o--3)(a=-3) 

(xi) (3j;-5){?r-5) 

(lii) (a^-l)= 

(xiu) 2(x— 4)fa;-*-4} 

(xiv) (sip~3y)fr—2y) 

(XV) {l-2r){l-4x). 

(m) ~]2a—S>)(a —25) 

(mi) s{3— fe)(l-2a:; 

(ivui) ^(2o— 2*)(2a— 2r) 

(ill) 4(a-^)fa— ^) 



(XX) 9fz?-^){a?-l) 


20 Gi''e the following expressions m their expand^ form . 


(i) r3a-2...= 

(u) (2a-yr 

■~Tii^ (a*-2)= 

(IT) 

(v) 4(r-i)S 

(Ti) 9(x— 

(Til) {/-ZjlS-r; 

(vm) 3f5— z)(5— x) 

(II) 2(x-y)= 

(x; (z-»-cj(j'-a) 

K(n)6(i-l)(|-l) 

(in) (x-§)(x~§) 

(xiu) fa— 2x)(o— 4z) 

(xi^) (ax- l)fl(r-l; 

(x\) (3a-i)(3a-i) 


(i«) 9(2r— ^)(2a:-l) {mi) (ox-3)(2z—3; (xviii) fSr— 7)(5a;-2) 
(xix) (3z~2)(3z—l) (xx) {7x-3i/)[2x~y) 

J 2L Bead off the cocincient of x~ in tne products ; 

‘ ( 1 ) {2=-2r-l>(a— 3) (u) {a?-3r-4)(12a:-l) 

j (Li) {6a?-5*-2)(3a:-2i ^ (iv) {x^-2x)(x-4) 

28. Bead off the coeff cients of a; in the above prodncts. 
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23 Read off the quotients in the following 




(111) 


) 24j?qi^ 

' ’ Qp^qr 

(M) 

m) (6®6-8a®)— 2® 

(vm) (-9'«r’-3a;) 3a; 

(IX) 

12®6®c - 16®®6c 
' ^ 4a6c 

a®6-6®c4-6c® 

-6 

(Xll) 

111) 

’ {a-xf 

(xn) 4(®-6)®— 2{®-6) 

(xv) 

VI) 

®-26 

(xvii) 

a+a: 

(xvill) 

6a’'-46® 

' 3®-* -26- 

(XX) 

' ^ (a-a;)’' 



7a%c 

abc 

— 

^aPx-iax- 

ax 

4'<^-9a;^ 

5x 
a^-2a , 
a?— 2 

27a^-5ax^ 
27® -5a: 


REVISION PAPERS 

VI b 

What IS the value of a? - 2a;+ 1, 

(i) whena:=l, (ii) whena:=2, (m) ^\hen^=-2’ 

S Arrange the following expression in descending powers of x, and then 
collect like terms 

3x-43?+7'^+7+2x-3a?+2x*~7a^-10 
What is the coefficient of afl, and what is the coefficient of a? m the 
result? 

} Prove that 4+2(6-3) = 10, by tno different methods 
I Fmd the sum of 6a-(2o-6) and 6 -(3® -26), and subtract a -26 
from the result 

i Multiply 2a; +5® by 3a; -4a, and find the continued product of a, 
a;-®, a:+a 

3 Write down the quotients in the follon ing cases 

(i) 7*®—®^ (ii) -9a;®— 3* (ui) (2a®-3o®6+4o6®)— a 
7 Divide 6a? - 5xt/ + y® by 2a; - y, and chec k-your res ult by multiplmat^ 

VI c 

1 What IS the value of a;® + 2a; + 1 

^ (i) whena;=-l, (ii) when a:=2, - (iii) whena;=-2’ 

2 Arrange the following expression in osceudmg powers of a, and then 

collect like terms 

a®6® - 7a®6 + 5o6® + 4a®6 - 3a1?+a* + 6* + 4a"6® 

What IS the coefficient of a® m the result^ 

3 Prove that o-2(4o-a)= -5® by tuo different methods 

4 Subtract 4a?-5 from the sum of 3a:®-(a:+l) and a;+2a:®-5 
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5 Find the product of x-3a and a:+3a, and the continued product of 

ar*, a:-2a, a:+o 

6 W ntc don n the quotients in the foUon ing casPS 

(i) -7ar--7a; (ii) (-3ax+aP)-x (m) a*bc~(-a)- 

■> 7 Dmde 6a= -ab- 12ft- by 2a - 3ft, and check yom result b^ultipbcaUon 


VI d 


1 What IS the \alue of o--5aft+6ft* 

(i) nhen a=0, ft=l, (ii) nhen o= -1, 6=1» (lu) when o=2ft’ 
Arrange the follon mg expression in descend“>B po" ers of x , then 
collect like terms, and find the \alue of the expression nhen a;=l 
1-7 -3a?-r4ar'+2a: — 3**+5*‘*+6 
3 Simplify the expressions 

5x-l0 ’lx+21 3x-Q 
(i) 5(*-3)-3(*-2)-(2*-9) (11) f-+-3~ 


4. Take 4c~2b from the sum of 2a-%-4c, a + ^ft-3c, and 66-2o-2c 
^ 5 St\te the results of the follon mg mnltiplicatiP*^s 
\ -V? \ -e?x’r\tra.V‘ (vaS (- 

6 Multiply 3a;+12a b3' 2z~3a, agd di\idc the Result by a:+4a 
Multiply 7p - 9g by 3yj +4g', and check vonr rPS“R by dn ision 


VI e 

1 What IS the value of (a;+ 1)® 

(i) whcna:=0, (ii) whcna;= -2, (ui) when a;=:3’ 

f' 2 Use equaled paper to illustme the follon mg 
(i) 7-5=2 (11)7-2-8= -3 

3 Simplify the expressions 

(i) 7a-2^x-g^+4^a:-i-g^ (ii) a:®-(^-2)+3(a:=-2-5a:) 

Find the value of the second expression nhen —2 
4. Subtract the sum of 2afi-3(x—l) and 2r+3(a^-2) from the sum of 
5x‘-(x~2) and a?— 2(a:+l) 

5 If X stands for a;-o, and F for 2a;+a, find tbe product of X+ Fand 
X+2F 

r 6 Dmde aar*-5na;+Ga by x-2 

^ 7 Find the remainder when 14a:®-27ay-*-3y® is dmded by 7x-3y 

vi f 

1 What IS the \ alue of {2a; — a)® 

^ ,(i) whena:=0, a=l, (ii) a:=-l, a= -2, (m) when a-=2, a=4 ’ 

S 2 Use squared paper to illustrate the follon mg 

(i) 2a-‘-5a — 3a=4fl (ii) a — 7o+3a^ ~3a 

3 Simplify the expressions 

(i) (ai®-4a:-21)-(a;+3) >(u) 4(a:-l)-^(a:-l)-i(a:-l) 



46 ELEMENTARY ALGEBRA [chap 

4, Find the value of the eum of ®®-3a:(a;-l), a^®+2{'B-l), and 
x-2x(x~a?) when a:=2 

5 If Y stands for 2x-a, and T for a:+2a, find the product of 2X +37 

and J-r 

6 Multiply 5a?-2{'^-a) by 2a-3(o-2a®) 

7 Divide 10(a?-2ax)-3{ax-4a-) by 2a;-3a 

VI g 

1 What IS the value of - 36® - 2ac 

(i) when a=0, 6= - 1, c=l, (ii) when a= -2, 6=2, c= -3’ 

2 A man walks 4 miles East, then 7 miles West, then again 5 miles East 

How far is ho then from his starting point? Hlustrato with a 
diagram 

3 Simplify the expressions 

(i) (ar*-3a®a. + 3aa?-a®)— (a;-a) 

(ii) a(a-»)- ^(2a- 2a?)+^(3a-6a:) 

4 If X stands for aa;®+66x+5c, and Y for a3^-66x-6c, find the \nl\io 

of 6X+6r 

5 Find the expanded value of op - hp when p stands for 2a - 36 

6 Write down the results of the following multiplications 

( 1 ) (2*-a)(2a;+a) (ii) (a:®-3)(»^+8) (in) (a-j>®)(a+pS) 

7 Prove thnt[(a:®-6a;+9)— (»-3)]+[(y®+y-6)-(y-2)]=»+y 

• 

VI h 

1 Find the value of (a+6-c)®+(6+c-o)®+(a+c- 6)® 

(i) when a=6=c=3 (ii) whena=-6=c=2 

2 What must be added to a;®-3a:(!C-l)-l to make it equal to 

*®+3a!{a;+l) + l? 

3 Fmd the sum of 3 (ic - o) + 2(y - a) and 2(*+ o) - 3 (y + o) 

4 If X stands for a; +^, and 3’'for a;— — , findtheproductofSX+fiXandX 

5 Fmd the vajnes of 5a:®+a:-3 when a;=-2, -1, D, 1, 2 Tabulate 

your work 

6 Find the continued product of (x-2y), (x+2y), {x-2y) 

7 Divide 2a^a^6apx+aqx+3pq by 2ax+q 

VI k 

1 Find the value of (2as - y)® - (3y - a:)® 

(i) when a;= - 1, y =2 (ii) when a;= - 1, y= -2 

2 By how much does 5a?-2(x+3) exceed 3(a:®-2)+a;’ 

3 Subtract a{6+c-a) from the sum of 6(c+a-6) and c(a+6-c) 
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VI] 


4. 


5 

6 
7 


If X slandE for a(a— y), and T for h{r-y), find the values of 


X 

a 



r 

b 


Find the values of 3a~-5x-l vrhcn x= -2, -1, 0, 1, 2 Tabulate 
your irork 

Find the contirucd product of a:-«, *— a, r-^a 
Divide 4far—5ox— lOca:— 205 bj or— 4« 


CHAPTER TIL 

SniPLE EQUATIONS WITH ONE UNKNOWN QUANTITY 

40 TThca ■ne €vpre=^s algebraically the fact that ttro ex- 
prcss’ons are equal, that etatement is called an equation. 

Thus 2a — 3i = - 3?> — 2a 13 an equation 

Moreo%cr, the abo\c equation is tnie for all i allies of a and b, 
the symlwls u'cd. 

On the other hand, the equation r - 3 = ■>, i« ctidentlj only true 
when X IS equal to 2 , ir - 3 =0 is true only when x is equal to 3 

, An equation which is only tme when t^e symbols have certain 
particular values is called a conditional equation, or an equation 
of condition. 

An equation which is true for all values of the symbols used is 
called an identity 

Simple Equations of Condition 

The two parts of an equation on either side of the sign of v 
equality are called its sides or members 

"We set that the cquat-'on a* — 4=0 is true when r=4 ’ 

The value 4 i^ said to satisfy the equation ^ - 

The process of finding that value of x which will satisfy an 
equation is called solving the equation. 

; An equation which, when simplified, inv olv es one symbol in tbc 
first degree only i® called a simple equation with regard to that 
symbol, and the «ymlK)l u^ed is called the nnknovm quantity 

The value of the unlaiown quantity which satisfies an equation 
IS callc-d a root of the equation, a solution of the equation. 
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41 It Will be seen later, that the solution of equations is a 
most important brail6h of Mathematics 

In the case of Simple Equations with one unknown quantity 
the process consists mainly in the use of four axioms 

(1) If equals he added to equals the sums are equal 

Thusifa:=a, a;+2 = a+2 

(2) If equals he taJren from equals the remainders are equal 

If a!=6, a:-5 = &-6 

(3) If equals he multiplied hy equals the products are equal 

Ifa;=a, 3a:=3a 

(4) If equals he divided hy equals the quotients are equal 

If 6®= 10, ®=2 


Examples VIE a 


Find the values of x which satisfy the following equations 


1 

2a;=6 

2 3x=g 

3 6a;=20 

4. 4®= -20 

5 

17a;=61 

6 lla;=-33 

7 -*=6 

8 7a:=0 

9 

-3*= -15 

10 %=l 

11 1=4 

12 -1=4 

13 


14. -4a:=0 

15 2a;=5 

16 3a;=7 

17 


“ H 

10 3a;_6 

T-8 

20 15®= 10 

21 

X 1 

6~W 

22 -1=A 

23 ^=10 

4 

24 %=-18 

0 

25 


Qc 6.17 15 

^ T~Ti 

27 6®-2a;=12 

28 2® -5® =9 

29 

-5x+7x=7 

-5 30 a;+2a; 

-6»=0 31 9® -3®= -36+30 

32 

- Ilx + 7X=: 

-8+12 

33 x-6x-4x= - 

16 

34 

7x-2x-x= 

19-3 

35 ~3x—4x~7x= 

:-48+20 

36 

15x-3x+x: 

=37-11 

37 7!C+a:-6a;=21 

-16 + 4 

38 

-x-2x-3x 

= -7-4-10 

393 llx-6x+6x= 

-35 + 11 

[40 

6x=l 

41 2a;=4 

42 7a;=2 1 

43. 3®= 9. 

!/44. 

4 

Sx= 05 

-45 7*= 21, 

46, -8®= •24. 




f ^ 
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42 ExaAiplel Solve the equation +2=22 -7a; 

3a:+2=22 - 7x 

Adding 7x to both sides, 3x+7x-r2=;^-7x+7x, 

I c. 10x+2=22 

Taking 2 from each side, 10x+2-2=22-2, 

I e 10x=20 

Dividing both sides bj 10, x=2 , 

2 IS the reqd root of the equation 


(Ax 1 ) 
{Ax 2) 
{Ax 4 ) 


To xrnfy the fact thoi 2 m o root of tht equation 3x+2=22-7x 
When x=2, 3x+2=3x 2+2=8 

22 - 7x=22 - 7 x 2=22 -14=8 

3x+2=22-7x, te the equation is then satlsfled Q£d 


Examples VII b 

Solve the follonmg equations, giving reasons for each step, and verifying 
each solution 

1 x=G-2x 2 3x=12+2x 3 4x=42-2x 4 5=16-llx 

5 17-7x=-4. 6 -ox=-6x+12 7 3x-4=0 8 6x+18=0 

9 4r-C=3x-6 10 5x-13=7c-n U 5x+C=2r+12 

12. Sx-12=*J-2 13 2 x+5=35-4t 14. 13x-21=12x-24 

15 -2r-4=-5x+ll 16 I7x-35=13x- 19 

17 6r+13=9x+]3-3x 18 5-Cx-6=7x-l * 

19 9-3x=6+2x-12 20 3x+4+2x i 0=0 

[When denominators occur, multlpl 7 botb sides of tbe equation "by tbe 
least common multiple of the vniious denominators 
Tins operation will clear away the fractions 

multiply both sides by GO, 

60 .. 6 


^x(3x-4)=^y60, 
6(3x-4)=2o, 18x-21=25] 


25 |x=-4 

oq llx 19x ^ 
^ l3"ir=® 


22 f =6 
26 ^=3 


34. 2^=3 


23 ~=-2l 


27 5 .i. 

4“ 12 


35 


37 6(x-3)=0 
40 5(2x-7)=0 

43 lx(19a:-27x)=0 


38 3(x+5)=0 
41 3{3x+7)=0 

44 ’nir^|-l^=0 


' 24 . |-*=| 

28 

) 32 3(x-l)=3 

5 36 ^-l=0 

i 6 

39 4{*-10)=0 
42 7(Gx-15)=0 


BB A. 
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43 Let us consider tlie equation 2a;+ 5 = 10 - 4a: 

Adding 41; to botlx sides, Srq- 41; + 5 = 10 

[iV B — ^The result of this operation is that — 4a; disappear from 
the right hand side, and appears on the left, %ci(h lis sign Jianqcd ] 

1 €. 6a;+5 = 10 

Taking 5 from each side, 6x= 10 - 5 
[iY B — ^Agam, the result is that 5 disappears from the left hand 
side and appears on the nght, with tls sign chanQtB ] 
lYe therefore deduce the following most important rule 
Any term may he transposed from one side of an equation to 
the other hy changing its sign 

Example 1. Sohe the equation 3x-4+5x-4=3x- 10x7®J-16 
Transposing so that ire hai e all the terms containmg a; on the Icfis^nd 
the other tenns on the nght, ^ 

3a:+3a;-3a:-7®= -10-*- 16+4+4, 

1 C. 8a:-10z=24-10, 

-2*= 14 

Dividing both sides by -2, »= -7, the required solution 

Verification. When »= - 7, the left side 

= -7xS-4-7x5-4= -21-4-35-4= -64 
When x= - 7, the right hand side 

= -7x3 - 10 -7 \ 7 + 16= -21 — 10 — 49+16= -64=the left hand side 

Q £ n 

Example 2 Solve the equation a?-Sj;+23=a;(a:-3)-2(ar-4)+3 
Kcmoiing the brackets, ar*-Sr+23=ar-Sx-2x+S+3 
Transposing all the terms containing t, or powers of x, to the left, and 
other terms to the right, 

ar-Sx-*?+3x+2a:=8-*-S-23 , 
j c. -Sa+3x= -23+11, 

-3t=-12 

Dll 1 ling both sides bi - 3, x=4, the required solution 

Verification. ^ Wlien x=4, 

the left hand Eide=4 n 4- S x 4+23 
' =16-32+23=7 

When x=4, the nght hand side=4(4-3) -2(4-4 )t-3 

=4+3=7 
= the left hand side 


QED 
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VII ] 

Esample 3 Soh c the equation 

(x-l)(a,+6)=(a:-2)(a:-3)43 
Multiplying out, a?+6x-6=x®-5x + 6+3 

Transposing, !c®+5x-a®+5x=6+6+3, 

10x=16, 

*=lf 

Examples Vn c 

[The haiinner is adiised to icnfy each eohition ] 

Soh c the follon mg equations 

1. Ga:-18=4x-8-3x + 5 2 10 x-10-6t-27=3 

3 24x+ 10 -20x-^ 100=5x496 
4. Cx-lS-12a:460=3x43-8x4l7 

5 12a.-lS-3x43-4x=0 6 6x4lS=4x-843x-2 

7 7x4l5-3x44=2x-3 8 5(x- 1)=4(»-2) 

9 3x-{2!c-5)=12 10 3{3x-*-l)-(x-l)=C(x4lO) 

11, 3(2J'45)-1(x-3)=5(3x41)-4 
1^ n(x-2)-2(4-3x) -4(1 -2a;)=17(x- 1)47 
13 x(x44)=a=436 14. (xt3)(x-2)=x=-26 

15 x'->-S={x42)2 16 x(x-2)=x®-4 

17. 2a:2-7=x(2x-3) 18 x(3x4])=0 

(x4])(x44)=x(x42) 20 2(x- I)(x4l)=2x2-4a 

(x-3)2=x=44x429 22 (x-4)*=(x-l)S -3 

(x-2)’=(x-5)«-13 24. (ar-3)(x43)=(x44)(x-7)440 

x(x-9)-4=(x-7)(x47) 

2(x-6)(x4G)j-12=(2x- l)(x-3) 

44. When the equations are in fractional form, the fractions 

should be cleared first 

Example 1 Solve the equation 54?=! -5+2. 

4 5^4 5 2 

Multiplying bothiidcs by 20, the uc'ai of 4, 6, and 2, 
5x412=5-4x470 
Transposmg, 5x44x=5470- 12, 

9x=63, 

r=7 

Example 2 feohe the equation -i. — H2 + i 

^ r, lOx 5r^ 

Multiplying both sides by lOx, 

3 y 2x44=23 2 4 lOr, 

6x44s!! 4<>-I lOx, 

Gx-10x=?i6’-4, 

-4x=42 

Dividing both aides by -4, x= -- 7 i= -lOi 
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Verification When 
'|he left hand side 


»= - io §-(= 

=T + tV“(“^) 


-T 
_no- 
TUT 


V - — 3 * 

^TT — T TUT 


4 

TU 
4 _ BO 
^ IVT 


When x=- 10^, the right hand Bide=-^ “ ( “ ^ 


23 V 2 •i__ 

- T-^'5T + ^ 

_ -4C-l-10fi _ so 
TffB^ “106 

_=the-left hand side 


TtyT + * 


Q E D 


Examples Solve the equation 

Multiplying both sides by 24, the i< c m of 4, 2, 8, and 3, 

6(a:-3)-12(a:-5)=3(a?+l)-8(a:-4), ' 

ic 6a:-18-12a:+60=3j:+3-8a:+32 

Transposing, 6a; - 12a: - da: + 8a:=3 + 32 + 18 - 60, 

1 e -X— -7, 

x=7 

Verification When a:=7, the left hand Bide=l^ — -l^sl-lsrO 
When *=7, the right hand Bide=— 

= 1 - 1=0 

=thc left hand side Q E D 


Useful facts to note m connection with, decimals. 
1 4 


4x 25 = 1, 


25 4x 26 ■ 


Thus ■^ = “^ = 28 Also 

J-=_i2_ =40 L 

025 40 X 025 75 


8 


126 8x 125 
7x4 _28 
'4x 75“ 3 


8 


Example 4 Solve the equation ~ ~ — —=3 3 

125 25 

8(a;+ 15) 4(a:- 25) „ „ 
i “-“Ti 
8a!,tl_2*4a;+l=3 3, 
4a:=^3-2 2, 

4a:=l 1, 
a:= 276 



SIMPLE EQUATIONS 


Examples. Vn d 

boUc the equations ^ 


1 * 

^ 2 ~ 3 ='^ 


2 . ^=5+1 

3 4 

e * . * * 


o a: l_ar a ?£ 2a: _1 

5~2~6 *• 4 " J 

7. |-4f+3r=2r+l| 


5 6 1-1=1+51 7. |-4|+3.=: 

8 9 =^_7=0 10 

i .5 4 5 


EL » 2ar-l _25 
0 7 42 


12. 

4 5 


13 2-1==^-! 14. 7+^=94 15 


10 y* oos 

“ 7ar * 

18 2lli_£jlr_£:i5-o 

2 3 4 

20 ^-6-~=^’-8 2L 

4 *13 

22 x-i -i— r4^L*_0 23 

M o 

21 ~-rJr=.^u.2s:-9 25 3 

26 93:-12 S9-8g 

8 “ 10 10 ~ 20 


Or-*-! 5a;-C 2ar— 1 
5 “ 7 “ .1 

19 l(a:-3)-^(x-4)=l ' 

o, ar-2 1 Oe-l 
ZL — p- + -=ar — 

23 

25 3(4x~l)-i(lxJ-2)=0-r^(')x-2) 

r o <7 X a:-2 _ , 14-ar 5x 

27 ---^=54 -^__ 

29 ?^^.8S=0 - 

4 10 8 


M . 2x-] 




32. 

i(3x+5)-J(2j: + 7)=y-10 

33 

3L 

l{2j:+ll)-i(5-G^=7xJ-lL 


35 

-2(^-3) 1 L;,^ 

nxJ-4 

12 

36 

49 

■ 5 — 7(J-x)-=rlO(rT-3)-2. 

37 

38 

-^-5x+8{x+l)=4x+3j- 

39 

40 

X S__6x-2 a'-'-S >* 

C~3“ 6 5~ 



10 ' 20 


5r-4 x-l x-3 Sar-S 
^ ' 15 "Sili ■ 7 


41. ■s(x~5)+'3{x— 3J = TlT(5a: — 3) 
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Sol\ e the eamt^oxis ' 


4L 

46 


51 


X— 7 x-11 X— 10 

5 6 7 ” 

43 

i{5x-l)-ii 

5x-39=-^"* 
o o 

45 

ox— 3 S— X 
7 3 

x-4 x-2 

5 ■* ”“•= 5 

47 

hSr-b-i{ 


49 

Sx-1 2r-] 

3 a 

19 - 3(14x - SI) =4 ^5l - 

51 

X— 3 X— 4_ 
4 5 ~ 

^~=x - 2 - i(3x - 11). 
o o * 

53 

i(x-2)-|(x 

7o-*(2r-7)=nx — r 

65 


-3j. 


=1 


11 


-=0 


5& 

j 14 o 

m 

7x- . 

5=*3x- 

-1 1 

58 

1 4— 3x= ox— 1 7 

59 

■Oftx- 

■01x= 

14- 06X; 

60 

■OSr— •02= 17-'07x 

6L 

•(KUx- 

- 412= 

•007x- -ODS 

62. 

3 75~ 

6a 

X 

125“ 

T5-^ 


6L 

x-1 x-2 A 


2X-8 

Sx-4 


— :v= rST = 4'2« 

20 12o 


25 

“125 

— 24. 

66. 

•25x-‘025 2x- 45 - 





125 = 1-25 






67 Whst valne of x ■will laa^e (5— 3x1(7 -2r) eqcal to (11 -6x}(3— x)’ 


68 YTfca*' valce of x •will make i— eqcal to the irtchon 

X 2x 4x 12 ^ ”■* 

69- Goder -what circainstaiices is ^ 

(x— Siv^— 4) cqnal to (x— 5){x-T)’ 

70 Simple the expression fx—2i^—(x—3t(x—l). 

"What do you deduce ahou' the equation (x— 2j*— (x-SHx— 1)=0’ 

71 Go through the process of solving the equation 

(2r- l){Sr-4)=(6x— 5)(x— 1) TVhat doyon deduce* 


Approzimate Solations, 

45 In finding approximate ralnes, 

One half or more than one half counts as unity 
1 e, o .j 

*05 - *05 and < 1 , . 1 

*00o . •• *00i> and < *01 . *01, and so on. 
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Thus if a; = 3 7 152G , 

« = 3 7 correct to one dee place, 

= 3 75 t\\ o dec places, 

= 3 745 three , 

= 3 7453 foni 

In soh ing the equation 7a: = 25, 
dniding both sides bv 7, a: =3 571428 

x=l, to the nearest integer, 

= 3 6 coirect to one dec place, 
= 3 57 ti\ o places, 

= 3571 thicc 


Thus, lu approxunatious, if the first figure neglected is 5 or 
more than 5, increase by one the last figure retamed 


Examples VII e 

raid approxunatc \alacs uf sc in the following equations 
1 10(3; - 1 ) - Gar - 20=3, comet to the nearest intcgci 
2. 5(a:-l)=ll(a:-3), correct to one dtc pi ice 
3 Tar - 7 - 3x(x f 3) = 0, correct to tw o dec. places 
4. (x-2)-={x-o)"-‘-5, correct to two dec places. 

5 (®-T)(*+3)=(x-7){x-r7)+7x, correct to two dec places 

6 ?=” 5, correct to the nearest integer 

7 — ^ correct to two dec places 

u / 42 

Ojj* ^ 1 ^ 1 

8 :r~ = 14, correct to two dec phccs 

9 -Q— +— ^ ^=0, correct to two dec places 

10 4'{®*‘''®)~^12a:-»-7)=^-2, correct to two dec places 

11 4Y-y(14x-3I)=G- correct to two dec places 

12 -G2 correct to two'dec places 
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CHAPTER Vm 

SYMBOLICAL EXPRESSION 

46. Algebra is largely used for solving problems of vanous 
lands, but before attempting this the beginner must learn 
how to express given statements symbolically, in algebraic 
form 

Let us take a few simple cases 

There are (3 x 4) ft in 4 yards 

Thus we see that there are Sa; ft in le yds 

There are (20 x 6) shillings in £5 
Hence there are 20a: shillmgs in £x 

There are (12 x 7) pence in 7 shilhngs 
There are 12a: pence in z shillings 

Just as 2 X 6 IS a number which is double of 6, so 2a represents 
a number which is double the number represented by, a 

The number which is 3 greater than 6 is 5 + 3 
The number ivhich is 3 greater than a: is a: +3 
The number which is a greater than z is x+ a 

7 buns at 2 pence each, cost 7x2 pence 
Hence z buns at 2 pence each cost (a: x 2) pence, ^ e 2a: pence 
235 shillings = (235 — 20) £ , 

X shillings = (a: — 20) £ 



vnr ] 


SYMBOLICAL EXPRESSION 


57 


14 pounds and 6 sliillings are the same as (14 x 20 + 6) shillmgs 
In the same way x pounds +y slullings = (20a;+y) shillings 


6 pounds + 5 shillings + 4 pence = (6 x 240 + 6x12 + 4) pence 
X pounds+y shillings+a pence = (240* +12y+i?) pence 


If 13 articles cost 54 shillings, each article costs 
If a 54 


shilhngs 

U 

X 


X 


y 


1 

X 


An even number is a number which has 2 for a factor 
if X IS any whole number, 

2x IS an even number 
if X IS any whole number, 

2a: + 1 IS an odd number 
22-1 IS also an odd number 


47 Example 1 Wliat is the cast of a articles at i shillings each ? 12 
articles at S shillings each cost 12x3 shillings 

by analogy, a articles at b sliillings each cost ab shillings 

Example 2 A man nalks x miles an hour How far does he Malk 
in y hours ^ If he volhs 4 miles an honr, he 'u ill walk 4x 6 miles in 6 horns 
by analogy, if he walks x miles an hour, he will walk xy miles in 
y hours 

Example 3 A man has x croivns and y florins, how many shillings has 
he ^ X sluttings, and y floTins=2.y shillings, 

he has ('}x+2y) shillings 

Example 4 If I spend x shillings out of £y, how many pence hai e I 
left’ fy=240y pence, and x shillings =12% pence, 

I have (240y — 12a:) pence left 


Examples 1^1 a 

1 One part of x is 20 what is the other part ' 

2 One part of 35 IS y what is the other pait? 
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3 What number is less than x by 20 ’ > 

4 What numbei is less than 34 by a; ^ 

5 What number multiplied by x will give 56 

6 What number divided by x will give 35 ? 

7 If 16 IS less than x by 3, ivhnt is the \aluo of 

8 The sum of tuo numbers is x, and one of them is 23 ivhat is the , 
other 7 

9 The sum of two numbers is y and one of them is x iihat is the 

other’ ’ 

' 10 The difference of two numbers is 13, and a. is the greater what is 

the other ’ ’ 

11 How many times is x contained in 78 ’ 

12 How many times is y contained in a; ’ 

13 How many times is 3a contained in 5b ’ 

14. I have £x and give away y shillings how many shillings have I 
left’ 

15 The sum of three numbers is 96 One of them is x, another y 
what IS the third’ 

16 The sum of two numbers is a+5b, and one of them is 3b what is 
the other ’ 

17 The difference of two numbers is x-y, and the greater is y what 

IS the other ’ » 

18 If a book costs x pence, how many can be bought for y pence’ 

19 If a penknife costs x pence, how many cm bo bought for y shillings’ 

20 I gave x shilhngs for y pencils how many pence did I giie foi 
each’ 

^'21 If I spend x half crowns out of a sum of £y, how many shillmgs 
have I left’ , 

22 What number exceeds a: by 4 ’ 

23 What number exceeds 4 by a?’ 

24 By how much does 20 exceed x ’ 

^ 25 What number is less than 40 by o ’ 

' ^26 If 76 contains x three times, what is the value of a;’ 

27 If X oranges cost fourpcnce, what is the price of one ’ 

28 I am X years old now how old shall I be in 7 years ’ 

How old shall I be in y years ’ 

How old was 1 11 years ago ’ 

29 Find a number half as great again as r ’ 

*/ 30 If I walk X miles in 0 hours, how many do I walk in one hour ’ 

How many do I walk in y hours ’ 

How long do I take to walk one mile ’ 

How long do I take to walk y miles ? 

1 . 1 . 31^^ The sum of two numbers is o+6, one of them is a-b, what is 
the other ’ 

^ 32 I row * miles at the rate of y miles an hour how many hours do I 

take to do it ? •' 
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33 What IS the value of a eggs at 3 pence apiece ^ 

34. What IS the ^ alue of x eggs at 3 ponce a dozen ^ 

35 By how much does a: - 5 exceed a; - 7 ’ 

36 If eggs sell at x pence a dozen, hon much does each egg cost^ 

Hom many will you get for a shillmg ' 

How many will you get for y shiUmgs ’ 

37 If 3 lbs of sugar cost 8 pence, what will a: lbs cost^ 

38 If a; lbs of sugar cost y pence, what will z lbs cost ? 

39 Write down three consecutive numbers of which n is the least 

40 Wnte down three consecutive numbers of which n is the greatest 
41, Wnte down three consecutive numbers of which n is the middle one 

42 The greatest of four consecutive numbers is n+3 what are the 
thers’ 

43 Write down five consecuti\e numbers of which the middle one is n 
44. What IS the cost in pounds of x cakes at y shillings apiece ^ 

45 By how much does 3a: - y exceed a:+y ’ 

46 What number added to a - 3b will make a+b* 

147 A bill IS made up of £a, b shilbngs, and c pence what is the total 
umber of pence in it* 

{.48 A tram travels at the rate of x miles an hoar hon many yards 
ocs it go in a minute ’ 

1 49 How far is it from A to B, if a man, bicycling at the rate of 10 
files an hour, does the journey in x hours * 

60 A horse eats a: bushels a week How many days will it take him to 
.t 76 bushels* How many days will it take y horses to eat the same 
iioUnt* 

51 What IS the number which exceeds one quarter of a; by 25 * 

52 Write down five consecutive numbers of which 271-3 is the middle ^ 
le 

1 53 Wnte down five consecutiie odd numbers of which 2n-l is the 
fiddle one 

54. What IS the area in square feet of a room a feet long and b feet 
' de’ 

55 The area of a room is x square feet and its length is y feet what 
I its width* 

1 56 A square has sides x feet long what is its area 7 
^ Express the following statements in the form of equations 
57 The excess of x over 20 is y 
58 Three times x exceeds y by 25 

59 The sixth part of a;-8 is equal to the seventh part of 2a;+3 
60 Three times a: - 4 is equal to five times a; - 1 
61 There are x shillings m £y and z florins 
62 There are a pence m £b, c half crowns, and d shilbngs 

63 The product of two consecntive numbers, of which x is the 
1 eater, is y 

{ 64. The product of three consecutive numbers, of which x is the middle 
ne, IS o* 
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65 A IS a. years old, B is 5 years older The sum of their ages is y 

66 A man is x a ears old, and his son v years vonnger. The sum of 
their ages is a years. 

67 A has £x, and B £y After B has gi\en A £a thej hate equal 
amounts 

68 When X is divided by y, the quotient is 13 and the remainder T 

69 When o is dinaed bv 6, the quotient is x and the remainder y 

70 The area of a room x feet long, and y feet ande is a square feet 

71 The area of a courtyard a feet, by 6 feet, is x square yards 
72. The product ot x and y is three times the evcess of a over b 
73 The excess of x o\ er j is five times the excess of o oa er 5 

Snbstitatioii m formtilae 

48 It r IS the radius of a arclc, and C its circumferenc*^ the 
taro quantities r and C are connected hr the formula 
C = 2-r, trhere— 

(This IS onlr an approximate value of - ) 

Thus if ive tnoir the radius of a cird^ we can find its circum- 
ference. 

Example 3. Find the circumference of a circle whose radius is 21 feet. 
If C denote the circumference, substituting the given value of r in the 
formula C=2xr, 

C=2rx21feet 
i=2x5Ax21 feet; fortr=5A, 

=2}s22\Sfeet 
= 6 X 22 = f eet. 

Example S Given that the circumference of a circle is 99 ft. in length, 
find Its radius. 

If r denote its radius, 2 =t=99 , 

2x^r=99, 

*•=1^1=^ feet 

=^=15jfeet 
=15 feet 9 inches 

The area. A, of the floor of a room nhose length is 7, and 
breadth 6, is gii en by the formula 

A=7x6 

Example 3 Fmd the area of a room 16J feet long and 105 feet u ide. 

If A denote the *irea, substituting m the ihot e formula, 

A=16iNl0i^ ft 

— -a-x-y= — j — =— j— (mnltipl\-mg by factors) 

= 173xsq ft 
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Example i. Find, to the nearest inch, the Icngtl) of the circuinfcicncc 
of ,a circle of radins 6 inches 

Let C denote the circumfcicncc in inches 

Substituting the ^ allies of ir and t in the formula 
C=2Tr, 

C=2 X -V- X 6 inches 

I 

X G inches 
inches 

=37 7 inches 
= 38 in (to the nearest inch) 

Example 5 Gi\cn that the area of a circle (A) and its radius (r) arc 
connected by the formula A=r^ -when r=^-", find, to the nearest tenth of 
a square inch, the area of a circle of radius 3 inches 

If A sq in denote the reqd area, substitntiiig the \alucs of ir and i in 
the formula 

A=in-=, 

A=-V-x (3)2=5,=- x9=lfa 
=28 28 sq inches 
=28 3 sq in (to the nearest tenth) 

Examples TUI b 

Gncn that the circumference (C) of a circle and its radius (») are con 
neoted by the formula C=2Tr, nhcic ■r=5{=., find 

1 The circumference of a circle of radius 7 inches 

2, 0 inches 

3 The radius of a circle uhosc circumference is 110 feet long 

4. 12 feet long 

5 The circumference (correct to a tenth of an inch) of a circle nhosc 
radius is 5 in long 

6 Tlie radins (correct to a tenth of an inch) of a circle whoso circuni 
fcrcncc is 16 inches long 

7 The radius (correct to a tenth of an inch) of a circle nhoso circum- 
ference IS 20 inches long 

Ihc area (A) of a circle is connected nith its radius (r) by the formula 
A=rr®, nhorc jr=5.?. 

8 Find ihc area (coircct to a tenth of a square inch) of a circle uliosc 
radius is 4 inches 

9 Bind the radins of a circle nhosc area is lot sq inches 

Tlie area (A) of a room is connected with its length (1) and its breadth (b) 
by the formula A=W> 

10 Find the area of a room lij ft long and 12 ft wade 

11 Find, to the nearest foot, the length of a room whoso area is 
246 sq ft and avidtli 11 ft 
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12 Eind, to the nearest inch, the length of a room whose area is 
112 sq feet and width 9 feet 

If A IS the area of the walls of a room, I its length, h its breadth, h its 
height, A=2h{l+b) 

13 Find the area of the walls of a room, 10 ft high, 16 ft long, and 
12 ft wide 

14 The area of the walls of a room is 760 sq ft , its length is 18 ft 
and its breadth 12 feet iind its height 

16 The area of the nails of a room is 650 sq ft , its length is 18 ft and 
its breadth 12 ft find its height 

The \olume (V) of a cylinder on a circular base of radius r, and of 
height h, IS given by the formula 

V=5rr°A, where 

16 Find the volume of a cylmdor of height 7 feet on a circular base 
of radius 3 feet 

17 The volume of a cylinder on a circular base of radius 7 ft is 
693 cubic feet find its height 

The area, A, of a triangle of height h, on a baseb, is gi%pn by the 
formula A=s4Jih 

18 Find the area of a triangle of height 3 feet and base 2 ft 3 in 

19 A tnan^le of area 36 sq ft stands on a base of 10 ft find its height 
to the neaicst inch 

If a body falls freely under the acoeleration, g, of gravity for t seconds, 
the space (in feet) it falls through is given by the formula 
S=4^<7<®, where fir=32 

20 Fmd the space a body under the acceleration of grai ity falls through 
in 6 sees 

21 Fmd how long a body under the acceleration of gravity takes to fall 
through 144 feet 

If a body, starting with a a olocity of u feet per second, and moving under 
an acceleration/, acquires a velocity of v ft per second in t seconds, v is 
given by the formula v=u+Jt 

22 Find the velocity of a body in 7 seconds if it starts with a velocity 
of 3 ft per second and moves under an acceleration 4 

a, a+b, a+2b, a+3b being a series of numbers, the value, p, of the 
IS given by the formula p=o+(n-l)6 

23 Fmd the twenty first number of the following series 

1. 3, 5, 7 

24 Fmd the twenty fifth term of the senes 

-4, -1,2, 5, 8 

If m a senes of numbers the^iimbers increase by regular intervals, their 
sum IS given by the formula 

S=|{o+f), 
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'wlicre S denotes the sum, n the number of terms, a the first term, and I the 
last term of the series 

25 Pmd the sum of the first 25 natural nutnbers 

26 Find the sum of the consecutive numbers from 9 to 31 mclusive 

Find the sum of the series 

27 9, 12, 15, 18 to 11 terms 

28 6, 10, 14, 18 to 12 terms 

29 97, 94, 91 37, 34, 31, 28 

Find the sum of 

30 The first 43 even numbeis 

31 The first 21 odd numbers 

32 All the e\ en numbers betu een 5 and 51 

33 All the odd 40 and 90 

34. Tlie first 17 numbers each of which is divisible by 4 

35 21 3 

The sum (S) of the squares of the first n natural numbers is given by the 
formula g^«{n+lH^) 

Fmd the sum of 

36 The squares of the first 15 natural numbers 

37 The squares of all numbers from 7 to 21 inclusn e 

38 The squares of all numbers between 12 and 35 

The volume (v) of a sphere of radius r, is given by the formula 

where 

39 Fmd, correct to two decimal places, the volume in cubic feet of a 
sphere of radius 3 feet 

40 The volume of a sphere is 4851 cubic feet find its radius 

41 A clerk startmg with a salary of 100£, has a salary of 10 5 € in his 
second year, 110£ in his third year, 115£ in his fourth year, and so on By 
means of the formula in Example 23, find his salary in his twenty first 
year of sen ice 

If when A is divided by B, Q is the quotient and R the remainder, 

A= BQ+ R 

42 A certam number when divided by ^2 has a quotient 15 and a 
remainder 4 find the number 

If two sides of a triangle, of lengths a and b, contain a right angle, the 
third Bide c is obtained from the formula c®=a®-f-6® 

[N B — The abo\e maj be written, c®-a®=&®, or ] 

Which of the tnanglcs whose sides arc of the followmg lengths will be 
right-angled ’ 

43 3, 4, 5 feet 44 13, 12, 6 inches 45 25, 24, 7 centimetres 

46 1 6, 2, 2 5 yards 47 1 3, 1-2, 7 feet 48 30a, 24a, 18a 
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Examples VIU c 

FUNCTIONAL NOTATION 

1 If /( t) =*“ + a: + 1 , find tlie \ alue of 

(i)/(0). (11) /(I), (iii)/(2) 

2 If /(«)= ” \ find the \aluo of 

(0/(5), (11) /(7). (in)/(-3). (IV) /(»+!), 

3 If <f>{x) = (x - l){x -Q){x -3), find the value of 

(1) «( 0 ), (n) (111) «( 3 ). (n) ^>( 5 ), 

4 If ^ (h) = ( 2« - 1 ) (2fi + 1 ) - (« - 1), find the \ alue 

(i) 0(0). (11) 0(3), (lu)'^^O 

(i\) 0(2 m + 1), (%) 0(n+l), (m) 0('r) 

5 If/{a;)=2ar*-oa;+3, proie that 

(j) /(*+!)+/(«- J)-2/(^)=4 
(u) /(a, + 2) +/(* - 2) - 2/('«) = 16 

6 If/(T)=2r®-6a:+5 and 0(a;)=2a:=-6*+7, find the \aluo of 

(0 0(0) -/(O), (11) 0(2) -/(2). (Ill) 0(4) -/(2) 

7 If/('B)=2*“+a; and <f>(x)=a?+2x, find the \-ilue of 

/(a?+l)-0(a.-l) 

8 If f(r)-ax-+bz+e, and ^(x)=saafi-bx+c, find the \alno of 

/(a:+l)-0(a:+l) 

9 If/(a:)=o*®+to+c, and ^(x)=a - bx+caP, find the mIuo of 

(1) AO) -0(0), (11) /(I) -0(1) 

(ui)/(2)-0{2), (ii)/(3)-0(2) 


(')/(« -3) 

(>) 0(-te) 


CHAPTER IX 

EASY PROBLEMS 

49 Wo mil now proceed to solve some easy problems 

Example 1. Three times a certain nntnhcr diminished by 15 comes tc 
to 45 find the number 

Let X be the number required 

Three times the number diminished by 16 is 3r- 16, 

Sr- 15=45, 

3a;=45+ 13=60, 

a=20, 

1 c the required number is 20 
Verification 3 x 20-15=60-15=45 
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Example 2 A man is twice as old as his son, and ten years ago he was 
three tunes as old Fmd the present ages of the father and son 
Let X be the present age of the son 

Then, by hypothesis, the present age of the father is 2a; years 

10 years ago the son Avas a; -10 years old 

Also 10 years ago the father ivas 2a;- 10 years old 

2a;- 10=3 (a; -10), 

2a:-10=3a;-30, 

2a;-3a= -30+10, 

-a;= -20, 
a;=20 

^ the father is now 40, and the son 20 years old 

The student should a enfy the result, 

Sample 3 A man paid a bill ot £6 10s in sovereigns and dorms If 
he used three times as many dorms as soAereigns, find the number of 
sovereigns be paid aiiay and the number of Sonus 
Let X be the number of eoa ereigns he used 
Then 3a; is the number of Sorins he used 
> X soA ereigns=20a; shillings, and St; Sorins=6a; shillings 

Also £6 10s =130 shillings, 

20a;+6a;=130, 

26a:=130, 

x=s5, 

t e he used 5 soi ereigns and 15 flonns 

Example 4 The number 55 is divided into tivo parts such that one- 
third of one part, together with one fifth of the other part, is equal to 17 
Pmd the parts 

■\Let X be one part Then 55 - a; is the other part 

Multi^^^th sides by 16, 

"V 5a; + 3 (56- a;) = 17 X 15, 

N. 6a;+ 165 — 3a;=255, 

\ 5a;-3a;=255-165, 

\ 2a;=90 , 

^ x=45 , 

A and 65-a;=55-46=10 
^and 10 are the reqd parts 

Example 5 A and B trai!!^ opposite directions from two places 64 
miles apart, and meet in 6 hou'X^ ^ ^ goes tiiice as fast as B, find their 
rates of travelling - 

Suppose B travels x miles an houN^^*®*^ ^ travels 2x miles an hour 
In 6 hours, B 6a; miles, 

A goi 

But the total distance traA'eUed by A and'^^ 6 hours is 64 miles. 

6a,+12a;=54?^ 


6a,+12a;=54. ^ 
a;=3, 

t e A travels 6 miles on hour, and B '' 
B n A E 


'’as an hour 
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Examples IZ a 


1 Ono man has fix, another man £2r, and they together have £30 
How much has each man ’ 

2 Ahoy has a certain number of apples, and uhen lie is gnen 20 
more ho finds ho has throe times ns many ns nt Oist hou many had ho at 
first’ 

3 A certain number uhen trebled is 64 more than before uhnt is tho 
number ’ 


4 A has n certain sum of money, and B 1ms £10 more than A They 
together hn\ c £40 hou much has each ’ 

5 To throe tunes n certain nnnilicr of apples 1 add 17, and then find I 
hate 77 Hou many apples had I nt first’ 

6 From four times a certain number I take 23, and obtain 61 os the 
result u hat u AS tho original number! 

7 A man ualkcd n certain number of miles, ind then bicjoled for 
three hours at 10 miles nn hour He finds ho has altogether tmiclled four 
times as far as ho u alkod hou man} miles did ho walk ’ 

8 A man has a certain number of shillings, and an equal minibcr of 
sovereigns His total sum of inonc} is 63 shillings Ifou many sovereigns 
has ho! 

Y 9 A man has n certain number of half crowns, and double that 
^number of florins If his total sum of money nnionnts to £3 ISs , bon 
many half crowns has ho’ 

10 A man is 28 } cars older than his son, and the sum of the ages of 
father and son is 48 Find their ages 


one, 




V'- 




’it ■» 


11 Find the'nuinbor which oveceds its sixth part bj 30 

12 A man has five childtcn, each three jears older than then’* 
and their united ages amount to 70 Find the age of the eldest i 

13 Three persons A, B, C together have £144 B has £1') 

A, and C £10 less than A How much has each ’ 

14 Two numbers diflcr b} IS, and their sum is 42 
, 15 Find the number uliich exceeds its foiiith part 

16 Fmd n number such that its third part cxcce'' 
exceeds its fifth pai t « 

17 Out of a cask of u ihc g- full, 10 gallons or 

then j full Hou much can it hold ’ h, 

^ < jr » 

18 Fmd the three consecutive numbers rtf 90 

19 Ten times a certain number txce/^< \ 
four times the number find the number 

20 A man has a ceitain numbs 
shillings, and one third that numb , 
amounting to 22s Od Hou m'’«v i \ ,0m has he’ 

"he^thS) hmv'niS^hS® Ju “ 

of Sch^ together have £41 


« much as 24 
and tho cask is 


'js much ns 102 exceeds 


u’l I, ono half that number of 
iis, his total Slim of money 


Find the share 


^ ^ receives £172 morc\ 
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24. The sixth and seventh parts of a certain 'Sum amount to £2 12s 
i^hat IS the whole ’ 

25 A IS 25 years older than B, and in five years Jje 'Will he twice as old" 
s B Find their present ages 

26 A IS 23 years older than B, and A’s age is as much below 90 as B’s 
ge IS abo\e 13 Find their ages . 

'27 A IS three tunes as old as B, and 9 years ago their united ages ’ 
mounted to 66 Find their ages 

28. A IS 6 times as old as B, and A’s age 32 years ago is equal to B’s age 
18 years hence find their ages 

29 Three boys A, B, C divide the apples on a tree A takes one third 
If the apples, B takes 21 and C the rest If A has 2 moie apples than O, 
low many apples were there on the tree ^ 

30 Find a number such that, if yon divide it by 2 and add IL the \ 

esult will be three times as great as that which you would obtain by \ 
uultiplymg it by 2 and adding 11 ^ 

31 The half of a certain integer exceeds the third of the next greater -i 

nteger by three find the integer ' ’ 

^2 A man bought a house, and gained five sixths of what he gave for it 
iy aellmg it for ^70 How much did he gii'e for it » 

33 The sum of^ three consecutive numbers is 105 find them 

34. The sum of three consecutive odd numbers is 186 Find them ^ 

35 A sheep costs tn ice as much as a turkey, and I speud £18 Is inbu^mg 
J sheep and 7 turbejs Find the price of each sheep aud each turkey 

36 A man walks a certain distance, bicycles twice that distance, swims 
lalf as far as he walked, and finds he has covered 14 lUiIes How far did 
iii'fewimf 


37 A and B divide a sum of £40 between them, so that A has £6 lOs 
inoiq^than B What is the share of each ’ 

38 "persons have £4320 between them if the first has five times 

as mi " 1 ' \Becond, how much has each ’ 

39 £ I ’ €$6 into two shares so that one third of the less is equal to * 

one fiftfi o_ V ■''tnr / 


40 Thf. m. \ ’s divided into two parts, so that one third of the first 

Md one sevunth ' 'cond are together equal to 11 what are the parts ’ 
In a \ ilii’gt * of 1 SI persons, there are 17 more women than 

men, and 30 mbi*e ^ v "than women how many men, women, and 
children are there''' * '\ ' 

42 A man makes 60 ^ innmgs at cricket how many must he 1 

make m the next three inn*” . average of 20 ’ . 


43 A, travelling half as f ' 4? B, and startmg 9 miles behmd 

him, catches him up in 6 hours \ ^ * 'in rates of travelling ^ 

44 Two trains, one of whicu agam as^thsr other, 

start at the same time from tv6 \ mijes apart, and meet in 
^ hours Fmd their rates of travelling 

45 A and B run round a circular cwi.i yards, starting from 

the same point, at the same time, and n V *o direction 
running 2J times round the course in lOminuf* ''■s ' ontakes B find ^ 
rate of travelling x . ■> X 


\ I 
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46 A travels from P to Q, a distance of SO miles, and back again at the 
rate of 9 miles an hour On his ivay back, he meets B, who travels at the 
rate of 6 miles an hour, and who started at the same time from P Emd 
the distance of their meeting point fiom P 

47 A starts at noon to tra\ el from P to Q at the rate of 6 miles an hour, 
and B starts at 1 p m to tiai el from Q to P at the rate of 5 miles an hour 
If they meet at 4 30 p m , find the distance from P to Q 

48 A man does one third of a journey at the rate of 4 miles an hour,' 
one third at 5 miles an hour, and the icmaining third at 6 miles an hour, 
completing the journey in 6 houis and 10 minutes Eind the length of the 
journey 

49 A man walks one half of a journey at the rate of 4 miles an hour, 
bicycles one thud at 12 miles an hour, and rides the lemamder on horseback 
at 9 miles an hour, completing the journey in 6 hours and 10 minutes 
Find the length of the journey 

50 In a journey of 72 miles, a man does one quai tor of the distance at 

the rate of 6 miles an hour, one thud at the rate of 9 miles an hour, and 
does the whole jouincy in 7 hours and 40 minutes What is his rate of 
travelling over the last part ^ ' 


USE OF SQUARED PAPER 

[The most convenient papei for beginneis is that ruled to shoir 
inches and tenths of an inch ] 

60 To find the length of a straight line joining the corners of ani 
two squat es, with the aid of a pan of compasses 




n, ] USE OF SQUARED PAPER G9 

tlis lionrontol line through A at C We see tiiat the point C falls 
as nearly ns possible at the middle point of a side of a small 
square 

Tliereforc, fiom the diagi’am AB=AC = 2 lo inches 

61 -A man iraich 8 miles due casl, then 9 miles norih, then 15 
miles vest, and finalli/ 11 viilcs south Find to the neat at half-mile 
hts distance at the finvh fiom the stailinq 2 ioinl 



Using aside of onei < " to lopicsent one mile, nith the 
accompaining dnginins, . tahe-s him fioin 0 to A, 

9 III ) A to B, 

1 5 m I. . > * B to 0, 

and 1 1 m soiit' C to D 

"With centre O and radius 00 deso i « cutting the line 

OW at F The reqd dishincc = 00 « OF ' ^ to the neai cst 
half-mile, from the diagram 
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52 Two vet heal posts, IG ft and 26 ft htgh, are 40 ft apait 
Find, to (he neatest foot, the length of the stmight mre joining then 
upper ends 
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Taking one-tenth of an inc^ represent one foot, one inch 
will represent 10 feet 

Mark the points A an^ g 4 inches apart, also the point C 2 6 

inches vertically ahoy^^^ and the point D 1 6 inches vertically 
above B Jom_CD/ 
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AB= i inches and tlicieforc repiescnts 40 feet 
AC='2 6 inchc? 26 feet 

CD = 1 6 inches 16 feet 

Tlicieforc CD represents the Mire mIiosc lengtli is required 
With centre D and radius DC, destnho an aic of a ciiclc to cut the 
lionrontal lino thiough D at E 
From the diagram •« c sec that DE = 4 1 inches 

DC =4 1 inches, and the wire isl0x41,tc 41 feet long 


53 A htUcr 30 Ji lonq ha<f foot at a dt<)laucc of 10 feci fiom 
a TCJhcal tcall How fm np iht uall does tl reach i 



A B O 


A he the foot of the i 1 i' lalfing a side of a square 

to represent one foot, Uikc B I'l ® hon/ontal line fiom A, 

so that B IS the foot of the m all 

With centre A and radius 30 undi 'tv. a circle to cut the 
tcrtical through B at C 











72 ELEMENTARY ALGEBRA [chap 


AC represents 30 feet so that C is the point in the wall to which 
the ladder reaches * 

From the diagram it is seen that BO the required dis- 
tance = 28 3 feet Here we estimate the decimal of a foot hv eye 

64 Two sides of a tuangle contain a right angle and aie 1 ^and 



Talang an inch to lepresenta foot, AB 1 6 in long represents 
the longer side, and BC at nght angles to it and 1 2 m long 
represents the shorter side Jom AC ^ 

With centre A and radius AC, describe an aic of q cucle cutting 
the vertical line through A at D / 

AC = AD = 2 in from the diagram , ^ 

the side required is 2 feet long /* 

Those who are familiar with the proposition in geometry which 
proves that *'the square on the hypotenuse of a nght-angled 
triangle is equal to the sum of tng squares on its sides” can 
readily verify the above as folloSys 

AC2-AB2=22-4^62=(2 + 1 6)(^-1 6) 

= 36x4 
= 1 44 = 1 22=BC2 
e AC^=AB2 + BC2 
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Examples ZX. b 

PROBLEMS I^*TOLVING THE USE OF SQUARED PAPER 


1 -A man travels 9 miles 'n'cst, then II miles south, and finally 4 miles 
east^Fow far from the starting point, to the nearest mile, is he at the 
finish^ 


2. A man after travelling 7 miles due east, and a certain distance dne 
north, finds himself 15 miles from Ins starting imint Hov far north did 
lie tm cl ’ 

3 A ship|^Hrng at +he rate of 8 miles an hour due east, daftc at the 
same time ■mtC^feirrcnt at the rate of 3 miles an hour due north Fmd 
its distance from its starting point in 2 hours 


4. A ship steaming at the rale of 10 miles an hour due ivest, and 
drifting due north tvith a current is found to be 32 miles from its starting 
point in 3 hoars. Find the rale at n hich the current flows 

5 A balloon after sailing 5 miles horizontally from its startmg point, 
IS found to be at an altitude of 2 mile®. Prose* that it is approximately 
5 4 miles from its starting point 

6 Two vertical posts, 6 ft. and 9 ft high, are four feet apart find the 
length of the straight lino joining their npjwr ends 

7 A tdder with it® foot at a horizontal distance of 20 ft from a 
vertical n ill, just reaches a point on the wnll 30 ft from the ground find, 
to the nearest tenth of a foot, the length of the ladder 

_ 8 A ball rolls 3 ft cast, then 3 ft north, then 1 ft west, and lastly 
3 ’*'■ m a direct line towards its starting pomt How far is it then from ite 
hti^ '•'» point’ 

a 1 nan walhs 2 miles cast, then 3 miles north east how far is he 
the- 4 ' / * ' starting point’ 

20 I ' having nalkcd a certain distance in a north westerly 
dircc*^ion, ' >3 2o miles west of Lis starting pomt hon far has 

he walki^ 


11 A l>ov L - 7 miles east, and then 3 4 miles north how far is 
he then from Ins t - r^mt, to the nearest half mile’ \/' 

12- A man smmij eartcrly direction nntil he is 2 miles north 

of his otigmal petition 3 miles to the north nest hon far is he 

then from his starting p^j V 

13 A room is 3 6 metre- <- 0 , S 4 metres mde J^tl the distance 
between two opposite comers, - ' -’>'^tcl\ as you can v 

14. On a base of ^ inches, d -i tnanglc nhosc other sides arc 
4 inches and 4 1 inch^long find tie ’ tli® tnangle to the nearest 
tenth of an inch , 

15 Fmd, as accnratcly as j on can, tii ' 4 <■. of the diagonal of a square 
V hose sides arc three incncs long 

16 Find, as accurately as possible, the * ■’ diagonal of a 

rectangular board 2 ft wiSe and 3 ft long 
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17 Find the altitude of an equilateral triaiiRle whose bides are 3 
inches long 

18 Draw two circles of IJ inches radius, with their centres 2 inches 
apart Find the length of the line joining tlioir points of intci section 

19 With centres 3 inches apart, dmw two ciielos of radii 2 in and 
2J in Find the length of the line joining their points of intoi section 

20 A man walks duo cast from a town P which lies 4 miles duo north 
of a town Q How far from Q is ho when ho has walked 6 miles 1 

21 A man w alks south cast from a place P w Inch lies 3 miles north of Q. 
How far from Q is ho when he has walked 4 miles? 

22 Multiply 2 3 by 3 5 by means of squared paper 

23 Multiply 3 4 by 4 7 by means of squared paper 

24 The road from A to B is inclined upwards at 30° to the horizon for 
2 miles, then at 20° for 2 miles, and then descends at an inclination of 27” 
to B, which IS on the saiiic lc\cl ns A Pleasure the length of the descent 
to B 

25 A travels cast at 12 miles nn hour, and B, starting at the same time 
fiom the same place, tiavcls iioith cost at 20 miles nn houi JFiiid, to the 
nearest mile, tlicir distance apart at the end of 1, 2 and 3 hours (Use 
one tenth of an inch to represent one mile } 

26 A and B arc two places G miles apart, B lying due cast of A One 
man walks at 2 miles an hour from A towards the north cost, another man, 
starting at the same time, walks north>wcst from B at 3 miles nn hour 
Find their distances apart to the nearest tenth of n mile in one honr (Use 
one inch to represent one mile ) 

27 A donkey tethered to a post can graze ov cr n circle of 21 ft radius 
Tlic shortest distance from the post to a straight hedge is 17 ft Ov cr ';nat 
length of hedge can the donkey graze ^ 

28 A man w alks 2 8 miles north, then 3 4 miles w cst, and thcr, j g miles 
south cast How far is he then from his starting point? 


j 


65 Exhibition of Statistic" ijy means of Graphs The 
accompanying diagram gitcs^^^ portion of a haiomotric chart, 
fiom which we can lead oj^ ^hc height of the harometer at any 
hour of the dates given t 

Wo determine the jJieight of the barometer fiom the vertical 
lines, and the jiQur fiom hoiizontal lines 
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Thus the height of the barometer at 

4am on the 14th is given by AL= 29 8 mehes 


6am 

15th 

BM = 29 65 

8 pm 

15th 

CN = 30 2 

8pm 

16tb 

DR.= 30 15 


August 



Also ire see that 't’ irometer was falhiig from midnight 
Tlmrs 13th to 8 p m oi ’ ' nsing from 8 p m on the 

14th to 8 a m on the 16i/ 


66 Construct a graph to c ii^ follow ing 
Premiums of Life insurance a ^ ’ ■* ages (fo^ 100£) 


Ago in ycant 

Si 

23 

SO 

S3 

' <5 

'' •' 

30 

C5 

CO 

Premium. 


£2 


£2.13* 

£.1. t 

£1 r* 

£5 10* 

£7 1* 
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Fiom the diagram estimate the piemium at the ages of 32, 51, 
and 58 
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20 25 30 35 40 45 /' 50 65 60 Ages 

Measuring the ages hori/ontally, the premiums veitically, mc 
plot the given points as sho^u j,j the diagram, the point O 
denoting age 20, and premioj^^ (^^t premium 1 £ at age 20) 

The dotted lines AB, CD gp gjy,, the picmiums at the ages 32, 
61, 58 respectively / 

They are ^£2 9 s, ^^£4 11s, ^6 85 
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IX] USE OF SQUARED PAPER 


Examples IX c 

1 Construct a graph to show the following 
Premiums of Life insurance at various^ages (for 100£) 


Age in years 

20 

25 

30 

35 

40 

45 

50 

55 

60 

Premium in £ 

2 

22 

25 

28 

3-2 

38 

46 

55 

6 9 


Estimate the premium for £1000 insurance at ages 28 and 43 to the 
nearest £ 


2 Population of England and Wales 


Year 

1801 

1811 

1821 

1831 

1841 

1851 

1851 

1871 

1881 

1891 

Number in 
Milhons 

89 

10 2 

12 0 

13 9 

15 9 

17 9 

20 0 

22 7 

26 0 

29 0 


Draw a graph to exhibit the above Estimate the population m 1837, 
and the year m which the population was 24 millions 


3 


The temperature taken e\ery two hours one day shoued 


Midnight, 

46 O' 

2am, 

44 8 

4am, 

446 

6am, 

47 5 

8am, 

52 6 

10 a m , 

56 8 

Noon, 

61 0' 


2 p m , 66 7' 

4pm, 67 6‘ 

6pm, 58 5' 

8pm, 64 6‘ 

10 pm, 514' 

Midnight, 60 6' 


Drau a curve to show the vaiiation of tempeiature throughout the day 
yid estimate the temperature at 3 p m '' 

^vThe following table shows a patient’s temperature at the given 
Construct his temperature chait 


limes 


Mon 

'f ’CS 

Ucd 

Thnw 

Fn 

Bat. 

Sun 

a.iD 

p m 

—— M 

im ^ V* 

j 

a.ni 

p xn 

A xn 

p in 

A m 

p m 

a xn 

p xn 

A m 

p m 

99 4 

99 8 

100 i> jlO. 0.. 

101 1* 

102’2 

100 4 

100 9 

100 2 

99 8 

98 r 

9S4 

08 2 

98 2 


5. Rainfall in l^it ’ ,tsGi.'enwich 
Inches 


January, 
February, 
March, 
April, 
May, 
June, 


212 
136 
222 
1 84 
1 95 
6 07 


'V 

1 V' 

1 'S 

1 46 
1 66 
200 

2 02 


July, 

August, 

September, 

tMober, 

j^’mmber, 

s’ber. 


Inches 

5 27 
4 81 
2 23 
4 44 
2 09 
1 31 


Average of 
60 years 

2 47 
2 35 
2 21 
2 81 
2 29 
177 


In the same figure and on the same scalt. •^ij’S'iinct a chart of the above, 
showing the actual rainfall in contmuons Ime average rainfall in 

dotted lines 
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6 If P Qzs IS tlio n eight required to stretch an clastic string until its 
length IS v inches, shoiv the following m a graph 


Length in inches 

9 

10 

11 

12 

13 

Id 

Weight in ozs 

09 

1 2 

1 5 

1 8 

2 1 

2 d 


Determine the weight necessary to stretch the string to a length of 16 
inches 

7. The average yearly price (in pence) of silvei per Troy ounce in 
London was as follows 


1890 

1891 

1892 

1803 

1804 

1895 

1896 

1897 

1898 

1899 

45 

40 

36 

29 

30 

31 

28 

27 

27 

28 


E\hibit the aho\e in a graph 


8 Table giving the boiling point of water in degrees Fahr at dilTorcnt 
heights above sea level 


Height above 
sea level in feet 

0 

1000 

2000 

3000 

4000 

5000 

6000 

Boili^ pt 
deg Fahr 

212 ’ 

210 1 ’ 

208 2 * 

200 3* 

204 4’ 

202 5’ 

200 6 ’ 


Exhibit the aboic graphically and read oil the height above sea level 
where the boiling point is 203 5”, and the boiling point at a height of 
feet 


9 Table giving the height of the barometer at various hcightg aijove 
sea level 


V. 


Height above 
sea level m feet 

B 

2000 

4000 

6000 

■ 


12000 

Height of baro 
meter in inches 

30 

27 8 

257 

238 



'221 

20 5 



19 


Show the above in a graph, and from it^read off the heicht of the 
barometer at an altitude o! 3000 ft and 0400 Also the altitudes nhen 
the readings of the baiometer are 20 in anj £4 d in 


10 


Diameter of circle 


11 

12 

13 

14 

15 

Corresponding area 

yi 8 5 

95 0 

1131 

132 7 

153 9 

176 7 


Sh(ra the i^^ove graphWjjy njjjj deduce the areas of circles whose 
diameters are 11 7 in and' 14 /ffc ^ j^e diameter of the circle whoso 
IS loo o sq in 
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CHAPTER X 

SIMULTANEOTjS equations op the first degree in two 

UNIvNOWNS 


67 Take tho equation 3r- 4v= 12 


3r» Jv+12 


ir = 


•lv +12 

3 


Foi cver^ \ aluc v c gi\ o to v, m c get a con ciponding value of x 


Thus, ifvs=l, 

t + 12 16 
^ 3 -3’ 

if v-2. 

8 + 12 20 

'''= 3 =3’ 

if v=-3, 

^ 12x12 

if y= -2, 

^ -8 + 12 4 


Hence \ic ‘see tint the equation 3r-4r/=sl2 has an infinite 
nuinhcr of •solutions f f infinite mimkcr of values of x and y 
can lie found which will antnfy the equation 
' But Piijipovc we are gn cii two equations, 

3r-4y=12, (1) 

rjx+2y=46 (2) 

■We can HO"" 'allies of x and y which will satisfy both 


equations 

L 4v+12 

From (1) 3r«4V+^”> — j — 

IG-2f/ 

„ (2)Dr«4G-2.;, s--— 

Hence, if the laluc of same in both equations, 

i>f-{ i2 16 — 2y 
— J- C 5 

Multiplving both sides bj 15, + 12) *= 3(4G - 2y) 

20v+C0«138- 
26y«7S, 
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Substituting this value of y in equation (1), 

3'B-4x3 = 12, 

3®=24, 

'C=8 

Thus the values t!= 8, y=3, will satisfy both equations 

Verification When 1 != 8, and y= 3, 

3T-4y = 3x8 — 4x3 = 12 
equation (1) is satisfied 

Again, Avhen a; = 8, and y = 3, 5i;+2y = 5 x 8 + 2 x 3 = 46 

equation (2) is also satisfied Q"®!) 


68 We notice in the above, that in order to find the value of % 
we fiist get rid of x 

This process of getting iid of an unknoivn quantity is callcg 
elimination ^ 

Wo might have efieoted the above solution by elihunatin^^ 
and obtaining the value of x first We should then^|Obtain the 
value of y by substituting this value of x in one of the origina 
equations 

Also we notice that having fiist found the value of y, we maj 
substitute that value in either equation It is advisable, oj 
couise, to choose the simpler equation for this substitution >j 

If we put y=3 in equation (2), we have , ^ -.X 

6a, + 2x3 = 46, 

6'B=46-6 = 40, 

-5=8, as before \ 

Also wo must obseiT’e that two simultaneous ^ ipntions of the 
first degree have only one solution 


59 The following method of ohminatiop jp jJiq most common 
Example l Solve the simultaneous pt, 

3*+Sy^ . j, ’ (1] 

2aH7 (2] 

Multiplying (1) by 7, 21 -> •) s5,/-203, 

„ (2) by 5, 39’-'^5y=170 

® coc^cicwte 0 / / -j (}ti ifeo equations are now equals 
Subtracting j| 3,_33 

»=3 ’ 
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Substituting this \aluc of x in equation (1), * 

3x3+5y=29, 

6y=29-9=20, 

j y=4 

\ n 

}■ IS the reqd solution 
y—iJ 

Verification When a:s=3 and y=4, 3ar+5y=3 x 3+6 x 4=29 

2a:+7y=2x3+7x4=34 
Example 2 Soh o the simultaneous equations, 

3a:+2y=2, 

5x-2y= -18 

(N B — ^Tho coefficients of y are equal hut of opposite sign ) 

Addmg, - 16, 

I »= -2 

Substituting this \alne of x in cither equation we obtam the \a1uo of y 
This IS left 08 on exercise for the student 

The work may often be shortened if the cocfiScients of sc or y 
have common factors 

Example 3 Soh e tho simultaneous equations, 

38®+17y=127, (1) 

133a:+71y=479 (2) 

These equations may be written, 

2xl9a:+17y=127, 

7x J9a;+71y=479 
*»uii>ply">6 (1) I’y 7, 2QQx+ 119y=889, 

MultiiJlying (2) bj 2, 26Ga;+142y=958 

Subtracting. - 23y= - 99. 

' ' 

Substituting t^w value of y in /i!quation'(lJ7“" 

38a;+51=127, 

38»=76, 

31=2 

I la the reqd solution 

y=3l 


Exa^es 

Eliminate x from the following equations (1-C) 

1 a;+y=4, a;+3y=8 2 3x-2y=ll, 2x-Bij=2 

3 y-x=6, 3y+x=7 4. y=3-4x, Bx-Ay=l 

5 y=3a:+5, 2y+3a:s=9 
EE, A 


E a 


6 |.|=-4 



82 


ELEMENTABY ALGEBRA 


, [chap 


Eliminate x from tiie following equations (7-10) 
7 2x+Zi/=l, 5x-y=9 

9 


„ „ 14v_2a;+2y+l 

o w “o^ — e t 


3 

10 ---= 9 , -+ 5=11 

X y X y 


6 


11 

12 

13 

14 

15 

16 


5 _ 5 = 7 , 5 + 8^4 
X y ’ X y 

If x=3 find the value of y when 3a:+4y=17 

If a;=5 find the value of y when 7y-6a!=6 

If y = - 3 find the value of x ivhon 3x - ly =30 

If y= -2 find the value of x when ^^+ -^— =3 

2 4 

If r=^ find the value of y when 6a;- 1 +*^^=4 
If y= - ^*find the lalue of x when — 


—V 


Solve the equations 
^17 a;+2y=12, ^18 
x-3y=2 

21 4a;-y=10, 22 

2x-y=4 

25 a!+y=4J, 26 

x-y=4i 

29 7»-3y=-6, 30 
a;+5y=10 


3x-y=20, 

x-5y=4 

7x-3y=3l, 

Qx-5y=41 

x~10y=S, 

2a:+10y=40 

6a;-7y=20, 

3a:-2y=12 


24 

28 

32 


j33 Ux+13y=23. 13v+lly=2d 
y35 5x+y=5, 7x-y=13 
37 4a;-5y=2, 'B+10y=41 
39 4a;+3=3y+2, 5a;+4y=22 
41 4a;+3y=43, 3a;-2y=ll 
43 Sa:-4y=9a:-3y=G 
f 45 10y=7y-x=20 


19 2a;+ y=5, 
a;+3y=5 
'23 x+y+8=0, 
x-y=2 
27 2a;+3y=28, 

3a-+2y=27 
31. 16a;+2y=27, 

3a;+7ys=45 

v/34 2x+3y=47, 4x~y=45 
y/ 36 6a:-4y=8J^, 2a;+3y=14. 
38 4a: + 6y=ll,'l7a;-5y=l 
40 2a;-3y=5, 3a;+2y=l 
42 5a;-4y=r-y= 
v'44 3a;+2y=2a;-y-5r-i:0 
46 6*-2y=7a!+2y=^ ^y+jl 


3a;+2y=7, 
5a:+ y=7 
x+y=3, 
x-y=ii 
4x-3y=l4, 
3x-4y=0 
7x~3y=4l, 
3v- y=17 


60 If necessary first simplify the equations 
Example 1 Solve the equations, 

‘^=2+2y, (1) 

Multiplying (1) hy 3, and simplifying, 


2^-■l7/ 


5 

/ 


-=^s-y 


a;-6w— {•/ j 

Multiplying (2) by 6, and simplifj^^^ 

27: -;^23 _6y, 

y=23 

We now solve equation- (y/^vd (4) in the usual niiimer, 


( 2 ) 


(3) 


( 4 ) 
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Example 2 Solve the equations, 

X y 
X y 

In snob cases as ibis, it Is advisable to solve first for - and - 

X y 

Thus, multiplying (1) by 2, - - -=6 

X y 


Adding tins to (2), 


X 


Substituting this value of x in (2), 5 x 6+-= IS, 

2=48-30=18, 

y 


IB the 

' rcqniied solution 


Examples X b 


Soho tlio equations 

Ei.2=io 2 - 

1 3\4 2^5 ^ , 

o V —Q iL_5_ 2 A : 

5 2y-|=2i\,3y+|=14 6 : 

7 3*-?^=6, iy+^=i2 

8 ^^-(y-3)=4,'^^f^-(®+2)=-3 


2 I-V-o 

^ 6 3"'^’ 4 2~ ^ 

4 i-|=« 

6 |+|+9=0, |+fe+0=0 


a:-w _2a;+3y ^ 


10 1+1=14, f-|=3 


„ x~2 10-a; y— 10 2j/+4 2a;+y _ x+13 
^5“3~4’ 3*' 8 4 

12 3a:+^=lly-y+2=^ -IS ^^=2+1 

14 5^-^ZVzi=a.-4, 2y-4-^^=3* 

5 8(2x-3y}-(2x+3y)=l, (2a:-3y)+|{2*+3y)=2 


.13 ^=2+2y, 



84 


ELEMENTARY ALGEBRA 


[chap 


19 


Solve the equations 

a;+l x+3 „ 5a:+6 lly-5_„ 55y-12_7a; 

“ y+2“2y+l 10 21 “ ’ 26 “ 5 

18 T(3»-4y)=i(a:-y-3), |■(a:-y+7)=•J(4a:-3y) 

X+1 _ X y+5 a+2 / _ 

21 3a;+4y=ll, 2a;+3y=8 22 1 2a;+*6y=6, 3a:- 2y= 01 

23 6a:+ 7y+3 95=0, -^+^ + 10=0 

8 7 

24 03a;+ 06y=s 05, 09y- 03*= 05 

25 2a:+ 4y=l 2, 3 4*+ 02y= 126 

26 ^+^=12 3 . f + f =5 5 

27 If 3a:+5y=16, and 2*-3y=17, find the value of x+y 

28 If 3*+2y=8, and 2a:+3y=2, find the values of a:+y, and x-y 

29 If 7a;+lly=2, and 8*+13y=l, find the value of 5*+8y 

<■' 30 Gi\en that 13'B-lly=17, and ll*-13y=7, find the values of x+y 
and x-y 


Jsi 

i4 

i_ 

■5, 

1-1=3 

32 

1 

h5= 

= 12 , 

, 1-5=4 

X 

’y~ 


X y 


X 

y 


X y 

J33 

h 

i_ 

'y~ 

=5, 

i+§=5 

X y 

^/> 34 

5+5= 

* y 

=28, 

3 2 

hr^ 

35 

7_ 

X 

3_ 

y~ 

=41, 

, 5-1=17 

X y 

J 35 

7^ 

X 

5_ 

y" 

=3, 


37. 

12 

_8 

=2, 

5+1=2 

38 

1 + 1 = 

=1, 

1-1=9 /- 


X 

~y 


X y 

X 

y 


X y 

39 

K 

2_ 

X 

yj 

-31 l('5+5' 

) + l§=0 






SIMULTANEOUS EQUATIONS WITH THjlEl!: r'NKNOWN 
QUANTITIES ' 

61 The method is similar to that fo' Eoj^niig equations mth 
tuo unknowns Here however we shall p^d fhee equations 


Example 1 Solve the equations, 2“+3i' 1 z=z5, 

“ I /+2z=l, 

^ ' 6y+5z=7 
First lot us eliminate z from cqn"t (1) and (2) 

4*+6y-2s=10 
/ 3*— 4y+2z= 1 

, > 7^+2y ^ 

Next eliminate s from ^ yhs ( i ) and (3) 


Multiplying (1) by 2, 
Adding (2), 


( 1 ) 

( 2 ) 

('5) 


(4) 
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Multiplying (1) by 6 10x+15y-Sz=:25 

Adding (1), 4a;- 6y-t 5:= 7 

14z4 Oy —32 

Notv let us 6ol\c equations (4) and {5} 

Multiphing (4) by 2, 14x+4y= 22 

Subtracting (5), 14x4- 9y= 32 

-5v=-10 

V=2 

Substituting this value of y in (4), 7x + 4 = 1 1 1 

x—\ 

Substituting/br hath x and y in equation (1), 

2+G-== 5, 

-== -3. 

Srr i 
X=lN 


XrrU 
p = 2 [ 

2 = 3) 


isthcrcqd solution 


Example 2 Soli o the cipiitions i+i=7, 

(1) 

LL-q. 

X z ’ 

(2) 

^^.^=32. 

y » 

{3) 


Here ire shall first soli c for i, i and 1 

- * y - 

'* 1 ^ 
first climinntt- from (2) ond (3) 


MulnTbJug (2) by 4. 

8-1?= -3G 

X z 

(3) bi \ 

8^1?= DG 
V s 

Adding, 

-+ ? = GO 

a; y 

Multiplying (1) by 

hh “ 

Subtracting, 

-a=-,, 




Substituting for x iii equation (1), %f-=7» 
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Substituting for y in equation (3), 


3x4+-=32, 

2 

3 + 1 = 8 , 


Z=T 

y=x 

Z=T' 


piathereqd solution 


S? t/ 2 

Example 3 Solve the equations x=g+l==-3, 


From the first equation 
Multiplymg both sides by 21, 

Also from the first equation 
Multiplying both sides by 8, 

Multiplying both sides of 


3 S 

^-£-2 
2 6~^ 

5=?'+l 

3 8^ 

8»=3y+24, 

8a;-3y=24 

y+8=:4z-24, 
y-4z= -32 

|-|=2 by 10 , 


6y— 2s= 20 
lOy— 4z= 40 
y— 4z= —32 


Multiplying by 2, 

Subtracting (2), 

9y= 72 

y= 8 

Substituting this value of y in equation (1)/ 

8»-24=Cl 


/ 


Substituting for y in equation ^ 




-4s=-40, 
s= 10 
x= 61 




( 1 ) 

( 2 ) 

( 3 ) 


■P 


18 the reqd solution 



2 .J 
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£z 2 nplss Z. & 
Solve tee ioHottie^ egcati'iss s 


L 

Sr-4: -==I9, 

2, r-2y-==15. 


5^-2y— ==15, 

z— 2>'— 3==IA 


2z-3y-2:=ll. 

4z-2y-==22. 

4, 

s-y-==12. 

5 Sr-2./-==l, 


*^—01 —3:= 2, 

1 

II 

1 

1 


S=-4/-4r=-14. 

2r— y— &=— i 

7. 

' =•— y-==2. 

g. z-y-==IS. 


Sr— y-==S, 

r-y— ==12^ 


2:_y-2:=-6 

2 — y-s= 6 

10 

22-y=12, 

IL z-y-==2 


Sr — 4= =oO, 

&r— 4».— 2==3 


r-==IL 

2rz-?^-3==€ 


1 

r-s-. 


3 

-_- 5 y_ 4 £=_ 23 , 
Sr-Sy— 6:=43 

6 . 


2 3 
* y V 


= -8, 


^ O 

9 . £- 2 . = 10 , 
S/-^'l:= - 2 ^;, 
l-iz=\S. 

12L 

4 3 2 ' 

3 2 4 


23 x-y«y-==^=2. 14, 

H-i=s. ?-3=is 

1 1 ^ S- 2 = 


_ Sy-4:-a> 34-2r-3y_n.. 

f.- 


17. 


X V 
I 

"x y X 
O ^ A. 5 


23 , 


ar-^y-**=^3' 


18. ^_i/_2r 

xO- 

jr-2y-c=S2L 


vVr ■ 


egi-PTEK XL 

2 j>^CKETS. 

62 . TVisn t^o or more pa^ c? Itreckets o'VTir one 

2iiotli6r tie l>e?t plaa is to remove enJermoz’ first. After s 
htzls prae^ee, sereisl pairs may t-e remP"^^ step 
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Example 1 Prove that 8a-{3o+(2a — 6)}=3a+6 
(In removing the curly bracket we must look npon oil the terms in the 
plain bracket as a smgle quantity ) 

The given expression =8a - 3a - (2a - 6) 

=6a-2a+6 

=3a+5 QED 

Example 2 Simplify 3 {6* -2(2*-!)} 

[Every term inside the curly brackets must be multiplied by 3, and each 
term inside the plam brackets must be multiplied by 2 a» well ] 

The given expression r=18aj-6(2a:- 1) 

=18a!-12iB+6 
=6sb+6 , 1 

Examples ZI a 

Prove the following 

(Remove one pair of brackets at a time ) 

I a-{5-(c+d)}=a-b+c+d 2 6a-{2a+(tf-5)}=3a+6 

3 4a-{3a-(2a-a)}=2a i 7a;+{2a!-(3a:-4)}=6a:+4 

5 CL-\«i-(a-a^^=0 % 8-\4x-(to+4Hl-^=6-23s 

7 9a:+{3a:-(4a:-2)+a:}=9a!+2 8 7-{4a:+(23:-3)+7}=3-6a: 

9 14-{12-(2a:-6)-9a:^=lla!-4 

10 12a:-{3iB-(7»-9)+(2a:-3)}=sl4»-6 

II 24-{5a:-(2a:+5)-(8a:-7)}=22 12 2{a+3(»-2)}=8x-12 

tiS 3{7a!-2(3a:-4)}=3a;+24 14 4{3a-(a-2a)}=16a * 

16 2-3{a:-2-5(a:-l)}=:12a:-7 

16 6-2{a!-3-(a:+4)+3(a;-2)}=32-Ga; ' / 

17 7{2-3(a;-4)+4(»-6)}=7a:-70 '^18 6{ic-§.(a;-l)}=3a;+3 

19 8{2aj-^(6»+6)}=4a:-10 20 6{x~^['2x-7)+\[x-^> Y-r^ -1 

Simplify the following, removing both pairs of brackets in r/, g^f p 

21 3aj+{2!B-(ic+2)} 22 6-{6-(3-!c)} 23 2s. (a,_ 2 )} 

24 6a:+{5-(2a;-6)} 25 9-{-2+(2*-7)} 26 > -(e~d)} 

27 a+[2a-(7a-l)-(9-8a)] 28 6y-[3x-(2y^^^ ■r(3y-5x)] 

29 9a -[36+ (2a -6b) -(3a +66)] 30 llc+l-Scf^(j,-3(^ + e] 

31 o-[-(a-6)+(a+6)] 32 2{3»+‘?^* _ 1 )} 

33 3{2s!- 6(2»-3)} 34. 7{r-;^^_a,,i 

35 3{6a-6(a-l)} 36 -i,-3(a-7)} 

37 4{a-2(o-l)+3(a-2)} 38 -3(a-l)-(l-a)} 

39 2a;-7{3-(2a;-l)-2(a:-2)} 4d ^r-3{y-2(3x+y) + lSy~x)} 

63 Example l Prove that ph~{ ta - (a - 6)}]:s= - 2a_+26 

The given expression =« ' nj' ■{-i»-(a-6)} 

(In r^oving the square i j must look upon all the terms 

within the curly brackets a*- p Vj tj -Quantity ) 

5 n-j 36-4a+(a-6) 
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XI 3 

[Regarding (a - &) as a single qnantitj' as before ] 

=a-^ob — 4a+a-b 
=3a-4a+36-6 
= _2a+26 

Or, more shortly, the gi\cn expression 

=a+3i— 4a+a-b 

s=2a-4a-*-3b-6 

=:-2a-t2& 

This IS easy to understand if tre remcmbci that the plus 
preceding the squai-c hraclcct does not alter the minus preceding 
the curl}' bracket, whilst the minus preceding the curly 
bracket changes the minus preceding the plain bracket into plus 

Example S Simplify the expression 

4[n - 3{a - 2(6 - c) -*-2r } - 4(a - b)] 

F^cty term inside the square briekcts must be multiplied by 4 
E\cry term inside the curly bnekets must be multiplied by 3 os will 
Also (b - e) must Ik multiplied by 2 os well oa by 3 and 4 
(a - b) must be multiplied by 4 x4 
The gi\en expression 

=4a - 12{o - 2b+2r +2r } - 10(0 - b) 

=40 - 12a^-24b- 24c - 24c - ICb + 1Gb 
= -24a.H(0^- 18c. 

Example 3 

''' o-2b-[3o-.'>b-{2a-3c+(6a-2c-3o-b+2c)}] 

=a - 2b - 3a J- 5b -^20 - 3c+6o - 2c - 3a J- b - 2c 
=2oJ-4b-7c. 

Explanatli?®. The ramus preceding the first square bracket 
([) operating t?ti the mimis prccedmg the first curly bracket ({) 
makes it plus 

ITius the plus 111 front of the first plain bracket remains plus 
and the minus preceding the ^’inculum remains minus 
The work of the ahov-C might be giten in greater detail thus 
The given cypressjon 

=a-2b-3fl+5b+{5‘*-3c+(5a-2c-.So-b + 2c)} 

*= a - 26 - 3a + 55 + 2o - Sc -f- (5a - 2c - 3a -6+ 2c) 

3=0— 26 — 3a + j6-h 2a — 3c 5a - 2c - 3a - 6+ 2c 
»a-26-3a + 66+2a-3c+6a-2c-3tt+6-2c 
as before 
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Examples XI b. 

Remove the brackets and collect the like terms in the following 
expressions 

1 4a -{3a -{2a -a)} 2 o-[a-(o-o-c)] 

3 a-{a + {a-a+b)} 4. 2x-[3x-{5x -{5x-0x)+2x}}, 

5_ 7 + [6-2(3+a?)-4(a:-2)] 6 4a-3[a-4(l -a)] 

7~ a^ + b^-la{a + b)-b{b-a)2 8 -a:)} 

/ 9 6[o-2{6-4(c+d)}]-4[a-2{6-3(c-d)}] 

4?* — 8 3ai-^9 15a?+5 i * ..t • i # 

10 — 2 g g— 11 ^{x+jfHi{x-y) 

12 j(*+y)-f(»-p) 13 a(6-c)+6(c-o)+c(a-h) 

14. * 

Pro\e the following 

16 35-{5a-[6a+(12a-35)]-a}=14o 

16 9(6-c)-[-{o-&-4(c-h+a)}]*-3a + 126-13c 

17 Bxi-{3x-'^^)+2{3?-x^)=6x‘~Bx+6 O 

18 4a-[2a-{26(a:+y)-2i(!c-^=2a+4^ ♦ 

When 0=1, h=2, c=0, proveTnat 

19 a-2{b-e)+3[2a-4b)-(i(c-2a-3b)=27 

20 3&-[5a-{6a + (14a-36)-2a}]=13 

‘21 36c-r4a6 + {3a-(12a-76)-2a6cf]« -13 
22. 4[a-2(6-c)-{a-{6-2)}3=-16 

Express the following in their simplest forms 
23 7a -[at -{4a -(So -2^1)}] 

24. a-(&-c)-{t-(o-c)}-[a-{2t-(a-c)}] 

25 a-[3a+c-{4a-(3t-c)}+3t] 

28 aa-[2a-2{o-(o-l)}+2] 27 Ga-[3t-{2a-(6a-3W j 

28 a-[3t+{3c-2a-(o't)}+2a-(b-3c)] ' 

29 3{a-2[t-4(c-d)]{*-4{a-3[6+4(c+d)]} 

‘30 a -[2a -{3a -(4a -So -7)}] 

31 4ifi-2x{x-2y) + 2t/{2y+x)~23? 

32 2[3ot-a{-t + t(2+o)}+3{a(2-ft)+a*t}] 

33 ar'-2a,{a:2-a:(2-a:)}+3[!es-a:{a:-l)3 

34. 3a-2[3a-2{3a-2(3n-2o+t)+t}+tl ' 

35 5a-4[2a-3{4a-3a-t}-4t]+24o , / 

36 4{4-4(4-o)+o}-3{a-3(a-3)+<s / 

37 3[ay+a:{y-y(3 + a:){+2{a:{3-y)-<^ 

38 aj-a;[a:+a:(a!-l-a:)] - 

Prove the following 
3a:-l 2- 
4 “ 5 



39 
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19 


44. 


46 


x~l~ 


T 

-i— =0, 

x-2~ 

x-{ 1 ' 

2(*+l) o_2x 

5 

10 

ar-4 

X-.7 r- 

5 

0 ~ 2 

a*— 1 - 

.£±5-0 



Cr+l 

S+Gx® 

x+l 

x*-l " 




*s« 


InsGition of brackets 

64. In tlio preceding articles \ro lin\o dealt \ntU tbo removal 
of bnckets Sometimes it is nccess,ary to insert brackets, and the 
rules for doing so will obviously be the com erso of tbo rules for 
tbeir romoi al 

Avt; mimhr of iem<t may he placed itniha hraclcU with the positive 
sign (+) prefixed, uithout changing the signs of the terms included in 
the brackets 

Any ntimher of terms may he placed inihm hrackets with the ne^aiiie 
r;ya {-) prefixed, prondrd that ihf sign of each term included m the 
hratJeh M changed 

Thus 2a + 3h^4e--5di=2a-f-(3h-4c—5d) 

Also the expression ‘=2a+3h-(4c+5d) 
ae—ld+he-ad>=ae—(hd--he+ ad) 
s=ac-(hd~-hc)-~ad 

When all the teTnis irithni a pair of brackets liav c a common 
fa*‘tor, that common factor may bo remoied and placed outside 
the bracket as a raullipbet 

4a-(‘jn-0d)<=:4a-5(a-d) 

- (2x- - ix-i C) = jrS - 2{d‘ -2x + 3) 

Example Colleet m brackrta the I'tc powers of x in the expression 
or* - fir® - Jx - 1“'*- 

Tlie given expression 

ssa3^~h3?—ca?~dx~ ~dx+ax 
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Examples XL c 

Arrange the following expressions m descending powers of x, bracketing 
the coeiBcients of the dififcrcnt powers of x 

1 2a:®-6a:+a+a:®+aa:®-2oa!-7 

2 a;®-2aa:+a®+ic®-26aj+6®+»®— 2ca:+c® 

3 a,®y-y^+£B®-y®-a»®+a!®z 

4 a?-3a^x+Sax^-a?+lP-Sb^x+Sha?—a? 

5 a-ax+bii?-bx?-bx+e+aii? 6 j:Psi?+2px+p^-q'‘sfi~2qx-q- 

Bracket the powers of x in the following expressions in descending order 
and so that the signs preceding the brackets are all positive 
7. aar* - 6ai® + ca:+d- 6a:® +cai®- 02 ! -e 

8 23^-3a?+Qa^-7x+ba?-ax-aa?~ca^ 

9 afl+y^-3xy^+33pp+3xz^-3a^ 10 aa^-bx+c-ea^+cx-bx’^+aa^ 

11. aaj^-6aH-ca:®-pa!*+ga?+ra:® 

12 3(m+n)a:®y-2jna:y®-2(m-n)a:®y+2na^y® 

Bracket the powers of x in the following expressions so that the signs 
preceding the brackets are all negative 

13 aa?+pa?-qx-i-e-ba?-ca?-dx-p 

14 ax^-bx-c-ba?-bx^+cx+d-aa? 

15 aa:*-(a-l)a!+2a+(3-2o)a!-6a!® 


65 Identities An equation which is true for all values of ' 
the symbols used is called an identity 
The symbol s is often used to denote that two expressions ue 
identically equal, te that they are equal for all values of the 
symbols used ^ 

Thus when we write a-b= -b + a, we mean that jt-j and 
-b + a are equal whatever values we assign to tne symbols 
a and b 


Example 1 Froi e the truth of tho following idroti', y 
2o-6 . 4a+46 


4a-: 


-=40-' 6/ 


3^6 / 

•>66 
20 


3 


6 


=4a--H:£+|+ 


% 

3 


= b Q E D 

To prove the truth of ar- cpj when both sides of the equa- 
tion are somewhat comp’ J 13 often advisable to simplify 
each side separately 
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Bsample S Pro\o tlio tratli of the ulentity 
Sr -y +41^-6- ^3v-a:-^^^r^^J=5{®-y-l)-4(y-T)-4y+6x-3 

3x-y+4j^a * ^3y-a;-^^5-^^J=3ar-y+4a,-4{3y-a:-a+2) 

= 3» - 1 / + 4a: - 12i/ + 8a, - 8 
sl5x-13y-8 (1) 

Again, talnng the tight hand side, 

5(a,-y- l)-4(y-»)-4y+6a;-3=5a.-5v-5-4y+4x-4y+6a,-3 

= 15a,-13y-8 (2) 

from (1) and (2), 

3a:-y+4ra:-^3y-a;-^^^)”l=6(a.-y-l)-4(y-»)-4y+6a:-3 
^ ' “ -'•4 QtD 

Examplo 3 Sinip1if\ the expression a;— 5 — [3+{®-(3+a:)}], and hence 
dctemiino arhat aniiic of x mil make it equal to zero 


The gi\cn expression 


=a:-6-3-a:+34 a: 


=a;-5. 


it IS equal to zero aihcii x=:5 
Examplo 4 Proa c that ^-^-|(4a:+2)s?^ 

(The r. c M of 2, 3 and 6 is 80 ) 

JL Of ti 

_lox7a; ]0{a:-8) Gx4(1^^2) 
“J6x2" 10x3 OxS 
_ 105a:- lOx+hO-OCi;- 18 
“ 10 
105a:-10x-%r+SO-48 


. 32-a; 

' .10 


30 




Examplo o flio simplest form of tho expression 

a:-l 2ar-.3 , ’lai-l 

5 ~ 4 2 

The uc XI of 6, 4 n^d 2 is 20 

Therefore multiply ing numerator and denominator 

of the first fraction by 4, 

.second B, 

tVird 10, 

41®-!) 6(2a:-3) . 10(3®-1) 
the given expression 

4®-4- I0a;+ 15+30*- 10 
- 20 
_24®+l ' 

- 20 
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Examples XI d. 

Prove the following identities 


, _ ^a-a „ 

1 6a ^ — =2a 


2 7a- 


21o-6 b 


V. 


3 


■3 


o „ 2a;-3 6-3 *tV 4x-y „s 

3 2a+2[a-2(6-c)]s4(o-6+c) f t — j ^ = — g 3i 


6 ^-2- ^ 


2 “2 
a-l a;- 51 


20 


o _ a:-2 , a;+3_5a;+6 

8 *- 1 - — +— =-^ 


c 4aj-3 8a:-6 _ 

5 ^^0 

„ a!-2 2a:-l a:_Sa;— 10 
‘ ~T~^~3 2 = 12 

„ 3aj. 7a; „ . „ 72-9a; 2a:-l , , a;+2_5a;+2 

^ j2 10(a;+3)+7(f-a;)-:^=3a;+23 

13 4r-3{5a:-8(a:+^)}=13a:+12 
14. 5+Z-:^_(a,_2)+^(3a;-ll)=?®~’’® 


3a; 


3 5 

16 4-(3a;+5)-^(2a;+7)-^s- 
16 


30 
88a;+170 


103 


3x-5 7x+9 , 8«+19_21*+9 
4 “ 16 8 “ 16 ‘ 

17 Simplify the expression 12-[4a;-2(3-x) -5(x-3)], and hence 

mine what value of x will make it equal to zero 

18 What value of * will make the expression 6(*-3)— 4(x-2) tqi i i 

zero’ 

19 What ^ alne of x will make the expression 

ox-10-(3x-7)-{4— 2a:— (6x-3)} equal to 

20 What value of x will make 

2a;-3 4*-6 , 6»+16 , . 

“5 ^+“10“ 


Simplify the follow ing expressions 

x-3 x-4 


oi *+l . 2a;-rl 
24 ® 

^ 5~— 


22 


3 


27 


4* - 3 X - 2 

6 IT 


25 8 x X- 3 
' Z’i 


23 f+2^ 
26 


3x+5 4x+5 


6 


29 2x-l x+5 

5 3 2 

oi 2x-3 3x-5 , x+2 
" ^■*‘“4" 


8 


30 3x-7 2x+3 

4 “ 6 2 


32 . 


3x-8 2x+7 7x-6 

8 10 IT 
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CHAPTER Xn. 


BEVISIOX PAPERS 


xn. a 




ro.e 

3 6^6 10 5 

2^'’lilaHiply CU^-Sy l>y 5x-*-7y, and find tlie remainder nrlicn the result 
IS dnided bj 5x-Sy 

3 Sohe the equation 5£z2_r£zJ-ii Check jour result 
2 6 - 

... 4, Find \ ahici. of x and y n Inch n ill e both the equations, 

\ ‘^-2y=7. 2r-|=7 

ChoaL-yonrTrSsnlt 

5Ji flow nnnv ptneo are there tn£a+b half crowns+r florins’ 

/Hoi man} jxiunds arc there in a half soicrcigns + f* half crow ns 
+e Ehilhngs ’ 

6 On eqnaroil paper take two lines AB, AC, at npht angle®, such thrt 
Bs2 t in and ACsdil in Pind, without actual measurement, the 

length of BC 

7 Tlirco-quartera of a certain number exceeds two thirds of it b} 4 
Find the number Check jour result 


4 


xn. b. 

^ 1. fbc cxprcssiou 

Check your r0f«Jk h puOmg x=r> 

C^2. Di\ide21a*^'*^-*10^’’^> 7a - 56, and muUiplj the quotient h} 3a -26 

^^3 Solve the Check } our result 

■> '4. What aalucs of x ond y will make both 5x-3y, and 3(y-x) equal 
to 3 ’ Check a our result 

5 A man wall s a miles in ^ hours How manr miles docs ho walk in 
an hour ’ How mana minute® floes he take to walk ono mile ’ How long 
dqps ho take to i alk * miles ’ 

y 6 Sohe the following problctp. on squared pper, without actual 
* mfcasurement A man walks 1— miles J^st, and then 3 miles Xorth How 
far is he then from Ins starting point’ 

7 From a cask ?lhs full 30 gallons afo drawn, and the cask is then 
found to Ik. hilf full How many gallon? dots it contain when full? 
( heck your rc'ult '' 
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1 Divide 22i:*- 67* -35 by 21-7 Check your result by using *=2. 

2 Simplify {2a;-r3)(3*-l)+(2a:-5)(5*-3)-(4a:-3)- 

3 Solve the equation (a:— 3)-- {*-4)®=3 

4. What \alnes of * and y will make both 

and equal to a; - 10 ’ 

3 5 

5 I was X years old o years ago How old shall 1 be 7 years bence^ 
How old Mas 1 21 years ago’ In how many years from now shall I be 
*+21 years old’ In how many years from now shall Ibe 45 years old’ 

6 A man walks 3 7 mQes South, and then m a direction due West, 
until he IS 5 mdes in a straight Ime from his starting pomt. Find by 
means of squared paper, without actual measurement, the distance he 
walked m a westerly Erection, to the nearest tenth of a mile 

7 A man sold half his oranges and half on orange more, and then found 
he had 25 left How many had he at first ’ Check your r^nlt. 

xn. dL 

L Simplify the expression 5[3*-2(l — 3*)+-j{3-(4-a:)^-i-2] 

2 Prove that (3a:-l)(3*-«-l)-(l-*)(lT*)-3(l-2a;)(l+2*)sl-2r' 

3 Solvetheequation (a;-3)(a;+l)-(»+2)(®-5)=0 Check vonrjesnlt 

4, Provethatif^^-^^^^g-^^-^^^=0, thena;=2y Hence imte down 
three positive mtegial solutions of the equation 

5 Kolbs of cheese cost 5 pence, how much will lib cost’ How^ Vh 

[Will X lbs, cost ’ How much cheese shall I get for a shiUmg ’ ^ 

6 A straight wire joms the top ends of two vertical posts/ and 
24 ft high respectively, 35 feet apart By means of squared pff^^ * without 
actual measurement, find the length of the wire to the neair ^ot 

7 A is 13 years older than B Also A is as mnch above <T!»bc B is below 50 
Find their ages. Check your result /'*’*/ 


xn. e 

1 DivideaiM:+^*-5ai?-5gbya:-5 C your result by multiph 
cation 

, 2. Prove that {a;-a)®-i-(*+o)=-(2jr r x-2a)=5ax 

3 ^hatvalueof*willmake^:^‘/^^^_4,+2(*-3)-|^eqnaltozero» 
Check your result 

d. tKp pnirnfirtTie n 
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5 Wnte down the number which exceeds one tlurd of x by 14 

one quarter of 52 b3’ x 
x+1 by x-1 

2^ly2 

6 A man walks 2^ miles East, then 3 miles ITorth He then walks due 
South west until he is due North of Ins starting point How far is he then 
from home’ and how far has he w alked ’ Sohe the problem on squared 
paper without actual measurement 

7 A IS 10 years older than B In 8 years B’s age will be A’s 
Jjnd aiheir ages dieck your result 

xn f 

1 Simplify the expression ^4- ^^ ^ hence 

dctenrme what value of x will make it equal to zero 

2. Proae that2(a;+3a)®+3(a:-2a)-— 5(ar®+6a®)=0 

3 . Whataalue of aiwall make 6[3i—'j{2a;-5(a:-])}-i-2] equal to zero’ 
C3ieck your result 

4. Find the xalues of a and yit when a, =2. 

o 2 

S Egra sell at a pence a score How much wtII 100 cgp cost’ How 
mucih will a dozen cost ’ How many eggs sell for a shilling ’ 

I 6 A man walks 4 miles West, 3 4 miles North, and then straight 
■towards his starting point until he is one mile from it How far has he 
walked’ 

7 If/’{a;)=3x®-2a;+lj and ^(a;)=4ar-3a;-2, find the value of 

^/{3)-20{2) 

xn. g 

L Find the value of l+3a;— 4a:®, when a:=-3, -2. -1. 0. 1. 2. 3 
Tabulate your work 

i>'C 2 The weight (W lbs ) of a s^are cot beam of ash is gi\ en by the 
formula W=45a®/, where I feet is its length, and a feet the length of an 
•jdge af its square end Fmd the weight of such a beam in lbs 

(1) 20 feet long and 6 in square 

(2) 15 feet long and 8 in square 

3 Solve the equation {x+l)[x-2){x+5)={x-l){x+2){x+S) 

’ 4. Divide 224 into two parts which differ by 10 
, 5 What values of a:^nd y wnll make both 

an^ equal to 3’ 


1PB.A. 
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+ 6 


Solve the equations 




3(a!-y)+5z+4 


+Xo, 


ar+6y-2z=9 

7 A donkey tethered to a post can graze over a ciiclo of 40 feet radius 
The shortest distance from the post to a straight hedge is 25 feet Oiei 
what length of hedge can the donkey graze Solve on squared papei 


xn h 

1 Eind the values of 8a,--4a, + 7 uhen a;=-3, -2, -1, 0, 1, 2, 3 
Tabulate your uork 

2 If a room is I feet long, h feet wide, and h feet high, the area of it: 
walls IS 2h{l+h) Find the area of the walls of a room 10 feet high, 13 ft 
6 in uide, and 16 feet long 

3 Solve the equation 4('B-l)®-(2a;-l)(2a:-5)=5 

'f-A If 6a:-y=8, and 5y-a!=20, find the values of x+y and x-y 

XS The sum of five consecutive odd niimhers 18 275 find them 

|'6 A man ualks 2 6 miles West, then 8 5 miles North, and then 
2 miles South cast How far is be then from his starting point * 

7 Solve the equations 

2(a;-y+2r)=:12+y-z, 

3(a;+y)=s-y-16, 

5(a:+y)=2(y-2z-2) 
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CHAPTER XIII 

CO ORDINATES, AND GRAPHS OF STRAIGHT LINES 

[All graphs should he draw n on squared paper H> should be ruled to 
show inches and tenths of an inch, or centimetres and millimetres ] 

66'“’^!^^ tu 0 straight lines, XOX', YOY', at nght angles to one 
anothei Let P be any point in their plane, and draw PN, PWl 
perpendicular to XOX' and YOY' respectively 
Let PM = a:, and PN =y 

These values, a; and y, determine the position of the point P , 
t c if we Icnow the “values of -c and we can draw the point P 

For instance, if «= 6 , and y = 3 , along OX measure ON = 6 , and 
along OY measure OM = 3 units of length Then PM = ON = 6 , and 
PN = OM = 3, and therefore P is the point we required to find 


Y 


Qi 



vl 

X and y are called t he co ordinates of the point P , XOX', YOY' 
the axes of co mdimte s, or, more shortly, the axes ^ O the ongwj 
P is often descnbed as the point {x, y) 

X IS called the abscissa , and y the ordinate of the point P 
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If lines drawn in one direction are taken as positive, tken lines 
drawn in the opposite direction must he taken as negative 

Lines drawn in the directions OX, OY are usually considered 
positive, and therefore lines drawn in the directions OX', OY' are 
taken as negative 

For example, in the accompanying diagram, at Q the abscissa 
IS negative, and the ordinate positive At R the abscissa is 
negative, and also the ordinate At S the abscissa is positive 
and the ordmate negative 

In piactice, it is simplest to draw the point (5, 3) in the 
folloiving way 

Along OX measure ON = 5, and at N draw NP perpendiculai 
to ON in the direction OY, the positive direction, and make 
NP = 3 We then have the same point as m the paragraph above 

Hm/mpiA 1 Plot the point (6, 8) and find its distance from the origin 



Draw axes XOX', YOY', and using a side of each square as unit, take 
ON =6 units along OX 

Along the vertical line through N, and tn the positive directum, take 
NA=8 units 

A IS the point (6, 8) 
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With centre O and radius OA debciibe a eiiclc cutting OX at B 

Tlie distance leqd =OA=OB=lO units, as we see fiom the diagram 

Example 2 Plot the points (6, 8) (-6, 3), and find the length of the 
line joining them 

Plot the pt (6, S) (See diagram in above example ) 

Along OX' take OIVI=6 units, and along the vertieal Ime through M, 
and in the positnc dircetion, take MC=3 units 

C IS the pt ( - 6, 3) 

With centre A and radius AC, describe a cirele cutting the horizontal 
hue through A at the point D 

Tiic length reqd =AC=AD = 13 units, as we sec fiom the dmgmin 

We might also find the length of AC in the following manner 

From the diagram, AK=5 units, and CK=12 units 
AC-*= AK=+ CK2=52+ 1«=169 , 

AC =13 units 

Example 3 To find the area of the tiianglc formed by joining the 



Plot the points os show n m the diagram, and form the triangle ABC, 
by joining them 

We sec that the hose BC=16 units 
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Also if the vertical lino thiougli A meets the bast at N, AN is the 
altitude of the tiianglc, and is equal to 13 units 

y^fie area of the A =iBC x AN =i x 16 x 13=8 x 13=104 square units 




Example 4. To find the area of a triangle by counting squares 
Find the area of the triangle joining the points (7, 6), (-6, 7), (3,-8) 



Plot out the points as shown in the diagram, and foi m the triangle 

Now let us count up the number of squares in the triangle, counting as 
whole squares those which are equal to or greater than half a square, and 
Ignoring those which are less than half a square 

Beginning with the top horizontal low, the numbers in the difiercnt 
rows are 7, 12, 11, 10, 9, 9, 8, 6, 0, 5, 4, 3, 2, 1 

Adding these up, the total number of squares is 93 

the aiea of the triangle is 93 square units 


When one side of a rectilineal figure is drawn along a line of ' 
squared papei, its area can easily ho found by dividing the figure 
into rectangles and iight-angled tiiangles 
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Example 6 Find the area of the figure ABCD m the diagram / 



BE F C 


Draw AE and DF iierpcndicnlir to BC, and DG perpendicular to AE. 
A ABEsr^BE xAE=ix 4x14= 2SEq units 
A AGD=MGxGD = fx 4x10= 20 
A DFC=^DFxFC=ixl0x 5= 25 
Fig DFEG=‘DFxEF= 10x10=100 

the area of ABCD =173 sq units 

Example 6 To find the area of the figure ABCD in the diagram 



AAED=^AExDE=^x ‘5x15= 37^ sq units 
AAFB=iAFxBF=-\x 9x19= 85^ 
ABGC=iBGxCG=ix 7x 8= 28' 
ADHC=iDHxCH=ixllx 6= 33 

184 

ABCD = EF X FG - 184 sq units 
= 14x20-184 
= 364-184 
=180, 
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lE^mples Xin. a 

1 , co-ordinates of tho points Pj, Pj, P 3 , shonn in the 

diagiam below — i 

r— 


IllHSBSBSaaBBBMIHnBIHB 

liiBBBBBBBBBBiBBBBBBBflBBr 

llIBBBBBBBiflBiBBBBBBBflBB 


i!Bfl|BflB|liiBfliiiiBBBBBBBBBfl!i!j|iiii! 


I BBBBBBgBBBBBBBBBBBBBBBBBBBflBI 


BBIjBBBBgl 

BBliBBBBlI 

BBlIBBBBlI 


IIIBBBBBBBBBBBBBBBBBBBBBBBBBBBBIIL 

liBBBBBBBBBBBBBBBBBBflBBBBBBBBBlII 

liBBBBBigBflflBBBBBBBBflBBBBBBBBBllBBBBBl 
lIBBBBBi^BBiBBBBBBBBfllBBBBBBBBllBBBBil 
lIBBBBBBiBBiflBBBBBflBflBBBBBiiBBlIBBBBBI 
lIBBBBBBBBBBBBBBiBBBBHBBBBiBBliBBBBr 

iibbbbbbbbbbbbbbbbbbbbbbbbbbbbiibbbbi 

IIBBBBBBBBB^BBBBBBBBIBBBBBBBBIIBBBBL, 
IIBBBBBBBflBpiBBBflBBBB»BBBBBBBIIBBBBfl| 
lIBBBBBBBBBBBBBBflBBBBiBBBBBBBBlIBBBBfll 

lIBBBBBBiBBBBBBBflBBBflBBBBBBBBBIir 

llmBBBBBBBBBBBBBBBBBmBBBBBBBBin 


iBB&sBSsisSsgSBBBBSBBBBSBS^^ 

BBBBBBiSBB^BBBBBgBSBBBBBBBBUBBBBB^^ 

■■iiigiiiiiiigUaBiaBBBBBBflBBBlIBBBBB 


lijBBBBBBgBgBBBBBBB BB BBBraBBiBBiiBBBBgl 


BBBSBBSBSBBBBBEBBBBBSBBBBBBliBBBBI. 

BKSBs3BSSiBS5S5S»!BSBBSBBB|IBBBBS 

!!»=^^^!»»^^bbs&bbbsb:bbbsbbIibbbbb 

I ■■■■BflBBBBBBMBBBBBBBBBBBBBBlIBBBBB 
llBBBBBBliBBBBBBiBBBBBBBBBBBBBBlIBBBBB 


2 Plot tiVie ioUwArag pomte on squared paper t 

/ ( 2 , 3 ), ( 2 , - 4 ), (- 3 , 3 ), (- 2 , -4) 

J ^ ?}P^ following pairs of points, and determine the co ordinates of 
ne middle points of the lines joining them, 

(i) (2, 4), (-2,-4) (II) (3, 4), (3, -4) 

(m) (6, 8), (-2, -4) (n) (- 3 , 5), (-5, 3) ' 

VI, t -2). (5, -4). (5 -3) Join them 

Vim do you notice about them 7 

hi» (^» 0) Join them, and determine the area of 

he triangle this line forms with the axes of co ordinates 

(-3. 4), (-3, -4) Determinathe 
mber of squaie units in the area of the figure formed by joining them 
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7 Plot the points (3, 4), (4,8) Join them, and viite donn the 
ordinates of the points on this line whose abscissae are respectively 2 a^id 5 
Write down also the abscissae of the points \\ hose ordinates are respectively 
- 2 and 6 

8 Plot the points (3, -2), (-3, -2), (0, 4) Join them, and, by 
counting squares, dctcrtniiie as accurately os you can the area of the 
triangle so formed Verify jour result by calculation 

\ 9 Determine the perimeter of the triangle formed by joining the points 

( 8 , 0 ), (- 8 , 0 ), { 0 , 6 ) 

10 Find the perimeter of the tnongle formed by joining the points 
<7,9), (-11,20), (-17, -6) 

11 Draw the triangle (10, 0), (-10, 0), (0, 18) Find its area by 
counting squares and verify your result by multiplying half the altitude by 
the base 

12 Draw a semi circle of radius 1 51 in and find its area by countmg 
squares 

13 Find the area of the triangle joining the points (4, 2), (4, 7), ( -2, 3), 
using half an inch as unit 

Find the lengths of the lines joining the following pairs of points 
< 14. (0,0), (16,20) y ins (9,8), (-10,19) 

16 (7,13), (-16,3) ,/ 17 (15,-12), (-16,'4) 

In the/oUomnff, vie an %neh asuntl, and when necessary eshmate the talue 
of the second decimal place 

Fmd, to the nearest hundredth of an inch, the lengths of the lines 
I joming the following pairs of points 

18 (0,0), (2 4,13) 19 (3 2,18), (-0 4,2 7) 

’20 (2 3,0 9), (-1 1,-14) V 21. (0 5,-0 9). (-0 9,2 3) 

Find the urea (in squares of your paper) of the figures formed by joining 
tbc following points 

22 (2, 6), (2, 1), (8, 6). (8, 1) 23 (0, 0), (0, 9), (8, 0) (8, 9) 

24. (6, -6), (6,5), (-4, -6), (-4,5) \/ 

V25 (0,0), (10,0), (14,7), (4,7)v26 (-9,5), (7,6), (16,13), (0,13) 

27 (0, 0), (17. 0), (0, 12) 28 (13, 0), (0, 8), (13, 8) (— 

29 (10,5), (-6,5), (0,17) 30 (-9,20), (-9,5), (11,24) 

31 (5,12), (-15,8), (-4,17) ^ 32 (10,7), (3,16), (-8,3) 

67. Draw axes XOX', YOY', and mark a number df points 
whose abscissae are equal to 6 taking any convenient unit of 
length 
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A, Bj C, D, E, in the diagram, are such points 
T^^ljis see that all points, uhose abscissae are equal to 6, he 
on tTO ■qtmght line parallel to OY and distant 6 units from it 
Moreover, if ive look at any other point not on this line, we see 
that Its ahsOissa is not equal to 6 In other words, x=Q for all 
points on l£e straight hue CE, and for no other points 



■■■■■■nnuiiHinHHUuniBfHn 

iSM 

iBPSHanHaiHnH 

iB^innnuuinDmiBi 



S3S 


BBSSSS 


V The line CE is therefore called the graph of * = 6 

We notice too that the equation » = 6 is true for all pomts on 
the Ime howe\ er far we produce it in either direction 
In the same way, if we mark a number of points whose 
ordinates are all equal to 8 and join them, we get a straight line 
PQ parallel to OX, and it is the graph of y= 8 

68 If in a diagram we mark the points (2, 2), (3, 3), (4, 4), 
(5, 5) and so on, and join them, we get a straight line Also if 



xin ] 
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{x, y) be the co-ordinates of any point on this line, n e see that 
x-y Eence this line is the graph ofx=y 



It will be seen that the points (0, 0), ( - 1, - 1), ( - 2, — 2), 
( - 3, - 3), etc , all he on this graph 

69 Diaw the graph of y=2z 



When 


AVhen 


ar=l 

2 

3 

4 


II 

4 

6 

8 



a;=0 

-1 

-2 

-S 

-4 


y=0 

_2 

-4 

-C 

-8 



Joining the points thus found, we have the graph required 
It mil be seen to be a shaight line through 0 the origin 

N B — The line is of unlimited length 
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70 Dtaw the graph of the expression 2x-3 
N B — ^This IS the same os the graph of y=2a;- 3 



Let y =2® -3 
"Wlien 


1 

o 

II 

H 

1 

2 

3 


eo 

1 

II 

-1 

1 

3 



Marking in a diagram the points thus found, and joining them, 
we have the graph reqd 

It will he seen that the graph is a straight line of unlimited 
length 


71 Diaw the graph of the expiession 

T t 2 t- 3 
Lety=— g— 


2a;- 3 
5 


AVhen 



0 

1 

2 

3 

4 


- 6 

- 2 

•2 

6 

1 


Marking these points in a diagram and joining them, 
the graph reqd 


WA have 


t e 


N B —It will he seen that all graphs of expressions of the first degree, 
graphs obtained from equations of the first degree, are straight lines 


72 To draw the graph of the espiesston t e the graph of 

. 26 — 2a; 

t/ie equation y = — = — 
o 

[The equation being of the first degree, its graph is a straight 
Ime It will therefore be sufficient if we plot two pomts on the 

I 
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graph, for only one straight line can bo diann through two given 



Clioose convenient points 

■When *=3, v=?^ = 4 

5 

the pt (3, 4) IS on the graph 


When 


a;= -2, y= 


26 + 4 
5 


= 6 


tlic pt ( - 2, G) IS also on the graph 

Joining these points, P and Q in the diagram, the line PQ is 
the gpttph reqd 

Sdve graphcalhj, on squared paper, ilic foUomno equations 
2x-y=ll x-2ij=10 


In the first equation, nhen y=l, a;s=6 Mark this pt on the 
squared paper 

In the samo equation, ivhcn y=3, zc;7. Mark this pt also 


no 
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The str hne joining these pts is the graph of the first equation 
In the second equation, when y=\,x = \2 Mark this pt in 

the same diagram 

Also in the second equation, when y = 2, 1 ;= 14 Mark this pt 
The line joining these last two pts gives the graph of the 
second equation 

Y 


O 


Fiom the diagram it will be seen that the str lines meet at the 
pt (4, - 3) 

Hence 'C=4, y = -3, is the reqd solution 
Verification In the first equation, when 
a;=4, 2x4-y=ll, 

-y = ll-8 = 3, y= -3 
®= 4, y= - 3 satisfy the first equation 
In the second equation, when «=4, 

4-2y=10, -2y = 10-4, 
y= -3 

a;=4, y= - 3 satisfy this equation also 

74. The following are very important 

(1) The co-ordinates of the origin are (0, 0) 

(2) If a pomt lies on the axis of x, its ordmate is zero 

(3) If a pomt lies on the axis of y, its abscissa is zero 

Thus we see that the graph of x=Q is the axis of y , and 
the graph of y = 0 is the axis of x 
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(4) The graph of x<= a, where a is constant, is a str, line || to 
the axis of y 

The student should illustrate this by drawing graphs of 
a;=2, x=5, x= - 7, and so on 

(5) The graph of y=b, where b is constant, is a str line || to 
the axis of x 

Ulustrate this by drawing the graphs of y = 3, y = 4, y = - 8 


75 It is sometimes afl\ isablc to i\ ork itli other units than an 
inch, 01 a tenth of an inch 



Let y = — g — The graph is a str lino since the equation is of 
the first degree When 


Z:= 

0 

4 

y= 

_ 7 
"TT 

ir 


Taking 6 tenths of an inch to represent unity, we have the 
graph as shown m the diagram 
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76 To find, the equation of the gtaph uJneh posies through the points 
(2, 3)(4, 1 5)(6, 0)(8, -15)(10, -3) 

[In the diagram 10 sides of a small square arc taken ta 
represent unity] 



"When we plot these points we see that they lie in a str lino 
the equation of the graph is of the fiist degree 
Let ax+bi/=ch(i the equation reqd 
The pt (2, 3) IS on the graph, 

z=2, g=3 satisfy the equation ax+bg=c, 

le 2a+3b=c , (1) 

The pt (6, 0) IS on the graph, 

x=G, y=0 satisfy the equation ax+bg=c, 
le 6a=c, 


a=S. 

6 


. from (1) 3b=c--= 

b=fe 
cx . 2cu 
6 '^ 9 


2c 

3’ 


le 3r+4y=18 IS the equation reqd 
The equation might also be found as follows 
Let P (x, y) be any pt on the line 

As AMP, ANB are equiangular, and therefore their sides are 
proportional 


xin ] 
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AM AN 
PM " BN ' 

3 •“ w 

tc — J (‘!ce diagiam) 

iC ^ ^ 

Whence 3r+4y=lS, as before 

Before drawing any graph, first tabulate the values of 
X and y, and then choose a convenient unit 

Make it a rule to state, in a prominent position on the 
squared paper, the unit employed 
Let your work be very neat, and do not use a pencil with a 
thick pomt 


Bsamples Xni b 


[/n each case slate (he wiH cniptoved Small mtU ate tnadi liable ] 
1 In sepinte dingrains <lriA» the graphs of the fo11o\\ ing 

(i) a;=4 (ii) !/=■» (m)a;=-2 (n)y=-3 

2. In the same diagram draw graphs of the following 
(i) y=3a? (ii) y = - 2r 

Distinguish the graphs hj arriting their equations on each 
3 In the same diagram draw graphs of 

(i)y=A* (u)y=-?x 

Distinguish them ns m the prev lous example 
Trace on squared paper the graphs of the follow ing 


4 y+l=0'" 
8 y=a4 C 
12 ,5 -6a: 


5 

9 

13 

17 


x-i- 2 ^ 6. 

y^2a: + l IQ 

yj50+2a: vl4 

' 2 ^ vfg 


a:-2 
3r-r4y=12*^ 


a*-! 
■ 1 


7. 

11 

15 

19. 


y-as.') 

4-3r 

.3r-4v=:J2 

2 3~ 


20 15r=10y 21 3a:+Jy=0 22 7x-3v=0 23 

«) u 

24. 2y:=4x-J 25 x^3i/=:G 26 2y-x=0 27 Cr=.3y-6 

28 6x=5-3y 29 llx+llv=9 

Sohe the following equations graphicallj', and acrifj jour result by 
Algebra 

30 x+2v=12, X- 3ys=2r (Use half an inch, or a ccntiinclrc, ns unit ) 

31 lx-y=10, 2r-ys=4 (Use an inch ns unit ) 

32 4x-3y=:lf, 3x-4y=0 ^Balf inch unit ) 

33 5x - 7y=20, 3x - 2y= 12 ‘-(Half inch unit ) 
x='), y-x=3<^{Half inch unit ) 

35 y=3, |+g=l *^(Half inch unit ) 

IJBA 


Tt 
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Solve the following equations graphically, and \crif> your result hy 
j Algebra 

x=2 8, ^=1 (Half inch unit ) 

37 y-2a:=-3, 2y+a:=14 38 ar+7y=52, 3a;-5y=16 

39 Sa;+9y=188, 13a;-2y=o7 40 3y-4a;=0, y+a;=21 


y-2 j x+10 „ 

41 a:-2-^=5, 4y 3~=3 


42 i|l!+6=I0, £^+7=^ 


lu the following, plot the points gi\cn, and find the equation of the 
graph in each case 
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CHAPTER XIV 

« 

PROBLEMS INVOLVING SIMULTANEOUS EQUATIONS 

77 Example 1 Find two numbers such that twice the first added to 
three times the second is equal to 45, and also such that fire times the first 
added to four times the second is equal to 74 
Let X he the first number, and y the second 
Tirice the first+3 times the second =2x-^3y. 



2a;+3y=45, (by hypothesis) 

(1) 

5 times the fiTst+4 times the second=ax4 4y 

5x+4y=74, (by hypothesis) 

(2) 

Multiplying (1) by 4, 

8x+I2y=180, 

(3) 

(2) by 3, 

15r+12y=222 

(4) 

Subtracting (3) from (4), 

7x=42, 



x=6 


Substituting this value of x in (1), 

2x6+3y=45, 

3y=45- 12=33, 

y=n 

^ and II are the reqd numbers 
Verification. 2 x 6 + 3x11=12+ 33=45, 

5 x 6 +4x11=30 +44=74 

Example 2 Fire years ago A was twice as old as B, and 6 years hence 
their united ages will come to 82 Find their present ages 
Let X years be A’s present age, and y years B’s present age 
5 years ago, A’s a^e was a: - 5, and B’s age y-5 
by hypothesis, x-5=2(y-6), 

x-5=2y-10, 

x-2y=-5, (1) 

6 years hence, A’s age will be x+6 years, and B’s age y+6, 
by hypothesis, x+6+y+6=82, 

x+y=70, (2) 

Subtracting (1) and (2) - 3y = - 75, 

y=25 

Substituting in (1), a-50= -5, 

x=45 

A’s present age is 45, and B’s 25 

111 representmg numbers of more tban one digit algebraically, we most 
remember that 23 means 2 x 10 + 3, and not 2x3 

Thus the number, whose tens’ digit is x and units’ digit y. Is lOx+y, 
and not xy, for xy denotes x x y 
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Example 3 The sum of the digits of a certain numbei, less than 100, 
IS 11, and if the digits are leieised, the number is diminished by 9 Find 
the number 

Since the number is less than 100, it has two digits 
Let X be the tens’ digit, and y the units’ digit 

By the first hypothesis, x+y=ll (11 

The number obtained by reiersing the digits is lOy+a 
by the second hypothesis, lOu+y- (10y+a:)=9, 

' 10r+y-10y-a=9, 

9a-9y=9, 

®-y=l (2) 

Adding (1) and (2), 2x= 12, 

®=6 

Substitutmg this lalue in (1), y=S 

thcreq,d nnmbei is 10x6+5=65 

Verification. The sum of the digits =6+5=11, 

65-56=9 


Example 4. A man walks two thirds of a journey at 4 miles an hour, 
then bicycles back for one quarter of the whole journey at 8 miles an hour, 
and turning round, runs the rest of the way, takmg 9 hours over the whole 
journey u he had run the whole distance at the rate at which he did the 
last part, he would have taken 4^ hours find his rate of runnmg 

Let a miles he the whole distance, and suppose he ran x miles per hour 
He walks 4 miles in 1 hour , 

1 mile in T hour, 

ft 

( 1 ) 


2® _ 1 2a 1 a . 

^ miles in hours 


He bicycles 8 miles in an hour , 

1 mile in ^ hour , 

j miles in ^ hours 

His distanco now from the end of his journey 
_ 2a a 7a 
-®-T+4=12 
He runs r miles an hour , 

1 mile in — hour , 

X 

^ miles in hours 
12 12® 

6^32^12®“ 
19a+56-=864 

X 


( 2 ) 


From (1), (2), (3). 
Simplif j mg this. 


(3) 


(4) 
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He runs x miles in an lionr , 
a miles in - hours , 

X 



Substituting this inluc of - in (4), 

X 

19a+8xT2=SC4, 

u hence <1=32 miles 

From (5), 5-=^=7 miles an hour 


(5) 


Examples XTV a 

1 The sum of tiro nnmhcrs is 29, and their iIifTerciicc is 3 find them 

2 Tliree times the sum of tuo iiunihcrs is 51, and their difli rcnce is 7 
find them 

3 Find tno iiumlicrs such that three times the first and twice the 
second together make 34, and three times the fiiut together uith hie times 
the second make 3S 

4 Hnlf the sum of two numbers is 11, and half their difference is 2 
And the numbers 

5 f'i’c pounds of sugar and three pounds of cheese cost 48 and h\e 
pounds of sug'ir and siv {Kuindsof cheese cost C> 2/1 find the cost of sugar 
and cheese per pound 

base 10 eoins consisting of half cron ns and florins, together 
amoimting to 23s Q/I Hon man^ coins has c I of each sort ^ 

^ 7 At a meeting of a cncket club to elect a captain, 73 roemhers nhre 

present, and the captain nas elected hj a niojorit> of 13, all \oting Hon 
inanj voted for and against’ 

8 Si\~ 3 ^rs ago I nas three times as old as m^ brother, and non I am 
tniccasold And our present ages 

9 The daily wages of 10 men and 7 ht^rajinitJunt to £2 28 if a man 
cams in two dajs as much ns a ho^ cams in scicn dajs, find nhat each 
cams per daj 

10 Four tunes A's age cvcccds B’s age hj IG, and one fifth of A’s age is 
equal to one rixtccnth of B’s age Find their ages 

11 Ten years ago a father was scacn times as old as his son, tno years 
hence tnice his age mil he equal to fisc times his son’s What arc their 
present ages ’ 

12 When A and B begin to trade, B’s capital is four ninths of A’s 
Each of them gams £50 and then A’s <sipitai is tmee B’s Find the 
original capitals. 

13 A man’s age is three times that of his son, in fifteen years it mil he 
double that of bis eon Hon old is eaeh non ’ 

14. A man recencs 3<t C<f for e\ery day that he norks, hut is fined one 
shilling for every da^ that he is absent After 20 da^s he receives the 
same wages that he would have earned hj steadily working for 11 days 
How many davs was he absent from work ’ 
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15 A sum of £2 15 t Cef is paid in floiins and half croivns, there being 
25 coins in all how many are there of eaeli 

\^16 The sum of two digits of a number is 0 , if the digits aie reversed, 

■^he new number is four sevenths of what it was before hind the number 

17 A man travels the first half of a jouiney at a uniform speed, and 
the second half at double the speed, completing the journey in 10 hours 
48 minutes He tiavcls the u hole way back at a mile an hour fastci than 
ho originally staitcd, and does the return journey in 12 hours Find the 
length of the journey, and the man’s starting pace 

18 Two men start from two places 48 miles apart When they travel 
in opposite directions, they meet in 4 hrs 48 mniutcs , when they tiavcl m 
the same direction, one ovei takes the other in 9 hrs 36 minutes l^nd 
their rates of travelling 

I "IS If A were to give B twelve shillings, A would have half the sum 
which B then has , but, if B weie to give A thirteen shillings, B would 
have one third of what A then has How much money has each originally? 

f 20 A IS three times as old as B , m eleven years he will be foui times 
as old as B was the year before last What ore their ages » 

21 A bag contains £5 in shillmgs and sixpences If there jvcrc twice 
as many shillings and half as many sixpences the amount would be 
increased by halt a crown How many coins arc there in the bog 

f 22 At an examination, A obtained 11 marks less than B, if he had 
gained half as many marks again ns he did, he would have beaten B by 17 
How many marks did each receive’ 

j 23 If £2 11s 6d IS paid in florins and half crowns, the number of 
cmns being 24, how many are there of each ’ 

A number is composed of two digits of which one is three times the 
other, but if the digits were transposed, the number would be reduced by 
54 Find the number 

25 Two persons starting at the same time from places 40 miles apart, 
nde towards one another, and meet at a distance of 18 miles from one end 
If the faster one had gone 1 mile an hour slowei, and the slower one 
1 mile an hour faster, they would have met half-way At what rate was 
each iiding’ 

26 A merchant has two sorts of vv me worth respectiv cly 6s 8d and 4s 
a gallon, how much of each must he take to obtain a mixture of 40 gallons 
worth 4s 8d a gallon 

27 At a certain election there were two rival candidates, and their 
supporters vv ere conv eyed to the polling booths m carnages capable of 
accommodating 8 and 12 voteis respectively If the voteis, 740 in all, just 
filled 75 carnages, find by what majority the election was won 

28 A traveller walks a certain distance Had he gone half a mile an 
hour faster, he would have w alked it in four fifths of the time , had he 
gone holf a mile an hour slower, he would have been 2i hours longer on 
the road Find the distance, and his rate of walking 

29 A’s age is twice B’s Four years hence B’s will be twice C’s, and 
12 years after that A’s vv ill be twice C’s Find their present ages 

30 Certain annual parish expenses were met by collections on alternate 
oiinaayB with an annual donation of £15 It was determined to have a 
collection on every Sunday, with the result that, though each collection 
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was one fourth less than before, there was enough without the donation to 
meet the expenses and £3 to spaie Pind the expenses 

31 Some smugglers discovered a cave, which would exactly hold the 
cargo of their boat, consisting of 13 bales of silk and 33 casks of rum 
Whilst they were unloadmg, a Custom House cutter coming in sight, 
the} sailed away with 9 casks and 5 bales, leaving the cave two thirds full 
How many bales or casks would the cave hold? 

32 On two successive days a man bought a shilling’s worth of eggs 
and a shillmg’s W'orth of oranges On the second day the number of eggs 
was 2a per cent greater, and the number of oranges was 16 per cent less 
than the numbers of those he got on the prei'ious day On both days the 
number of eggs and oranges united was 32 How many eggs did he 
receive on the first day’ 

33 If the floor of a room were 9 feet longer and 6 feet nai rower it 
would take 4 square yaids less carpet , but if it were 6 feet shorter and 6 
feet wider, it w ould not change its area Find its dimensions 

34 At a school treat it was calculated that if each teacher gave 6s 
there would be Sd for each child and 3d over but two more teachers 
arrived bringing a third as many cbildicn as there were before, and it was 
now found that each child would receive 3id if each teacher gave 6s 6d 
How many children and teachers were there at first and at last ’ 

35 A certain dole was 26s more than would give the recipients a 
florin apiece, and there were fifteen too many to receive half a crown 
apiece What was the amount of the dole ’ 

36 The difference of the perimeters of two square fields expressed in 
linear yards is one fourth of the difference between their areas expressed 
in square yards, and the sum of the perimeters of the fields is eight times 
the difference of their perimeters Find the areas of the fields 

/* 37 A’s age IS equal to the combined ages of B and C Ten years ago 

A was twice as old as B Show that ten years hence A will be twice as 
old as C 

38 A bill of 26 guineas is paid with crowns and half ^ineas, and 
twice the number of half guineas exceeds three times that of the crowns 
by 17 how many of each are used ’ 

39 Tlie united ages of a man and his wife are at present six times 

those of their children, two years ago their united ages were 10 times, 
and SIX years hence they will be 3 times, the united ages of their children 
How many children have they ’ ^ 

40 A man does a ]ourney at a certam rate, and finds that if he had 
travelled 6 miles an hour faster, he would have done the journey in 
one third of the time What was his slower rate of travelling ’ 

41 A man does a journey in a motor car at a uniform speed in 6 hours 
On his return he is delayed at half way for half an hour, but quickening 
his pace by 3 miles an hour does the journey in the same time Fmd his 
original speed and the length of the journey 

42 In going the shortest way from A to B, a man had to go back one 
mile to pick up something he had dropped, and took 3^ hours over the 
walk He went back by a route which was half a mile longer, and took 
3 hours over the return walk Find his rate of walking, and the shortest 
distance from A to B 
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43 In iralking from A to B *i niin meets i fnend mid rides back inth 
him in hi& motor car for ^ miles at the nte of 12 miles an hour Resuming 
his walk he amies at B 7 hours after his stork If he had ualkea 
straight through, he would ha\e token 6 hours oaer the walk Rmd his 
rate of walking, md the length of the walk 

44. Two men run a course of 4000 feet at uniform rates One starts 
10 seconds after the other and annes 10 seconds before him Where 
does he pass him^ 

45 A man pa\s a certain tax on the whole of his income. If his 
income had been one tenth more, and the tax Id in the £ lower, the 
tax paid by him would ha\e been exactly £1 less , but if his income had 
been one fifteenth less, and the tax Id iu the £ higher, the amount of 
his tax would ha\e been evictlj £1 more Find his income and the rate 
per £ of the tax 

46 The road from A to B ascends fixe miles, is then level for four miles, 
and finally descends six miles A man w alks from B to A in four boms, 
the next daj he walks half w ay to B and back again in three hours 
fiftj fixe minutes, and returns on the third daj to B in three hours 
fifty two minutes What are his rates of walking (a) uphill, (b) doxvnhiU, 
(c) on level ground, if these rates do not xary from daj to day* 

47 Txvo ships (Sj, S_) start at the same time in the same direction from 
txvo stations (Aj and A, respectix ely) on the same route. After a certain 
tune Sj oxertnkes S , when it is found that they haxe sailed 1500 miles 
between them, that ^passed A_fouc days ago, and that &, is now nine 
dajs’ sail from Ay Fmd the distance betxieen Aj and A, and the average 
rates of sailing of the xessels. 

EASY GRAPHICAL PROBLEMS 
78 -■/ man, starling at noon, tcalls at the rate of 6 miles an hour 
IJiaw a gtaph of his motion, and from thediagram, icad off, asacciirahig 
as you can, the time ichen he is 23 milts from his starting ^int, and 
the distance he has trardlcd tn 2 hours 24 minutes 

Measure distance along OX, taking a side of eacli square to 
repieseiit a mile Measure times along OY, at right angles to OX, 
taking 10 sides to represent an hour, so that each side represents 
6 minutes 

Takmg OA along OX equal to 30 miles, (30 squares), and AB at 
nght angles to OA equal to 5 hours, (50 squares), B represents the 
man's position in 5 hours, for he travels 30 miles in 5 hours 
Join OB OB IS the graph of his motion 
By this xve mean that any ordinate PN represents the time 
taken to xvalk the distance represented bv the abscissa ON 
To find the time when he is 22 miles from the start, take ON 
equal to 22 miles and draw the corresponding ordinate NP 
This ordinate represents the time reqd 
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Diamng PK parallel to OX, and estimaUng the value of the portion 
KV of the side of a squaie, we see that the reqd time is 3 40 p m 
To find the distance travelled at 2 24 p m , take OM along OY 
equal to 2 hours 24 minutes, and diaw MQ paiallel to OX Draw 


BBBBBBBBBBBSBBSBSBBBBS 

aiiiMiaigBBiaa aaBB BBBBBB 

Sbbbbbbbbbbbbbbbbbbbbbbbbbbkbbbbbbbbbbbb 

■BBBBBBBBBBBBBBBBBBBBBBBBBB'iBBBBBBBBBBflfl 

■■BBBBBBBBBBBBBaBBBBBBBBflflriBBBBBBBBflBBBfl 

i BBBBBBBBBBBBBBMBBBBBflBBBflBBB 

BBBBBBBBBBBBBMBBiflB!!!!!!! 


■BBSBBBBBBBBBBBBflBBBKBBBBBBBBBBBBBBBBaBfl 

bbbbbbbb:b;|:8BBB8BBB8 

aigiggiigaaa aiBB BBBBBBBBB 

pBvjp 

BggBggBgBBgggBggBgBgBBBBBB 

gggBggBgBggSggggggBBggggBSBBBB 

■SBSBflSBfl^BBBSnBBBBBBBBflBBBBBBBBBBBBBBBB 

■BBBBBBBMBBBBaBBBBBBBBBBBBBBBBBBBBBBBBB 

■BBBBBBBBBBBBflUBBBBBBBBBBBBBBBBBBflBBBBBB 

giaflglBBBriBflBBBBlIBBBBBBBBBaBBBBBBBBBBBBBBB 

■BBBBBraBaaBBBHBBaBBBBBBBBBBaBBBaaaaBBBB 

■BflBBBriaBaBBBBaaBaBaBBBBBBBBBBBBBBflBBBBB 

■BBaBKaBBaaBBBuaaaBaBaBaaaBBaaaBaaBBBaBB 

■BaaBiaaBBaaaaaHBBBBBaaaaaBBBaBBBaBBaBaBB 

SBBBriflBBBBBBBBHBBBBBBBBBBBBBBBBBBBBBBBBB 

■BBaaBaBBBBBBanBBBBBBBBBaBBBBBBBBBBBBBBB 

■BBriBBBBBBBBBBaBBBBBBBfBBBBBBBBBBBBBBBBB 

■BRBBBBBBBBBBBHBBBBBBBBBaBBBBBBBBBBBBBBB 

■BVBBBBBBBBBBanBBBBBBBBBBBBBBBBBBBBBBBBB 

■riBBBBBBBBBBBBnBBBBBBBBBBBBBBBBBBBBBBBBB 

raBBBBBBBBBBBnaBBBBBraBBBBBBBBRlBBBBBBBB 

aaBaBBaBBBaBBiggBaaaauuaggBaBBBatfaBBBBBBBB 


O 6 12 18 24 30 Miles X " 

the ordinate QL at Q, OL .represents the distance reqd, and is 
equal to 14J miles nearly 

The student should verify these results by calculation 
He should also verify the fact that OB is the graph of the man’s 
motion by taking simple distances, and reading off the corresponding 
times, eg Q miles (time 1 hour), 12 miles (2 hours) and so on 



122 


KLKMCNTARY ALGRBRA 


[ClIAP 


79 Gitcn that 62 of an EngMi ntilf=l hhmctrc^ cm’^lnicl a 
graph fiom nhich you can read off any mimkr of miks tn hlmelres 
and any number of hlomrhcs in mdcA J'lom il wnte down the 
number of hlomcUc^ in 420 miles and the numhr of mtlain 580 
kilometres Calculate the lesults to the neamt 10 hhmitres or mdes 

T if 

If T miles = v kiloinctics, 0-5=10^ 

TalvC an al)5Ci‘<‘?a ON = G2 iinils ('ll siflcs of a ‘tq ), 
and an oulinato NPe= 100 nulls (r>0 „ „ ) 

Join OP OP IS tlio giapli of 

02 1 00 

liking cich Iiori7ontal side of a sq to represent 20 miks, 
and each \crtic.d side of a sq to icpicscnt 20 kilometres, 



the abscissa of the pt Q represents 420 miles , 
its ordinate repicsents 420 miles m kilometres 
from the diagram 420 miles=GS0 kilometres nearly 
Also from the diagram 580 kdonictrcs = 360 miles 
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80 Construct a giajph tihicli will enable you to convert, at sight, 
degrees Fuhienheit into degrees Centigiade, and vice versa 
Let in tlie Centigrade scale be the same temperature as in 
tbe Fahrenheit scale 



In the Centigrade scale, freezing point stands at 0”, in the 
Fahrenheit at 32" 

In the Centigrade scale, boding point is at 100”, in the 

Fahrenheit at 212” „„ 

V y-Z2 

100 "212 -32’ 
whence 9a;=5;/-160 

Therefore if we draw the graph of this equation, the abscissae 
will give us temperatures in Centigrade scale, whilst the corre- 
sponding ordinates will give ns the correspondmg temperatures in 
Fahrenheit scale 


124 ELEMKNTARY ALGEBRA [chap 

Thus from the grapli, 

80“ F = 26 7“ C ami 40“ C = 104“ F 
A graph may often be (li<n\n without the use of an equation, 
but the student must lealiiSC th.it cveiy graph has its corre 
spending equation, and ucc verm, eieiy equation will liaic its 
coi responding graph 

81 Two men <itari at noon to ualL the one ftom A to B, the other 
fiomB to A If A and B aie 20 miles apart, and the men n-alL at the 

rate of 3 rni/rc an hour and 2 miUs an how respertneh/, umstruct a 
giaph whifh will enable you to determine when and where they meet 
Read off fiom the graph their distance apint at 1 SO pm and aho 
find at what time they are fii <tt at a distance of b mdei, from oru another 



On squared paper, tahe pts A and B on a vertical line 20 iiiiits 
apai-t Horirontally take AC = 50 units (10 units to an houi) and 
vertically CH = 1’5 units Join AH Then since the first man 
walks 15 miles in 5 hours (50 units), AH is the graph of the finit 
man’s motion , i r the ordinate of any pt on AH denotes the dis 
tance he has vi alkcd in the time denoted by the abscissa of the pt 

Considering the second man, take BD horizontally 30 units in 
length, to denote 3 hours, and DE vertically doviiMiids 6 units 
m length Join BE 

Then BE is the graph of the second man’s motion if we read 
his times along BD, and his distances vi alkcd at nglit angles to 
BD and domiwards 

Hence if AH and BE meet at O, AN denotes the time when 
they meet, and ON, OT denote the distances walked by the two 
men in that time 
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Thus from the diagram, read off that the} meet at 4 oelook, 
that the first man li.is then 'nnlkcd 12 miles and the second S miles 
If AK denotes houi-s, and KMLis drawn 'vcrtiwilly, LM is their 
distance apart at 1 30 p m From the diagiam LM = 12 5) miles 
To find when the men are fii-st 6 miles apart, take a pt P on 
BE wliere it passes through a corner of a squaic, and take PQ 
\crtiKillv domiwards equal to 6 units 
Draw QR H to BE to meet AH at R If the oidinatc through R 
meet BE at V VR = PCi= 6 units 

the abscissa of R gi\ cs the time reqd From the diagram w c 
read this off as 2 S hrs after noon, i at 48 minutes after 2 o’clock 
82 A icafh a distance of2i mtk'i at ike rate o/4 mdes an /latir, 
and B, starting an hour Inter, dot ? the distance in 3 houis fess Drain 
graphs of thnr niofton, and f torn the diagram determine (1) it/ien and 
Hours 



4 8 12 16 20 ZA Mites 


inhere B ovrrtniei A, (2) thnr dt<danee apart after B hai been ludling 
2 \ h<mi‘>, (3) the iimei ichen they aie 2 milni apait 
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Measure distances honzontally from O along OX, taking 10 
sides of a square to represent 4 miles 

Measure times vertically from O along OY, taking 10 sides of a 
square to represent one hour 

Take the point D whose abscissa is 24 miles and ordinate 6 
hours 

Join OD OD IS the graph of A’s motion, for ho walks 24 miles 
m 6 hours 

Take the point E at the one hour point in OY This is B’s 
starting time 

Take the point F, whose abscissa is 24 m and ordinate (reckoned 
from the level of E) 2 hrs less than the time represented by the 
ordinate of D Join EF 

EF IS the graph of B’s motion, for he walks the 24 miles in 
2 hrs less than A 

The cooidmates ON, HN of the pt H, where OD and EF 
intersect, give the place and time of meeting 

Thus we see that B overtakes A 8 miles from the start, and one 
hour after B’s start ' 

Looking at the horizontal line PQM, we see that 

PM represents the distance walked by B in time OM, 

QM A 

PQ represents their distance apart at the time OM 
taking K m OY BO that EK=2^ hrs and drawing the hon 
zontal line KRS, RS represents their distance apart when B has 
been walking 2^ hours From the figure we see that RS = 6 miles 

To determine when they are 2 miles apart, we have to find 
the point, or points, where the honzontal distance between the 
graphs represents 2 miles 

Taking EL honzontally equal to 2 miles, draw LW || to EF to 
meet OD at W Draw WTV honzontally 

WT = EL = 2 miles EV repiesents the time after B’s start 
when they are 2 m apart 

From the figure EV = half an hour 

Taking the point G, 2 m horizontally from F, draw GZ || to EF 
to meet OD at Z 
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DraM* the hon/ontal lino UZ to meet EF at U 
UZ = GFi=2 miles and -no see from the diagram that the 
coiTespondnig time is 1;^ hours from B*s stait they arc 
again 3 m apart in If liours after B's stait. 

This problem should bo studied caiefullj^ 

The beginner must draw a figure for himself, using an inch to 
represent 4 miles, and one hour 
83 P violate at \(i m an hour, clartnig at noon and ftoppmq for 
half an hour at the end of each hout , Q, ctarliiiq at 2 30 p m motois, 
mthout •ftoppagi'% ai iO nt an hoin Whnt, and at what time does 
he ;ws,'s p 1 



Measuring time hori/onlall^, and miles \erl1calI3% as shoun in 
the figure, OA IS P’s graph for the first hour 
From 1 to 1 30 p m he stops, AB is his giaph for that tune 
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In the same •\\ay BC is Ins giaph fiom 1 30 to 2 30, CD from 
2 30 to 3, DE fiom 3 to 4 

Q starting at 2 30, FK is his graph, where FH = 1 hour and 
HK = 40 miles 

From the figuie ive see that Q catches P up at 3 30 pm 
40 miles from the start 

[A’’ li — Remember tlmt during a stoppage time ndianccs, whilst tlic 
disUnce from the start, t e vertical disUnce on paper, remains the same ] 


/ Examples XIV b 

1 If £1 IS worth 25 francs, construct a giaph from which you can lead 
off the \alue of any number of shillinm up to in francs Write down 
from the dngriim the value of 35 miillings in fiancs, and 35 frmes in 
shillings f ill <' 

/ 2 GO oranges sell for six^nd eight pence Make a graph to shov the 

cost of any number up to 60, and from it write down the cost of 27 oranges, 
and the number of whole oranges yon would get for 2s 3c2 

3 A tram travels at a uniform rate for an hour and a half, and covers 
40 miles 111 that tune Draw the graph of its motion and w rite doivn the 
^timc it takes to travel 17 miles, and how far it has travelled m 12 minutes 
Gi\o the results to the nearest mile and minute 


4 A body starts moving intli a velocity of 4 ft per second, and its 
velocity after t secs is given by the formula 4 + 3< Draw a graph which 
giv cs its V clocity at any time Read olT its v elocity after 3 secs , and 4 5 
SCO , and the tunc when its velocity is 11 5 ft per sec 

5 Given that 1 kilogramme=2'2 lbs , draw a graph which will enable 
yon to rend off any number of lbs in kilogrammes (up to 50 lbs ), and read 
off the V alucs of 25 and 38 kilogrammes in lbs , and of 32 5 and 38 lbs in 
kilogrammes 

6 Given that 1 cubic inch = 16 4 cubic centimetres, make a graph to 
convert c cins into c ins , and read off the values of 80 and 40 c ems in 
c ins , and of 2 5 c ins in c ems 

7 In a Reaumur thermometer the freezing point stands at 0”, and the 
boiling point at 80° , in a Fahrenheit, ficczing point at 32°, and boiling 
at 212'’ Construct a graph to convert R degrees into F degrees, and 
tjcct’crva Read off 60° R in F degrees, and 43° F in Reaumur degrees 
/ 8 A man starts at noon at the rate of 4 miles an hour to walk from 

^Cvmbndgo to Clare, a distance of 29 miles , a second man bicycles from 
Claie to Cambridge, stalling at 2 p m , and riding at 10 miles an hour 
Draw a graph to show where and when they meet, and determine also 
from it the times when they are 10 miles apart 

9 A starts running at the rate of 100 yds in 30 secs and B starts from 
the same spot 6 sees later at the rate of 100 j'ds in 12 secs Draw a 
graph to find when and where B catches A up 

10 In the ton jcnw from 1881 to 1890, the population of one town 
inci coses nnifoiinly from 30,000 to 50,000, whilst that of another town 
decreases from 60,000 to 40,000 From a graph determine the year and 
month when the two populations were equal 
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11- The top boy in “i form gets 88 marks, and the last boy 33 These 
have to be scaled so that the top boj* gets 100 and the last boy 0 Dran 
a graph which mil effect this, and read off (to the nearest integer) the 
scMed marks of the bojs who get OS, Sf, 49 

12. Gircn that 1 mch=2 54 centimetres, construct a graph to convert 
centimetres into inches Read off the \alue of 5 6 cms in inches, and the 
value of 4 9 inches in centimetres, as accurately as you can 

13 Giien that 1 centimetres 39 mches, draw a graph to coniert 
inches into centimetres Read off the value of 3 6 in in centimetres, and 
the value of 8 6 cms in inches, as accurately as you can 

14, On an cvammation paper of mavimum 69 the marks gained by 10 
candidates were 60, 54, 4b, 35, 32, 29, 27, 26, 25, 12 Draw a graph to 
raise the maximum to 100, and read od (to the nearest integer) the raised 
marks of the candidates. 

15 50 articles cost 4s lOd Construct a graph from which yon can 
read off the cost (to the neaiest halfpenny) of any number of articles up to 
50 .. Wnte down the cost of 23 things, and the number you a ould get 
for 3s 

, ^ 16 The first 100 copies of a pamphlet cost 27s to print, but e\ eiy 100 
in excess of the first costs only ^ , make a graph to slion the cost of any 
number up to 800, and read off the cost of 370 copies Write down the 
number of copies you would get for £2 2» 6d 

17 A clerk is paid at the rate of £120 a year make a graph to deter* 
mme (to the nearest pound) his a ages for any gi\en number of weeks 
Wntc doa-n bis wages for 23 weeks 

18 I avant a ready means of finding approximately 0 866 of any number 
up to 10 I select a xioint O at the comer of the squared paper avhere two 
thicker lines cross, and find a second pomt P by going 10 inches to the 
right and then 8 66 inches up (or 5 to the nglit and 4 33 up), and jom O 
to P The two thick hues passing through O are scaled off m inches, OX 
to the nght, OY up Explain clearly a by the distance from OX of any 
point in Op is 0 866 of its distance from OY Read off from the scales, 
and mark on the appropnate places on the paper, 0 866 of 3, 0 SG6 of 6 5, 

0 866 of 4 8, and — ^ ■ of 5 

' 0 866 

19 For a certain book it costs a pnbhsher £100 to prepare the type and 
2s to pnnt each copy Fmd nn expression for the total cost in pounds of 
X copies Also make a diagram on the scale of 1 inch to 1000 copies and 

1 inch to' £100 to show the total cost of any number of copies up to 5000 
Read off the cost of 2500 copies, and the number of copies costmg £525 
V/ 20 A starts walking at the rate of 4 miles an hour, and 15 mmntes 
later B starts at the rate of 8 miles an hour Find, graphically, when and 
where B overtakes A 

21 Two ships 72 miles apart sail towards one another at the rates of 7 
and 9 miles an hour Find, graphically, uhen they meet 

22 A walks at 4 miles an hour, but takes a rest of half an hour at the 
end of exery 4 miles B starting at the same time and walkmg at a 
uniform rate, without any rests, catches A up just as he is startmg after 
his third rest Fmd, graphically, B’s rate of traxellmg 

23 A travelling at 4 miles an hour, walks 4 miles, then rests for half an 
hour, then walks 8 miles farther, and then walks straight back at the 

PBA. I 
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same rate He meets B, vrho walks uniformly and without resting, a 
mile and a half from home Find B's late of travellmg, if he started at 
the same tune as A 

21 A travels at 5 miles an hour, but tikes a rest of half an hour at the 
end of each hour B starting 2 hours aftei A, and traielhng uniformly, 
without resting, overtakes A 17^ miles from home Find, giaphically, B’s 
rate of travelling 

25 A and B, travelling at 8 and 12 miles an hour respectively, bicycle 
towards one anothei from two places SO miles apart, starting at the same 
time Find, giaphically, when and where they meet, and when they are 
10 miles from one another 

26 Soh e the above problem graphically, as accurately os you can, when 
B starts an hour after A 

27 A motorist starts to do a journey of 8 miles m half an hour, but 
after travelling for 22^ minutes {iiids himself behind time He quickens 
his pace to 24 miles an hour, and just completes his journey in time Find 
his initial late of tiaiclhng 

28 A motorist does a journey of 80 miles in 6 hours During the first 
part of the journey he trai els at 10 miles an hour, and during the latter 
part at IS miles an hour How fai does he travel at each rate "> 


CHAPTER XV 

LONG MULTIPLICATION 

84 Further examples of the use of the formulae 
(a±b)^=a®±2ah+h^ 

Example l Find the expanded value of {a:+(a+ 6 )}® 

Regarding (a + 6 ) as a single quantity, 

{»+ (a + l»)P=!B®+2(a + &)a:+(a+h)2 

= a:® + 2aa; + 26a: + a® + 2a6 + 6® 

(if we wish to expand the expression fully) 

Example 2 {a + 6 - c}® 

={(a+ 6 )-c}® 

=(a + 6 )®- 2 {a+ 6 )c+<^' 

=a®+2a6+6®‘-2ac-26c+c® (expanded fully) 
Example 3 (a+26+2c+d)s={(a+26)+(2c+d)}® 

=(a+26)®+2(a+26)(2c+d) + ( 2 c+d)® 

= a® + 4a6 + 46® + 2 (2ac + cKf + 46c + 26 d) + 4e5 + 4cd + d® 

= o® + 4a6 + 46® + 4ac + 2ad + 86c + 46d + 4c® + 4cd + d® 



XV ] LONG aiULTIPLICATION 

Examples XV a 

, Find the fully ,e>£andoc^ilucs of the follo^\'lng 


1 {x + («-&)}= 

4 . {a+lb+c)r-‘ 

7 ^(a-6)-2P 
10 (a+26+3c)= , 
13 (2x+3a-A)= 

16 (a?+w-8)“ 

19 (2x=-x-5)® 

22 (l-ar+ar)* 

25 (o- 2 a;+ 3 r®)- 
28 (a-fc+c-d)= 

31 (a:+y+=-3)® 

34 {3a-2&+2c-d)® 
37 (x®-a?+a;-l)= 


2 

5 {a-lb+c)}^ 

8 j2a;+(y+2)}® 

U (a-2b+3cy 
14 (2j^+a:+l)^ 

17 (x®+2x+l)s 
20 (a:+y-3)® 

23 {2+a;-a:»)= 

26 (<i+6+c+rf)" 

29 (a+h+2c+rf)® 

32 (x-y-s+3)= 

35 (xr>+a=+a:+l)- 
38 (ar'-SxS+Ox-lls 


3 {{a+6)+2r- 
6 {o-(b-c)}"* 

9 {a:-(2y+=)P 
12 (3x+a-by 
15 (dxs-x+l)® 

18 [aP-x-4.y 
21 {2a;-y+4)2 
24 (3-a;+2x®)® _ 

27 (a+fc+c-d)- 
30 (a + t+2c-2<0= 

33 (2a;-y+2s-l)2 
36 (ar*+ac=-2a;+])= 


85 Further examples of the use of the formula 
(a + b) (a - h) = a- - b- 

Ezamplel (a+6+c)(o+h-c)=(rt-l 

[Looking upon a+b as a enigle quantity ] 
=a®+2«&+6--c- 

ExampleS (a;+a-2i)(a:-a+2h) 

=s (x+o - 2/i)(a: - a - 2b) 

—a?~{a — 2liy 
=x® - a- +4ai - 4h- 

EzamploS {a+h+c-i d){a+b-c-d) 

— =((z+/i 4 ‘C'f’d)((i c+d) 

=(a+&)a-{c+d)« 

=o=+2aln b®-c=-2cd-d2 


Examples XV b 


1 la-b+e){a-b-e) 

3 {®+y+l)(v+y-l) 

5 (a+l»+x){n-&-a:) 

7 (2r+o + l>)(2a:+a-l») 

9 (a-4n y)(o+4a;-y) 

11 (4-o+l.)(4 + a-l>) 

13, {l-a-&)(l-a+6) 

45 (p-2g+3r)03+2q-3r)^ 
17 (a:+3y-4)(x+3y+4) ' 
19 (l-2a:+7y)(l-ac-7y) 


2 (a-f-b+5c)(a+b-2c) 

4. (r+2y+b)(x+2i/-b) 

6 (a+2f>-e)(a-2b+c) 

8 {3y-a-b)(3y+a+b) 

10 (l+a + &)(I -a-h) 

12 {a^+nb+b-){a?-al+h‘) 
14. {x+2y+b){x+2i/ -b) 

16 (l-2a:+3y)(l+2j;-3y) 
18 {®-4 a:+l)(x’-a:+l) 

20 (2a;+3y-5)(2a;+3y+6) 
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21. (3a?+a!-2)(3arS-a!+2) 

23 (6a-26 + .3)(6a+26 + 3) 

25 (l-2a;+3a?)(l+2a:+3a?) 

27 (2»+y+a+6){2a:+y-a-Ii) 

29 (2a:-o-y+26)(2a.-a+y-26) 

30 (3a:-2a+2y-3&)(3®-2a-2y+3&) 

31 (l-a:+y-c)(l-a;-y+ 2 ) 


22 (2x-4y-5){2x+4y+5) 

24 (a=-2ol> + &s)(aS+2a6 + 6®) 
26 {a~h+c-d)(a~'b-c+d) 
28 (a:+a+y-&)(a:+o-y+i!i) 


32 (2-a-36+c)(2-a+3&-c) 


86 When Ave IiaA'e more than tvro terms in the multiphor oi 
multiplicand, the process is similai to that in simpler cases 

Esample l Multiply a- + ab +1)- hy a~b 

d?+ab+b^ 
a-b 

a?+a%+ah- 

-aTb-ab^-P 

d? -6* 

Example 2 Multiply ji?-2xy+4y‘ by a:®+2a:y+4y® 

'v^~2xy + 4y- 
a?‘+2ay + 4|^ 

a;*-2a^+49%® 

2x^y - 4®®y® + Saiy* 

4a;V‘-8a^+]6y* 

id^ +4a®y® +lby* 

Examples Multiply 4ys-3jBy—2a» + a? +y®-s® by -y+2»-z 
Here \re first arrange both multiplier and tniiUiplicand in order of 
powers of m, and during tbe multiplication place like terms uuder one 
another 

aP~3xy~2xz+y-+4yz-z^ 

Sx-y-z 

2x®-6®®y-4»®2+2a;y®+ 8a;y5-2as:® 

- +lTy®+ 2a^ -y^-4y^+ yz- 

- aft; + 3a^+2a;;° - y^-4ys-+^ 

2a:®-7a?y-5a:'b;+5*y-+13a:yz -y®-5y%:-3y:-+i? 

87 By multiplication it mil he found that 

(a + h)® = a® + 3a®b + 3ah® + b®, 

(a - b)» = a® - 3a®b + Sab® - b® 

These results are useful and should he committed to memory. 

88 Analogy between Alg^tatcal and Anthmehcal methods of 
muHiphcatim 
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Multiply 213 by 23 213 

23 

426 

639 

4899 

This IS nn abbrc\nated form of the following 
2 10= + 1 10 +3 

2 10 +3 

4 103 + 2 102 + 6 10 

6 102+3 10 + 9 

i 103+8 102+9 10 + 9 = 4899 
If i\c now multiply 23 - 2 +'r +3 by 2'c+3 mc at once see t 
analogy betii een the tu o methods 

2x-+ ar -i 3 
2x +3 
4x^ + 2x2 + 0x 
6r2 + 3r + 9 

45ti3+8x2^qj.^9 

89. Detached coefficients The i\ork m the abo\o examj 
IS much shortened if we omit the pou ers of a:, just as u e oir 
powers of 10 in Anthraotic 
The multiplication then stands thus 
2J-2+ a- +3 
2r +3 

4 +2 +6 
6 +3 +9 
4ar3 + 8z2j.9r+9 

inserting the requisite powers of z in the last line 

Example 1 Multiplj 4ar'-1jr-lla+2 bj 2i®-5x+9 

4a?- Oj^-lla; 2 
2 j^- r>r 4 9 

S - 0 -22 + 1 

-20 +n 1 5’i - 10 
1C -27 - on +18 

Sa:"-2<ir‘+20ja 109x+18 

When powers of z arc missing, 0 must be inseited as 
Anthmctic 
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Examples Multiply 3x®-7a:+9 by 2 k®- 3 
3a^4-0^- 7x + 9 

6 +0 


■14 
- 9 


IS 

- 0 +21 -27 


Ca:* 


-23ar-lSa?-«-21a:-27 


Examples XV c 

[Acarfy all the/olloinnq tramples are bast done hy the mclhod of detached 
/ coefiaentt ] 

^ Mnltiplj 

1 a? 2a? -‘-a: -4 by a: -2. 2 a*-*-2a6+6- by a -ft 

3 a?-»-a:y-^j? b^ a:-v 4 a?-4y-byx+3y 

5 a?-*-2a:-5 bj ar-Sa:-! 6 6 a?+2a:+3 by a?-2r-5 

7. a'— 3a-o- loft" bj — oaft+2ft- 8 a?— ary+p" by — a?+a:y-p" 

9 a^-5aft + 6?? bj 3aft+2a--ft- 10 a?-*-a, + l by x- 1 

11 a?-2x+4 by x-»-2. 12 4a?+2x+l bj 2x- 1 

13 x-2pby a®-*-2rv+4y- 14 9a"-Doft-^4ft- bj 3'T+2ft 

Eiiid the product of tbc following y 
15 a?-x+l and x-rl 16 o--ttft+ft* and a+ft 

17 x-2 md x’+2x+.4 v 18 a?-*-Sp® and x-4y 

19 a?-2a?+4x+5 and x-3 20 x+a?-5 and a?-x-7 

21 c?-5c<i-5(F and (?+ocd— 5tP 22 a?+ary-*-j?andar-xy+p® 

23 aft+crf-ac-ftrfand oft+frf+ac+ftrf 

24 2a--3nft+4ft" and — 3ci-— 3oft+4ft® 

25 ar-riT+l and a?-5xT2 26 3a?-7a:^5 and 4a?-2x+ 1 

27 4 + 3r-2a?and5-x-Sla?+a? 28 2-XT3a?y and 3+2x- irp 

29 a?+2xy-»-i/®+x-rp+l and x+y-1 

30 a?— 3a?+6 and a?+3r-»-4 31 3x-l — 4a~'-5a? and 2x-4+a? 

32. l+2ft--3a*-o and 3tt— 5+2o" 33 3a? - 2a?y - x«? and 73p - op® 

34 2(a?-i-2xy+p5)md3(x-y)2 3^(a=-aft+ft2)' ind 3 (a+ft)= 

36 a-+ft*+<?-{>c — ca -aft and n + ft—c. 


CHAPTER XYI 

LONG DIVISION 

90 Example 1 DiMdeSa?-6a?— 3r-lSby 2x-3 

2a.-3 ) Sa?-Ga?-»-3x-18 ( 4a“->-3x+6 
Sa?-12a? 

6a?-i-Sx 

6a?-9x 

12X-1S 

12X-1S 
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Befolo starting the ■nork of dimion hoth divisor and diiidend 
jliould bo arranged in the same ordci (ascending or descending) 
)f poM crs of one of the sy^mhols used 


Example 2 DnMlc6a;-3+ar*+a:*-4ar*b3 Sx-S+Tr* 

Arranging the expressions in descending pon crs of x, 

a?+2x-3)x*-f x®-4x^+5i:— 3(x®-x + l 
x^+Sx* — 3x° 

— T®- ar®+6x 
~aP — 2ar^ H lx 

x=+2x-3 

ar'+2x-3 


( 1 ) 

( 2 ) 

(3) 

(4) 


-2=0." , x® IS the first term of the qiiocient 

x-(x-H 2x-3)=x*+2x*-3x®, 
ind ve thus obtain line (1) ns in Antbinetic 

Line (2) is obtained bj subtriction, and bj bunging down the tdrin+Sr 

H JIT* 

= - X , -X IS the second tenn of the quotient 

-a(x’4-2r-3)= -x*-2x"+3r, 
ind nc thus obtain line (3) 

Line (4) is obtained in the same aiaj as line (2) 

X® 

^=1 , 1 IS the last term of the quotient 

Tiicro IS no remainder, as wc see hy subtracting the last line 


91 The analog}' betnoen tho Algebraical and Aiithmctical 
methods of diMsion is at once seen if ve conipaio the following 

AitthmcUcttl mflhod Alffchratcal method 

121)14583(123 

10®+2 10+l)10'+t 10»+8 10®+8 10+3(10®+2 10+3 
10»+2 10®+ 10® 

^ 2 l(P+7 10=+8 10 
2 Ny*^4 10® t 2 10 

3 10®+C IOj- 3 . A 
b 10®.<-6 10 + 3 

x®+2x+l)aM }x3+8x®h 8x+3(x*+2x+3 
x*+2x'*+ X® 

2a:*+7x®+8x 
2x®+ lx®+2r 

3a~+r.x+3 
33fjfir^ 3 


121 

278 

242 

303 

,303 
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Example 1 Divide - y® by ® - y 

« - y ) ar> - y® ( a® + «y + y® 
a^— a®y 
a!®y-y® 
x^y-xy- 

a;y®-y® 


Example 2 Divide a® +1 by a; +1 
aj+1 )a;®+l {aif-a?+x^-x+l 

-a;*+l 

•~x*-aP 

a?+l 

a?+a? 

-a?+l 


x+1 

a!+l 

92 Detached Coe^cients. From the preceding wo see that 
Ml Division as in Mnltiphcation we can shorten the work by using 
the method of detached coe£icienis 


Example 1 Divide 6'(f‘-7a?+7a:®+18x— 24by 2a?-3*+6 

4 2-3+G)6-7+ 7+18-24 (3x®+x-4 
6-9+18 

2-11 + 18 
2- 3+ 6 

- 8+12-24 

- 8 + 12-24 


Example 2 Dn ido 6*® - 23a? + 18a?+21x - 27 by 2a? - 3 

2+0-3)6+0-23+18+21 -27 (3a?-7r+9 
6+0- 9 

-14+18+21 
-14+ 0+21 

18+ 0-27 
18+ 0-27 


Examples XVL a ^ 

[All the following divisions may be done by the method of Detached Coefficients ] 
‘ Divide 

1 a?-3a?+4x+28by a.+2 2 x®-9a?+13x+lo by »-3 

3 2a?-3*®+7^-3by2v-I 4 . 6a?+aB®+llx-10 by 3i:-2 

5 24a?-33a?-36j; + 5by 8r-l 6 15 - 17x - 30i? - 28ar> by 3 - 7a. 

7 !B*+3'i!=+3x+l bya:S + 2x+l 8 x®- 3T?y+3rv® -y» by a?-2.iy+y® 
9 a?-6-c®+12a;-8by x®-4-c+4 10 Sr''+12a.®+6x+l by 4x®+4a, + J 

11 27a®-54a®l) + 36ab®-Sl>®by 9a®-12ali+4l»® 

12 125a?-27y®-225x®y+135a;y® by 23a?+nya-30a:y 

13 9'B»-18*®+26x-24by3x-4 14 'c»-4a,'’+5x-2 by a?-3a;+2 

15 x®-ySby-B-y 16 '«!®-27 by a?+3x+9 17 27x®-l by Sx-l 

18 a»+i®bya+6 19 a?-lbya;-l 20 a?-lbya:+l 
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21 ‘r'+a^+K+l by a!+l 
23 81a*-16by3a:+2 
25 a:*+a®+l by ar®-a;-Fl 
27. a;®-6t?+12»-8 by ^-2 


22 

24 

26 

28 


a;S-a:®+a:-l by x-1 
ar*+ar*+l by ar*+a;+l 
a^+4a!®+6'B®+4T;+l by a;®+2a;+l 
12»s-38x®+38ar- 20 by 6a^-7x+5 


29 6a®-2a-a^-4a®+o® by a®-4a+2 

30 - 141*® - 180® + 5ar« - 32 - 58®® + 24®® + 92®® by 2®® - 4 - 3® 
^31 6®®-®‘+10a?-14®®-26 by 3®®+4®+5 

32 ®®-3®®+®®+358®-357 by ®®+2®-3 


Harder Examples m Division. 

93 . Example 1 Divide 9a®- 46®- e®+ 46c by 3a- 26+ c 

3a - 26 +c) 9a® —46® — c®+46c(3a+26-c 
9tt® -6a6+3ac 

6a6 — 3ac— 46®+46c — c® 

6a6 -46®+26e 

-3ac +26c-c® 

— 3ac +26c-c® 

Example 2 Dmdp a®-6®+c®+3a6c by a-5+c 

Arranging diMSor ^d dividend in descending powers of a, ^ 

o-6+c)a®+.3a6c-ltfc®(o®+a6-oc+6®+6c+c® 

a®-a®6+a®c 

a®6-o®o+3a6c (rein arranged in descending powers of a) 
a®6— a6®+ a6c 

-a®c+o6®+2a6c ( ' ) 

-a®c + dbe-a(^ (placing like terms under one another) 

a6®+ a6c+ac®— 6® (bringing down -6®) 
o6f -6®+6®c 

a6c+a(?-6®c 
a6c — 6®c+6e® 

ac® - 6c® + c® (bringing do wn c®) 
a<? -!)(?+(? 


Examples Divide ■ 3 ^®^-f®®y— 1®®^/®+^®^®+-^/^* 

4®® - - |y® ) - -1®^® + 1®^ + W ( I®® - X " 

10 ’' 3*2 8 


aft/ 


3»®v tc®, 3iSi/„ 2 _ OT " *-A,S 

8 2 8 azB i -■^®®y+ 


8:^3 2 2 

3 


- ®®y®+-^®y®+-^y* 
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Examples XVI b 

Di\ ide 

1. a--4fl5+4ir-<?by a— 2o-c. a*-^4Jb*hy a-~2al)+21P^ 

3 a--li-+(?-»-2a6-26c-r2«cby «-rb-*-c 

4. 9a=-4!r-<r-4&cby 3tt-26-c 5 a^-oSby a?-*-aa;+a= 

6 a--lr-c-—2bchj a-b-c^ 

7 2r*+a:®-31xT9j“-rl5-^4ar*l.v2r-ar*-S 
B a?-i/Sj-6i/'-12y->-S by 'c-y-r2 

^ 9 l-*-a*+a“ by a-— o-rl 

10 6r»-r5y«-13^y(a?+3r)^23a:=y-by3ar-rt/=-2ay 

11 (^-i-fcs+c^-Saieby o+bJ-c . 12 a"+bS-<r*+3abc by a-6-c. 

13 a:®-j/®J'S+6xvby »-y-*-2 T.i. a:®— lbyx+1 

15 a:*+ary®-^y* bj 3?—xy+ir 

16 a*+b®-*-c?-3a6c by o"Tl^—<?—a5 — 6c— ac - 

17 a-l6-c)-r6-(c+a)-cr(o+6)+o6cby a-*-6-c 

18 a?-y®byar-^ ^19 Cia*"-! by 2a-l 

20 n'(6-c)+6"(c— a)+<?(o-6) by a— 6 

- 21 ^T^tia^+ja^-a® by x-^a 

22 

a? aPy llxy- , aP jp 
, ^ S~ 2 2 ““^”3 


6® 


a b 


oc 1 a’ a6 ^ 6- 

26 T6"-l6+^'’y4+-G-"‘» 

^ 3a-6 3a5- 6® , ^ w> 

^ 125~100 SO 64°^2o~10 IS" 


25 S+^byl+l 


X y 

.W'^125 

— bv- ^ 

‘‘'[j/27 21 ■^49 341 ^ J~7' 
ab IP* 


Bemamder Theorem 

94 Ifj(ix”+hx+c is dm/fed iy x-j^ vniil the rcmamdo ts 
iiide^ndent of r, that nmainder inll be ap-^lp-^c. 

x-p)az” + bz+c{ax-^{ap+h) 
ax” — apz 

(ajj+6)®+c 

(ap + b)x-{ap-h b)p 

* app + bp+c 

This proves the theorem 

It should be observed that this remainder may be obtained by 
substituting p for x in the diiidend. 
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XVI ] 

The abo'\ c is true for all values of the symbols used, and hence 
V hen 3x- -i%+o is dmdcd by - 2, 
the remainder =3x2^ - 4x2 + 5 
= 12 — S + <J = 9 

This of course can be tested by actual dl^^slon 

Again M hen 4 t- - 7t + 9 is dmdcd by a; + 5, 
the remainder = 4(-5)“-7(-5) + 9 
= 100 + 3t> + 9 
= 144 

95 Jf a3?+bx"-{-cr + d i’; (hitJed hy x—p imiil the remainder ts 
independent of x, that icmainder util he 

ajf^ + hp"-{-cp+d 

Fvst method Porfoiming the actual division, 

x-j))a3^+bx- + cz+d ( az-+{aj)+b)x + (aji- + bj) + c) 

03? - ajiT - 

(ap+b)x--hcr 

(ap + b)3?l- (ap + b)pr 

(ap-+bp+c)x-t-d 

(ap^ + fyi + c)x - (np’ + bp + c)p 

ap?+bp-+(p+d 

Tins pro\cs the theorem 

As before, the remainder may be obtained by substituting for 
ar in the dmdend 

When jr - 3x- + 7a; - 9 is dmdcd by sr - 1 1, 
the remainder = lx IP- 3 x 11-+7 x 11 -9 
" =5321-303 + 77-9 

= 5029 

Wien a? - li- + Gx - 1 IS dn idcd by a; - 2, 
the remainder = 23-lx2-+Gx2-l 
= 8-16 + 12-1 
= 0 

a>3_4y5 + 6r- 1 IS diMsiblc by a: - 2 ivithout remainder 

Wc thus ha\ c a read}' moans of tc'^ting v hether any expression 
IS exactly di\ isible by a gn cn binonnul c “ 
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Second method When os® + it® + ca: + (Z as divi<ied by x —p until 
the remainder is independent of a-, let P denote the quotient, and 
R the remainder 

Then aic®+Ja,® + ca;+<Z=('B-p)x P + r (1) 

[Just as in Anthmetio when we divide 57 by 9, 57= 9 x 6 + 3 ] 
Considenng the equation (1), R is mdependeiit of x, by hypo 
thesis Also the equation is true whatever value we assign to x 
Let x=p Then the equation becomes 

ap^ + bp^+cp+d=R, for (a:-p)P=(p-^)p=0 
This proves the theorem 

96 For ^hat value of p ts x^-(p + 2)x+Q divisible by x-p 
mthout remaindei 9^ 

When the division is performed the remainder, by the pre- 
eeding articles, =^2 _ ^ + 2 ) p + 6 

=^»® + 6 
= — 2p + 6 

the reqd value ofp is obtained by equating this remainder 
to zero, in which case - 2p + 6 = 0, 

2p=6, 

p=3 

97 For what value of p is ic® - (p + 6)®® + (6p \-o)x+d divisihl 
by X -p without remainder 9 

When the division is performed the remamder 
=p® - (p +*6)p® + (6p + c)p + d 
=p® -p® - 6p® + 6p® + cp + d 
=cp+d 

the reqd value of p is obtained from the equation 
qp+d=0, 

<p= - d, 
d 

p=-- 

. jJzamples XVI c 

Without actual division, find the remainder when 

1 !«®-7a:® + lla;-5 IS divided by r-S 

2 2ar’+7a^-9a:+2 is diiided by a;-2 
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^ i ? 

3 a;®-3a?— 4a:+6 IS divided by a!+2 

4 4a^ - 6ar*+ 11® - 7 is divided by ® + 9 

5 5® -6a? -7 +2®® IS divided by 2® -3 

6 4®* -3®® +8 IS divided by a? -3 

7 For what ^alue of -p is 3a?— jj®+ 10 divisible by 3® -5 without 
' remainder’ 

IS^Fbr uhat value of jp is a?-7®+2> divisible by ®-2 without remainder’ 
9 For what value of p is 3a?— 7a?— 9®— divisible by ®-3 without 
remauider ’ 

Employ the second method of Art 95 to find the remamder when the 
ollowing divisions are performed 

LO (a?-7a?-ll®+16)-(®-3) U (4a?-6a?+7®-3)-(2®+3) 

L2 (9a? -4a? +16)-!®® -2) 13 (4a? + 6a? -4a? -7) -(2a? -3) 

Employ the second method of Art 95 to prove that there is no remainder 
ivhen the foUowmg divisions are performed 
L4 (a?-y*)-(®-y) 15 (®’^-y")-(®-y) 

L6 (a?+y®)-(a:+y) 17. (a«-y®)-(o®-6®) 


CHAPTER XVII 

REVISION PAPERS 

xvn a 

1 In the following expression, first remove the brackets, then rebracket 
the coefficients of the difierent powers of %, making the first term in each 
bracket positive 

^ (® -p) (® - g) - (® + g)(® +r) + (® - r) (® -p) 

2 Plot the points (10, 5), ( - 5, 15), (10, 22) and find the araa of the 
tmngle formed by joining them 

3 Draw the graphs of ^+^= 1 , and 5y=6® Hence solve these 

simultaneous equations, and v enfy your solution by algebra 

4 A bill of £1 3s 3d is paid in half-crowns and tlirce penny pieces . 
If there were 12 corns altogether, how many were there of each kind 

y 5 Multiply ®®-® +2 by a?+T+2 Check your answer by using 1=2 
, 6 Divide a?-4a?i/+3®y®— 12y® by ®-4y 

7 Find the remainder when 2a?-a?+10a?-2®+18 is divided by 
2af‘+x+5 

xvn b 

1 A IS ® years old, and B is y years younger 

(i) What IS the sum of their ages ’ 

(ii) Wliat w ill be the sum of their ages 10 years hence ? 

(ill) What was the sum of their ages 10 years ago’ 

(iv) What w as the difference of their ages 10 years ago ? 
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2 Plot the points (10, 4), (-7,4) ( — 7, 13), (10, 13) and find the area of 
bhe quadrilateral formed by joining them 

3 In the same diagram draw the graphs of 

Wliat do 3 on deduce as to the three sminltaneous equations^ 

4 The sum of the tu o digits of a number is ten By re\ ersing the digits 
the number is increased bj 3G Find the number 

5 Multiply o®+2a6 - b- by a®+2a6+h® Check your result by puttmg 
a=6=l 

6 Find the continued product of 2a— h, 2a+h, 4a‘+lr ' 

7 Dnide Gar^-ar*- 9a®a?+4o^ by 2a®+3aa:-ar* 

xvn C 

1 I buy apples at the rate of x apples for threepence 

(i) How many do I get for half-a crown ’ 

(u) What w ill 100 apples cost me ’ 

2 Fmd the length of the line joining the points (1 6, 3 6), ( - 1 6, 1 2) 

3 Make a table to show six pairs of corresponding \alucs of x and y 
which satisfy the equation 3a;+4y=13 Choosmg a suitable unit, plot the 
poinfs accurately, and draw the graph 

4 Find the a alue of ( 0 ?+ 1)^ Check your result by using a?r= 1 

5 Express the followmg m the form of an algebraic equation The cost 
of X things at half a crown each, y things at 9d each, and z things at 4^d 
each IS £a 

6 Find the continued product of a?+3y~, x*+0y* 

7 DiMde6a:*-21-5a?-a:-19x®by2x'®-5x-7 

zvn d 

1 A man runs at the rate of x j ards in y minutes 

(i) Hoav many yards does he run in an hour ? 

(ii) How long docs he take to run a mile ^ 

2 Plot the pomts (0, 0), (S, 5), (13, IS), (0, 23) and find the area of the 
quadrilateral formed by joining them 

3 Draw the graphs of 3x-4y=10, and 3*+6v=15, and hence find 
approximate solutions of the simultaneous equations Verify by sub 
stitntion 

4 Multiply a:*-3a?+l by x®-3a;+2 Check jour result by putting 
a:=10 

5 Find two consecutu e e\ en numbers such that 73 times their difiercnce 
IS equal to their sum 

6 Simplifj (ar+ax+b)®-(*"-ax+6)® 

7 Divide a®-5a6+65®-a + b-2by a-26 + 1 

xvn e 

1 How far does a train trai el 

(i) In a; hours at y miles an hour ^ 

(ii) In X hours at y miles a minute* 

(ui) In X mmutes at y miles an hour ? 
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2 Plot the points (15, 0), (19, C), (10, 14), ( - 14, 8) and find the area of 
he qnadnlntcnl formed by joining them 

3 bind the area of the triangle formed by tho graphs of }r=S, r=]S, 
i:-y + 8=0 

4 If C IS the circumference of a circle and D its diameter, 0=-^“ D 
Draw a graph and from it read off the ciiciimfcrcnccs of circles a hose 
liametcrs are 4 in , 11 in , 20 in , and the radii of circles whose circuin 
crcnccs arc 47 in and <il i in 

5 Find tho \ line of (a?- r+l)’’ Chech yoiir result by putting a: =1 

6 The sum of any iiiimbci which lias an c\cn number of digits and the 
lumber formed b> reiersing its digits is divisible by 11 Pro\e this in 
he case of a number of tw o digits 

7 Di\ido0a’+afi-6--<i + 7/>-12by2a + 6-3 

xvn f 

1 Write down the cost of 

(i) a* things at >/ pence each 

(ii) X things at 3 a peimj 
(ill) X things at y a pennj 

(i\ ) a; things w hen y things cost 3 pence 

2 Soho the equation (3x-l)’4 (4 t-2)"=(6x-3)® 

3 Plot tho i»ints gi\cn bj the hiblc below, and deduce the equation of 
Lho graph w hich passes tlirough them 


x?= 

U 

1 

1 

1 

o 

3 

4 

y= 

1 

35 I 

1 

625 

0 

1175 


4. A avalks at 1 m an hour, and 4 hours after his start B bicjclcs after 
iim at 10 m an hour bind, graphicallj, ns accurately as you can, how' 
ar from tho eUirt B catches A up 

6 Multiply 2x®-«x+3 In a^*-3a:+l, checking your 1*081111 by putting 
r5=2 

6 Simplify (2a:+o)(2a:+6)-(2a:+tt)(2a:4 c) + (2a:+c)(2a:-i) 

7 Di\idc a®-oi-06’4 <ic+17tc-12c® by o + 2i-3c 


xvn. g 

1. From the sum of 56-Sa-4c, la-2i-g, and 5c, subtract 

2 Simplify n(x+y)-2(y-s)-(2a:-»-s)][2(x-s)-(x-y)+s] 

3 Sohe the equation 2(x-3) + (x-2)(x-4)=x(x-cl)-'}3 Test your 
esult 

4, Two men bicscle a 30urnp\ of 45 miles in opposite directions, one 
nan doing the loiiniej in b hoiii s, the other in 4 hours Wlicrc do they 
ncct’ Solve the problem graphically, and test your result in any way you 
ilcasc 
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5 Solve the equations 5(a:-l) + ll(y- 4)=97, 

ll(a:-5)+ 5(y-ll)= 0 

6 Divide the sum of 6a:(a:-l)®, (3a:+l)®, and -2(8a:®+3) by 2a;-5 

7 Divide 104 into two parts, such that four times their difference may 
exceed by 2 the sum of one fourth of the greater and one third of the less 

xvn h 

1 From the excess of 5 over a: - 3, subtract v® - 2a;+8 

2 Find the product of o(a: - 6) -a(l - b) and (a: +3) (» - 1) - (a:+2) (» - 1) 

3 Choosing a suitable unit, draw accurately the graph of 3y=2a:+7 

4. A does a journey at a uniform rate in G hours B starting at the 
same time, but at twice A’s rate, is delayed for 2h hours when he has 
gone half way He, however, reached the end of the journey at the same 
time as A Prove graphically that if B travelled at the pace at iihich he 
did the second half, he would do the complete journey ui 4 hours 

5 What values of x and y will make both 

3(a:-4)-2(y + 3) and 2(a;-15)+3(y-4) equal to unity? 

6 Sunpbfy [27{a:-y)(a:+y)-8y(Ga;+y)]-{9a:+5y) 

7 A certain number of shillmgs, and t\i o thirds of that number of 
half crowns, are together less than four guineas by two thirds of the same 
number of florins What is the number ? 

xvn k. 

1 From the excess of 2a:{® - 6) over 6 (1 - 2x) 

take the excess of a: (a; -3) over 3(4- t) 

2 Find the values of 4a!-3ar' for integral \alues of x from -3 to 3 
Tabulate your work 

3 Solvetheequation 8(a;+l)®-10(a;+2)(6a;-7)={2a:-3)®-150a; Test 
your result 

4 A does a journey of 42 miles in hours, and B starting an hour 
later docs the rcicrse journey in four hours Find, graphically, as 
accurately as you can, how far their meeting place is from A’s starting 
point Test your result 

In how many minutes after B’s start wore they first 20 miles apart ? 

5 Solve the equations 1+1=1, i_l=:i Test your result 

X y 2 X y a 

6 Simplify [2a;(a!-I)(a;-2)-(a;+9)«+76]-(a;-5) 

7 A debt, which might ha\e been paid exactly with 5x half-sovereigns 
and X half crowns, was paid out of a £10 note, and the change was found 
to be equal to 15a: half crowns and x half sovereigns Find x and the i 
amount of the debt 

xvn 1 

1, Find the contmued product of 

x+y, x-y, a:®+y^a:*+y^ 

2 A IS a: years old, B y years old, C z years old what was the sum 
of their ages a years ago? 

3 Sohe the equation (xA l){x+S){x+5)=(x+7)[x+9){x-1) Test 
your result 
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4 Taking 7 cms =2 76 inches, draw a graph which will enable you to 
convert centimetres to inches and vice versa 

Fiom the figure read off the lalue'of 

(i) 4 3 cms in mches, (ii) 5 7 cms in mches, 

(ill) 1 5 in in cms (ir) 2 2 in in cms 

5 Simplify [6x{a;-2)®-5(a:-2){a:+2)+2a;+l]— (3a;-7) 

6 A man buys a ciso of oranges at 8d a dozen He finds 54 spoiled, 
and selling the rest at 7 foi 5d , be loses 2s 6d on the transaction How 
many did ne buy ’ 

7 Solve the equations 7y-2a:=l, 2«;- a;=15, 

2y+ 2=7, 10y+3a;=19 


CHAPTER XVin 


RESOLUTION INTO FACTORS 


98 When an algebraic expression is expressed as a product of 
Its factors, it is said to be resolved into factors, and the process 
of finding the factors is called resolution into factors 
We have already dealt ivith some of the simpler forms of 
factonzation , thus ive have seen that 2® - 6 = 2(®— 3) 

In other words the factors of 2® - 6 are 2 and (a; - 3) 

Example 1 Resolve 4a- - 3a into factors 
a IS common to both terms, 

4o® - 3a= a(4a - 3), 

or, the factors of 4a* -3a are a and (4a -3) 

Example 2 6a;*-7a*-2a;=aj(6x*-7x-2) 

Example 3 3a-be — 5ab^e+4abc-=abc{3a-5b+4c) 

Example 4. ISsPi/^—oxy* -20v*y^=5x7/^(3x7/ -y^-4a^) 

^ B — The aboic lesults should be checked by remonng the brackets 

Examples XV 111 a 


[Ghech residta by removing braclets ] 
Resolve the following expression into factors 


1 aa;+a5 
4. a?-5aaP 
7 SaP-loaPy 
LO 25x*-20a:y 
L3 -ay+by+cy 
L5 76a*ar'-67«®a:* 

17 3?yz+xy'^-xyz^ 
19 14ar>-7a^V+56®y* 
BBA 


3 afl—3ax 
6 3a®-3a6 
9 21-66® 
-2ar*+4® 


12 


2 oT-a* 

5 aT®-a®®+a® 

8 a?-xy 
11 ax-bx-i-cx 

14. p-x^-apxy-^pbxy 
16 3p'hP-9px+12 
18 7a6- 76c -216a: 

20 36a:^z - 34xy^+48ayz^ - 18®^%;* 
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TRINOMIAL EXPRESSIONS 


99 An algebraic expression of three terms is called a trinomial 
Examine the four multiplications given below 


ic+2 
'6+ 3 
*2+ 2a: 

-p 3a: 4* 6 
3:2 + 51:+ 6 
(x + 2) (i: + 3) 

='c2 + 5j: + 6 (i) 

a:+2 
a:- 3 

a- + 2% 

— 3a: — 6 

-jjS _ X- 6 

(a‘+2)(a:-3) 

=a:2-lc-6 (ill) 


a;- 2 
a:-3 

a:* - 2a: 

-3a:+6 
a:2 - 5a: + 6 
(a;-2)(a;-3) 

=a:2-6a:+6 (ii) 

a;-2 

a:+3 

x^~2x 
+ 3i;— 6 

x^+ x-G 
(ar-2)(a:+S) 

—x^+v-6 (iv) 


The results are different forms of the expiession 
. x^+jfV+S 

In each case we notice in the product that 

(1) the coefficient of x is the algebraic sum of the second terms 
of the factors 

(2) the third term is the product of the second terms of the 
factors 

In (i) 2 + 3 = 5, 2x3 = 6 

In ( 11 ) -2-3= -5, (-2)(-3) = 6 

In (ill) 2-3= -1, (2)(-3)=-6 

In (iv) -2 + 3 = 1, (-2)(3)=-6 

Keversing the process, in order to find the^factors of an ex 
pression of the form x°+j)z+g, wo must seek tuo numbers whose 
algebraic sum is p and whoso product is q 

Examples 

a:® +7® +12= (a; +4) (a: +3), for 4+3=7 and 4x3=12 
®®-7®+12=(®-4)(®-3), for ,-4-3= -7 and (-3)(-4)=12 
(a? - 4® - 12) = (® - 6) (® +2), for - 0 + 2 = - 4 and ( - 6) (2) = - 12 
(®®+4®-12)=(®+6)(®-2), for 6-2=4 and (6)(-2)= -J2 
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100 In more general form the above results may be expressed 
thus 

a- + (a + 6) a: + a6 = (a; + a) (a; + &), 
x- — (a + 6) a: + a6 = (a; - a) (a; - J ), 

Z' + {p,-h)x- ah = {x+a)(^-h); 
z~-{a~b)x-ab={x~a)(v+b) 

All the above can of course be checked by multiplying the 
factors 

We also see that • 

fl&i? (a + &) a; + 1 = (fl-c + 1) (fee + 1), 
ab3?-\a + b)x+l = {ax- 1 )(& b - 1 ), 
ahx- + {a-b)x-l = {ax~l){bx+ 1 ), 
abT? - (a - 5) a: - 1 = (at + 1 ) (&c - 1 ) 

Thus 3a:2+4a;+l=(3a:+l)(a;+l), 

107:2 _ 3a; - 1 = (5a; + 1) (2a: - 1), 

10a:2 + 3 t - 1 = (5a; - 1) (2a; + 1) 

Also a;2 - 1 lay + 10/ ={z- lOy) (x - y), 

a:2 - 4ay - 21/= (a; - 7 y) (a; + 3y) 

Examples XVHL b , ^ • 

Resoh e into factors • 

1 a?+9a;+20 2. a=-10x-r21 3 a?+10a;+24 

4. ar*+10x+2l V 5 ar'-I0a;+24 6 ar*-8a:+7 

7 a?+3a:+2 . , 8 a^-4x+4y 9 aP-'c~2 • 

10 a/^+x-2 ^ 11 ar2+2a;+l 12 x^+4x-5 

13 aP-4x-3 14. a;2+i2r+35 . 15 a?-6a:+9 

16 a?- 11®+ 10 17 a?-12®+27 18 ®=J-20®+51 

19 ®2-18a;+65 20 ai®-10®+2o 21 ®®+®-42 

22 a^-x-42 23 aP+4x-45 24 ®®-2®-35 ' 

25 ai®+14®+49 26 a?+2a;-63 27 a8-22a;+120 

28 ®2-3®-130 29 ar'+®-72 \30 l-3®+2®* 'X 

31 2l+10®+ar* 32 a^+(p-^g)®+pj 33 aP-(m-i-n)x+mn 

34. s^-r(ni~n)x-mn a?-{m-n)x-mn 36 a;“+(2a+6)T+2a6 
37 ar*-(a+35)®+Sa& '* 38 sfi-(2a-3b)x-6ah. 

39 ®®+(4a-56)®-20a6 40 ap-{3a-3b)x-15ah 

41 aP+7x-18 42 a:®-®-110 43 l-5®+6®® 

44 5 -4x~aP 45 ®2+16®-17 46 40-13®+®^ 

47 l-3r-130ai® 48 a?2-14®-15 - 49 40-3®-®= 

50 a^+x-210 51 42-®-®=-. 52 66+5®-®= 
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Resolve into factors 


53 

l-7a;+6x® ' 

54 

72+x-x® 

55 

ar*-35x+216 

56 

x®+9xy-10y® 

57 

a® + 16a6 + 156® 

' 58 

x®-23x+132 

59 

6aj®-4xy-y® 

60 

a®-2a6— 246® 

61 

x®-22xy+121y® 

62 

x®-30x+225 

63 

x®-73x+72 

64 

a?-26xy+169y® 

65 

x®-103x+102 

66 

73a^*-74x+l 

67 

a?-14ax+45a® 

68 

5ia?-3xy-y^ 

69 

26x®+llx-l 

70 

240a?+x-l 

71 

43x®-42x-l 

72 

1— 5a6+6a®6® 

73 

a?y®-4xy-32 

74 

156x®-x-l 

75 

l-10xy+25x^® 

76 

51ai®y®-20xy+l 

77 

42a®6®-a6-l 

78 

17x®+lCxy-2/® 

79 

54a?+21a^+y® 

80 

54x®- 16xy-y® 

f81 

57 - 22x+ai® * 

82 

a^®-lCa^+55 

83 

x®y®-13xy-48 

84 

x®-93x+92 

85 

167-166X-X® 

86 

ai®+34x+289 


87. 1- 

30x+22ox® 

88 

81x®+82x+l 


89 a?- 

1 

1 

1 

39y® 


101 An expression of four terras can often be factonzed 1 
grouping tbe terms m pairs 

Examples ax-hx+ay-by 

s:i[a-h)x+{a — h)y 

=(a-&)(a;+y) [just as ca;+cy=c(»+y)] 

3aa: - 2liy - 36x + 2ay 
= {^ax - 3bx) + {2ay - 2by) 

=3x{a-b)+2y[a-b) 

=(a-b){3x+2t/) 

' "We might deal^\ith a?-(a+b)x+ab m this nay 

sii?-{a+b)x+ab=siP-ax-bx+ab 

=x[x-a)-b{x-a) 

=:{x-a)(x~b) 

a? - aa? + a** - (a:® - o*®) + {ah: - a®) 

=a^{9’ - a) + a®(» - a) 
={x-a){a^+a^) 

15a® - 6a6 - 5ax®+25ar*=:15a® - 5ax® - Ga5+ 26ai® 

=5a(3a - x®) - 26 ( la - x®) 

~{3a - a?) (5a - 26) 
x»-2x®-3x+6=x®(x-2)-3(x-2) 

=(x-2)(x®-3) 


Examples 

Factorize the expressions 
1 ax+6x+ay+6y 
3 ax-2x-ay+2y 
5 x®+xy+xz+yz 


xvni c 

2 ax-bx-ay + by 
4 bx-ax-6y+ay 
6 x^-xy+xz-yz. 
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7 

aPe^-aed+dbe-M ^ 

8 

a?-2a,+xy-2y 

•^9 

3a:-3y+ay-oa; J 

10 

a'+bc-ab-ac 

11 

bc~a^—ab+ac ^ 

12 

a^c^+bd+abc+aed. 

13 

tt=c + IPd + 5=c + oPd 

14 

a^c-aPd-b^d+b^c ^ 

15 

a?~S)e‘+2x-Q 

16 

ar’-a;y-2a:®+2y 

17 

a:®-15+ox*-3a; . 

18 

'tPt/^+x-+y^+l 

19 

arv^- l-y=+a: if 

20 

a?;(ar*+J)-'c(a=+6=) 

;2i 

K 

+ 

1 

1 

22 

aP+m(m + l)a+m^ 

23 

a?+x'-] r+l 

24 

a:*+a:*+a + l 

25 

2ar*-a'®+2a;-l 

26 

tar~b:d‘+a- b 

27 

2ar'-3’r*+4a;-6 

28 

3*® -*=+12* -4 

29 

7ar>-3a?-21a: + 9 

30 

2r®-*=- lOr + 5 

31 

2a?+14a:=-3a:-21 

32 

Hr»+55*-'+7a;+35 

33 

a=— 5c-6+o"c 

34 

a?~aP+x-aPx 

35 

2a-a?-2ar®+aa: 

36 

2a:® + C*® - ca. — 3c 


102 Difference of two squares. Wc Icno^^ by multipli- 
cation that a--b-=(a4-b)(a-b) Hcnco ivo see that if an 
expression can be written*" as the difference of two squares, we 
can at once resolve it into factors 

Examples a!®-4=ai®-2*=(»+2)(*-2) 

a?-].s=(®+l)(a;-l) 

25x= - m-={5x+3y)i3a, - %) 

10'’-7s=(10+7)(10-7)=17x3=61 
25= - 21==(25+21)(25 -24)=49 

' Examples XVIIZ d. 

Rcsoh e into factors 


L 

l-a? 

2 

Iv- la~ 

3 

*5 -4a® 

4 

a® -49 

5 

Qa^-aP 

6 

9*5-1 

7 

23*" -16 

8 

a~!-9 

9 

25ar»-10 

10 

a®— 25 

11. 

121-5® 

■ 12. 

a®- 9 W 

13 

a?- 169 

14. 

4-n® 

15 

W-121* 

® Iff 

a®5®-c5(P'’ 

17 

0a:V-16a"5® 

18 

101® -1 

19 

n®-^® 

20 


21 

C4-c®tP 

22 

1-91- 

23 

9 -la® 

24 

9a®5®-16 

25 

1535-162® 

26 

*5-10,000 '27 

10,000a:®- 

-1 28 

*=y®-81a< 

29 

aP~b* 

30 

Cl 

1 

31 

aP-dP 

32 

36aJ®-y8 

33. 

aPbV-aP 

34 

l-100ar> 

35 

a=5®c®-d® ^ 

1 - 121a< 

37 

40ar*-3Gi/5 

38 

pq-~4 

39 

144ar‘-^ 

'A m^a^-225b'^ 

41 

81af-G4 1 

42 

inPn- - 1 

43 

0i9®-49f? 

^44. 

ar-169y5 

45 

SldPb”—!! 

\ 

46 

ar«-y>8 

^t^47 

o®-2S<J5® 

48 

121a5- 14155 

j 


49 

25x”-lG0a« 

'Xso 

a:«y®-100 

5L aPt/*-Ujp”- 


52 

l-lOOa^y^s® 


121a:«ilg^l 
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Find by factorization the values of 


54. 3852-2S5» 55 95*-S5= 

58 1001= -1 59 237= -37= 

62 825= -175= 63 97= -94= 

66 f89G=-1892= 67. 97= -9 
70 99999'’ -1 71 116= -16 

74 249= -49= 75 364= -64= 


56 999= -1 57. 37= -27= 

60' 8275= -8273= 61 ,35= -33= 
64 673=-373® 65 99S®-4 

68 2753= -2745= 69 109= -81 
72 125=-25= 73 125=-23 


103 "When the terms have a common factor, this should 
first be taken out The expression can often then he further 
factonzed 


Examples a=-aai==o(a=-a?)=a(o+a:)(a-T) 

12ar - 75 =3 (42= - 25) =3(2a:+ 5) (2* - 5) 
27a=t<2= - 147a=l>==3a=l)?(9W=a? - 49) 

=3a=t=(352+7)(362-7) 


Examples XVIII e 

Resohe the follonang expressions into their simplest factors 


1 

32®-12a= 

2. 7-7aj= 

3 

2*=-2S8 

4 

453^1/^ - 80ara= 

5 3aS-3ar* 

6 

112a=ar=y= - 175a=y 

7 

54a=6=-24c=d= 

8 1410=6’ -564a*6= 

9 

7o=-3436= 

10 

752= -48 

U 11-996= 

12 

45a=6=-80 « 

13 

13a«-13b= 

14. 7a=- 15750= 

15 

i 

1 

T) 

V) 

16 

27ap=- 14709= 

17 605a?c-7206=c. - 

18 

13a6c=-52o6d= 

19 

17-6Sp"g= 

20 7a:=i/®-282=y« 




, 104. Expressions in the fo nn of the difference of two scinaxes. 

Example (o+6)=-(c+d)= 

=[a+6+c+d]ta+b — c+d] *, 

={a+5+c+<i){o+b— c— d) 
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1 {a-h)--c^ 2 a=-(6+c)= 3 (v-y)'^-4a^ 

4. [»+2u)-~lSIP 5 a?-(2a-b)- 6 ^a;^ y)=-{a+6)2 

7 (2a;+Sy)2-(a-+y)s ^8 a=-(4a:-y)* ^ 9 25^=-(a-i)s, 

10 16a2-25(a;+y)® ill. {a:+lp-(®-l)= 12 {2x+a)^-{,2x-a)'^ 


13 (a-2br—(c+dr- 
15 {3x-ijT—(x+2y)^ 

17 {~*P+q)'^~{5p-q)- 
19 4(x+a)®-0(y + 6)S 
21 3(a+6)«-12(r+d)= ^ 

23 (a+h)-- {a-6)= 

25 {3T:+2yr-(2x+3y)® 

27 l-(3*-2y)"- 
29 100-(2o-36)® 

£31 {a^+by- 4 a%‘ 

’>33 a*’/i5-(a6-l)« 

\'35 (x=-2x+3)=-(x»+2i,-2)5 


14 (<i+b+c)~~(x+y+z)~ 
<16 (2x+5)2-(2x-3)2 
18 9x=-(3x-y)s 
20 9(x+y)®-4(x-y)2 
22 C4;)S-(ff-4)® 

24 (2a.-i 3y + a)=-(r-y+a)® 
26 (4r-.3(i)®-(4x+3tt)2 
28 l-4(x-y)= 

30 JCaS-(4tt-6)2 
32 (fl=+2fc5)=-4a‘’fc2 
34 {3a-2)S-(2a-S)® 



105 Harder Examples 

Find the factors of 

T®-a-+ iip~1P-{-4xy+2ab 
The gnen expression inav he Miittcn tlins 

ar+4zi/-^4y~- (n--2(ifi+6®) 


s=(x+2y)®-(a-6)S 

=[x-t 2//4-(f-b][x+2y-a-ifJ 

=r(x+2i/+o-6)(x+2y-tt+&) 






Examples XVIII g 

Resolic into factors 
1 a--2a7>4-h--c'’ 
y’’-a®+2ax-^x* 

2rtX 

1C — 0?— t* + 2afi 

a“-t-2ffx+a^-y--2by-l/^ 13 

14. a=-2o7.+l,2_c5j2cd-ff' 15 

16 x«-x=-2x-l 17 

18 9a-_^-lc*+6"-x--Ca6-4cx 19 


4 

7 

10 

12 


2 c^-rt®— 

5 o3-t5-C=+27»C 
8 x=-4xy+4v"-')aS/»« 
■' 11 


3 ar'4-2ox + aS-7/'> 
6 l-a^+Ziib-h- 
9 x®-2xy+y--9 
1 - ia--Ji®+4«h 
lo® - 4n7> + 6- — a? - 2<'v — c® 
a*+fS-h®-£p-2«c-2it/ 
a”- 7>®+c®+2rtr 
oa® - 10a6 + 66® - 20c® 
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106 Faotonzatioii of«^±rmomial expressions when the co- 
efficient of the highest tei^ is not nnity 

This can often be done by inspection, but if the factors are not 
readily seen, the method described in the next aiticle should be 

employed + 291 ; - 21 = (5a; - 3) ( 21 ; + 7) 

oa;- 3 

Arrange the factors thus x ^ 

® 2a;,+ 7 

Firstly We see that the ^rsi term of the product is the 
product of the Jii si terms of the factors, and the Iasi term of 
the product is the product of the second terms of the factors 

Thus if 6a;® -H 11a;- 35 has factors, 

their first terms must be 6a; and v, or 3r and 2i; 

Also, their second terms must be 35 and 1, or 5 and 7, with 
proper signs prefixed 

Secondly We see that the coelficient of a: is formed by the 
products 5xx7 and 2i;x(-3) [Notice the crossed lines (x) 
above ] 

We also notice that if the hsl term of the pioduct is postltie, 
the second terms of the factors have the same sign if the last 
term of the product is negalive, the second terms of the factois 
have different signs 

Let us take a few cases 


Example Eaotonzo 3a?- 17* +10 

TheAret terms of the factors must bo 3* and x 

The second 10 and 1, or 2 and 5 

are of the same sign, and negative 
We therefore ha^e to choose from the folloiving 
*-101 


3* 
*-1 

3a;' 

3a; 

X 
X 

3a; -2 


-101 

j-thecoeff of* -would bo -(1 + 3x10) 

-( 10 . 3 ) 

^2 } -(3x2+5) 

} ' -(3x5+2) 


The last case is therefore the only possible one, and wo see that the 
jia are 3a;-2 and a;-5 
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After a little practice it ii'ill easily be seen ivbicb cases may be 
rejected 

Example Factorize 7'i?+32a. — 15 

The Jirsl terms of the factors must be lx and t 

The second hft\ e diiTctcnt signs 


7x+15] 

j 

1 coed ofanonldbe -7x1 + 15x1=8 

7X-151 

X 

x+1 J 

j. 7xl-16xl=-8 

7x-l 1 
X+15J 

|. 7x15-1 = 104 

7x+l 1 

X 

x-loj 

|. -7xl5 + l=-104 

7x+5 1 

X 

x-3 J 

|. -7x3+5=-16 

7x-5 1 

X 

x+3 J 

|. 7x3-5=10 

7x+3 1 

X 

x-S J 

^ -7x5+3= -32 

7x-3 ' 

X 

x+5 J 

7x5-3=32 


7x- 3 and x+5 arc the reqd factors. 


Example Factorize 3x^ - 8r - 3 

3 IS Jiof a factor of cadi term 3a: - 3 cannot be a factor 

the factors inubt bo 
3*-! and a;+3, or 3a;+l and a:-3 
The second pair arc the factors, for — 3x3+l=-8 

107 "VMien tbc factors cannot i caddy bo seen by inspection 
the following method is recommended. 

Example 1 Find the f lotois of 2a:®-5a:+2 

2ar-6a;+2= ^ {(2a;)2-5(2a:)+4} 

(This IS the same os mtiltipl>mg by f) 

(Writing 2 / instead of Re) =i[y*-6y+4] 

= i(y-4)(y-l) 

=J(2r-4)(2a:-l) 

=(x-2)(2a;-l) 
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Examples Eactonze 12ai®-a:-20 


-- 12x'*-ar-20=^V[(12j:)®-(12a:)-2403 

( Wnting y instead of 12®) = -^ (y® - y - 240) 


=-A-(y-l6)(y+l5) 
=^{12®-16)(12x+16) 
= |’ 12a;-16 ^ ^ 12a;+15j 


=(3®-4){4®+5) 


Example 3 Factorize 28®®+®y-45y® 

28x-+xy- 45^®= J5[(2Sa;)®+(28ar)y- 28 x 45y®l 
(Writing a instead of 28®) =-^(a-+ay-28 x 45y-) 

We non have to find tn-o numbers whose product is -28 x 45, and 
whose algebraic sum is 1 This can easily be done if we put the product 
- 28 X 45 into its prime factors > 

-28 x 45= -2 x 2 x 7 x 5 x 3 x3 


-7x54-2x2x3x3= -35 +36=1, 
the given expression=-;^(a+36y)(rt-35y) 

=-ig-(28® + 3Gy) (28® - 3oy) 
=(”7»+9y)(4®-6y) 


/ 

Examples XVIll li , ' 

[Sesults shmdd always he'cHScKcd Sy muUiiilication ] 



Find the factors of 

1 5®®- 12iB+4 
4 2®s+ll®-21 
7 2®®+19®+9 
10 9®®-18®+8 
13 9jr*+6®-8 
16 6®®-ll®+3 
19 20®®+41®+20 
24®®-50®+25 
2®®+5a^+3y® 
14®®+29®-15 
31 10®®-13®y-9y® 
34. 26®®-4l®+3 


2 3®®+14®+15 
5 3®®-13®-30 
8 3*=-22®+7 
U 10®® -8® -15 
14. 4^4®"- 63 
17 C®®-®-2 
20 12®2-7»-12 
23 3 - 8® +4®®. 

26 2a?+3®y-2y® 
29 9ar'-9®-28 
32 7a?+4®y-3y" 
35 13r®+4I®+6 


3 3®®-7»+2 
6 5*®+ 42® -27 
9 4ai®-lb®+15 
12 49'i?+21®+2 
15 6a?+lI®+3 
18 12a? -25®+ 12 
21 18®®— 9® -2 
“24. 5+9®- 2a? 

27 12a?+8ay-15y® 
30 14a?-29®+TS, 
33 12a?+17®y+5y® 


108 Bj Multiplication (a +'b){s? - ab 4- b®) = a® + b® 
and <a-b){a2+ab-hb®)=a3-b® 
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Example 1 a;®-l=a;3_is_(a._ij(a.a^T. j,l) 

Example 2 27a»+8&®=(3a)3+(2B)® 

j =[3a+2&][(3a)=-{3a)(2B) + (2B)®] 

=(3a+2&)(9a®- 6aB+4B2) 

Example 3 l-27a:®=l-(3a:)® 

= (l-3a;)[l+{3r) + (3a;)®] 

= (l-3a:)(l+3a:+9ai®) 

Example 4 8ar’+729y®=(2a:)®+(9^)* 

= (2-C+ 9y2)[(2a!)2 - {2*) (9y2) + (9y®)®] ( 
= (2a: + 9y®) (4tP -18xy^+81i/) 


* ^ '' 

Examples XVni k 

Resolve mto factors • ^ 

I aP+y^ 2 aP-y^ 3 l-a:* 4 1+a:* b aP+y^ 

6 x^-y^ 7 8a:®- 1 8 1+8^/® 9 8a®+B® 10 l+27a:® 

II aP+27 12 p®-27 13 o®+]25 14 1250®- 1 

l!i^8a:®-272/® 16 8a®+27B» 17 a®-216 18 343a:’- 1 

19 p»-64 29 94+1/ 21 1000x^+1 22 a®?:®-! 

23 l+o®B» 24. a«B«-64 25 SaPy^-l 26 a:®+I 

27 64a^-125&® 28 27a:®+p®9® 29 216a»-B® 30 6~12^+1 

31. 729a®-8r» 32 1 + 7293^ 33 ^34 Js®-64 

s " 

MisceUaneous Factors (Easy) Examples XVill 1 ^ ' 

1 -8a?>+16x 2 a®-llaB+30&® p3 -3 + 3a:® 

4. 3a»BV-21o®6<c®+18aW 5 3a® -27 

6 6a»-40 7 10a®+9aB-B® 8 3{a-l)®-3(a-2)® 

9 a?y-8xy^ 10 7a®-175 11 -a:®-a:®-a:-l 


12 lloc®-33a-c 13 3-21a:+18x® 714 3a®B®-3a®-3Bs+3 

15 12 -3a? 16 jPq^r*-ZjPq^r»42lPg*r* 

17 3xll®-3® 18 15x®— 36a;+12 19 aP-pv+qx-pq 


20 4a?-36rif-40y® 21 5-45y® 

P lla:®-253xy+1452y®24 3 -81a? 

'26 {x-yT-Sx+5y i^y^27 ISa^-lSy® 

29 3al>-6B-3ac+6c. 30 117a?-13 

32 'pqx‘^+px+qx+1 33 2a?-16a:+14 
35 2a® -50 36 a®+oB -426® 


38 '15j!>®3®-122J®5®+18i)®g® 39 363 - 3a? 

41 24a?-2a;-l 42 2-a?-2a?+a: 

44 3t?+ 27»+60 45 3a?y»-3 

47 8a¥<P-ct 48 17a.8+51a;^-34 



51 2(a:-2/)®-2 
54. a:®-9a?y+20y® 


22 20a:®+30a:y-20y® 
25 4-(3-a:)® 

28 3a?-6a:+3 
31 2a?-250 
34. 7a:’*-14a:+7'i:y-14y 
37 18«8-8y® 

40 9a?+ 36a: -45 
y" 43 5aP~5if ^ 

46 20i)®3®-5 
49 9(a-B)®-4(a-c)® 
52 3-3(a:-y)® 

^ 55 3a®-3&8 
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58 2ar'+24*y+70y® 

61 18ar»-9x®-2a? 

64 15a®6-30o6® 

67 200-15a;-5a:« 

70 !»* - 27a; 

73 a®a: - 125a: 

76 70®+ 7a -770 

r 

% 

109 The Remainder Theorem (Art 95) is often useful for 
purposes of factonzation 
Factorize the exp) esmn a? + 4:X^+x-Q 
"When this expression is divided by a: - 1, the remainder 

= l-t-4-fl-6 = 0, (i) 

i e the expression is divisible by a; - 1 without remainder, in other 
words a, - 1 IS a factor 

Knoiving this we ivTite the expression thus 
a? - l-h4(a;®-l)-}-a:-l 

= (!;- l)(a;2-fa;-!-l)-j-4('B- l)(a!-f- - 1 
= (a: - 1) (a:® -h a? + 1 + 4a: -l- 4 -l- 1) 

= ( 1 :- l)(a:2-f-5a;-i-6) 

= (a:-l)('B + 2)(a;-f 3) 

From the above [see ( 1 )] we observe that in any algebraical 
expression where x is the only symbol used, if the algebraical sum 
of the numerical coefficients is zero, x - 1 is a factor of the 
expression 

Example Eaotonze the expression Gjt* + 13x® + 2a; - 5 
When we divide hy a;+l, the remainder is 

-6-H3-2-5=0, (i) 

a; -f- 1 IB a factor of the expression 
Knowing this we write the expression in the form 
- 6(a:®+l) + 13(a:=-l)4-2(a;+l) 

=6(a; J- l)(aF*-a;-H) + 13(a, + l)(a; - 1) +2(a;+ 1) 
=(a;+l)(6*s-Ga;+6-H3'B-13-f2) 

= (a; -H ) (6a:® +7® - 6) 

= (®-H)(3®+6)(2a;-l) 

Hence, companng ( 1 ) with the given expression, we observe, 
that m any algebraical expression where x is the only symbol used, j 
if the algebraical sum of the coefficients of the even powers of x 


56 l-4(®-y)® 

59 3-3(2a:-l)® _ 

62 3ai®-12 
65 6r«-a:S-2'BS 
68 4a®5c - 6a6®c -t- 8a6c® 
71 ar*-l-®y-42y® 

74 3^-8®®-^4a:® 

77 13a;‘-l-41a;®-f6a;® 


67 39ar*-26r 
60 a^*-v30®+226 
63 5®-h9ar*-2a;» 

66 7®®— 8®-i-l 

69 

72 9iP-18®-315 
75 Aa-+4ab+b^ 

78 aP+px-qx—pq 
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IS equal to that of the odd powers of z, z-f-1 is a factor of the 
expression. 


110 Prove that (a-h), (b-c), (c-a) are factors of the exjpression 
- c) + i®(c - fl) + c®(a - 6 ) 

When we arrange the given e 2 q)ression in descending powers 
)f a and divide by a — b, the remainder is equal to the value of 
<he expression obtained by putting a=b (Eemainder Theorem ) 
This remainder= 6 ®(J-c) + i®(6-6)=0, 

a - 6 IS a factor of the given expression 
In the same way we may prove that b-c and c-a are factors 
)f the same expression 


111 Miscellaneous factors 

Example 1 Factorize the expression 

x*-a*={aP+a-){aP-(^) 

=(aP+a^) (x+a)(x - a) 

Example 2 Factonze the expression 
afi - a®= {a?+a?){a? - a®) 

={x+a]{aP-ax+a^)(x-a]{a^+ax+a-) 

In a case of this kind it is ad\ isahle to consider the expression as the 
liQcrcnce of two squares as aho\e 
Example 3 Resolve into factors 3** - 3a;^ — 18a;^® 

3x^ - 3a^—18x‘y-=3a?{x‘-xy—6i/”) 

=33fi{v-3y){x+2i/) 


Example 4. Resolve (o + 5)® - 1 into factors 

(o+5)®-l=[(«+5)-13[(o+5}2+(a+6) + l] 

' =(a + 6-I)(o®+2a& + 6®+o+6 + l) 

Example 6 Resolve 32{a;+y)®-2a;— 2y into factors 
32 (a: J- y)® - 2® - 2y = 32 (a; + y)® - 2 (* + y) 

=2(x+y)[16(a:+y)®-l] 


^ , =2(a:+y)C4^ai+y) + l][4(a:+y)-l] 

=2(a:+y)^a;+4y+l)(4a:+4y- 1) 
Example 6 Resolve 9aP -49y- -9x+21y into factors 

9a;= - 49y® - 9a; + 21y = (3a: + 7y) ( 3a; - 7y) - 3 {3a: - 7y ) 
=(3r-7y)(3a?+7y- 3) 


Examples XVUJL m 



f 

ir 


Resolve the following expressions into their simplest factors 
1 a:*- b* 2 I6a<-1 V3 32 x*- 2 y* 

4 . x*-aP+2x-l ,5 Scufi-3af 6 . 7(a+6)®-7{a-5)S 
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Resoh 0 tlio follo^\ mg expressions into then simplest factors 


7 
10 
12 
14. 
16 
19 
22 
25 
27 
29 
31 
33 
35 
37 
39 
41 
. 43 
V.45 
s/47 


(a-i)=-4(c-d)® . 8 
4ar’- 12a.®-ar+3 
db {aP + y") - ay (a® + Z»®) 
4ar‘ - Qar'y - 3xi/^ - 9y^ 


oPb-+aOIP 
84*®-8a-='l 
a®6- 6(6-0)® 
r* - Sx" + 4 
a^+(l -a)a-a 
a®+3aa;-3a6-6® 
a7+a®+a+l 
(a®-y®-=®)®-4y'’2® 
a?* + 4a® - 7a® - 1 Oa 
2a®-9^®+4'c+15 
15a® -4a -35 


-a+y 


17 

20 

23 


(1 -a6)®(a+6)®- (l + a6)®(a-6)®- ‘42 


a*-la®-2a®+12B-8 
6x® - 13a®y - 9ry® + lOy® 
a(a+2)a®+2a-a®+l 


(a®-6®)®-{o-6)« 9 (a-y)»- 

11 2a®+a®-18t-9 
13 a(b + c-d)-c{a-b + d) 

15 a<-13a-=+36 

a(a-6)®-tM:® vds af.-3a®a+2<i® 
4(2a+3)®-9(a-3)" 21 i+2a+a®-a« 

a* -1Gb* 24 a®-l 

Ji. 26 (a®+ay)®-(ay+y®)® 

IS./28 a®+(2a+6)a-o6-3a® 

Xv/30 (ft®-6®)(a^-y®)-4a6ay 
206a®+10c-21 
(a-2y)®+{2T-y)» 
{'c®+o®)6+(a®+6®)a 
(oa+6y)®+(ay-6a)®4 c®(a®+y®) 
(a®-a®)6+{a®-6®)a ^ 

a{a + l)'B®+a-a(a-l) 

- 4a® - 6a® + 4a + 1 
a®-4a®+4a-3 
a®(l+6)-6®(l + a) 


32 
34 
X 36 
.'38 
.40 


v/44 

s/46 

48 


49 16a‘-(6-c)< 

61 15a® - 4a®y - 13a^® + 6y® 
63 (a® - ay)®— (ay - y®)® 

55 Gp" - 19pg + 12q® 

67 27a* -48y® 

59 2a® + 7a -30 
61 xtf-yaP 
. 63 6(6-2)- (a® -1) 

65 (2a+5)®-(3a-6)® 


''50 (|+26-cy-(|-6+2cy 

1^*52 a®— 6a+4 
'54 a®+(o-6)ay-a6y® 

56 a+8a®ay* 

V'58 a®-a®-4 
/60 a®a + a(l -a®)-a 
62 4r®- 12a- 432 
64 (a®+3)®-16a® 

66 (a®-a)®-8(a®-a) + 12 


CHAPTER XIX. 

HIGHEST COMMON EACTOR 


112 "UTien a term is tlie product of several letters, each of 
the lett^s IS called a dimension of the pioduct Also the 
number of letters, when expressed without indices, denotes the 
degree of the product 

dPbc^a a a h c, and is therefore of five dimensions 
Numencal coefficients are considered as of "no degree 
^x-yz, and \Zx-yz are therefore of the same degree, the fourth 
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The highest common factor (h c r ) or highest common divisor 
(hod) of two or more intcgnl algebraic ^ expressions is the— 
integral expression of the highest degree which mil exactly 
dmde each of them. 

Coiisidcr the expressions 27a-Pc, 3 is the IICF of 

the numerical coefficients 27 and 15 

The highest pow or of a n Inch mil di\ ide both e\piessions is 
b 

<» 

c c 

the IT c r of the two expressions is 3a-Pc 

Example I'uid the n c r of 15a®iV, COa’t®, 25a*lrc^ 

The n ar of 13, 60, 25 is 3 

The highest power of a which divides all the expressions is o® 
b ts 

No power of c divides all three expressions 
the reqd n c.f =5a*tr 

Examples XIX a 

Find the highe«t common factor of 
1 5a''b, lOab' 2 ary® 3 tfbc, ZaV> 

4. Cry=2, SaPve- 5 O-iV-V, r»a=tc» 6 OaV, 21l»'*» 

7 6x=i/, 3ry’, 9j:=y9 8 9 3aV, 27a*cM8aV 

10 O&irj/S, 13*®!?, 3Sir"y« 11 20iW, 43a'W/, l0ab*ccP 

12 SalxT, 5'iHk, 7ah(P, Ua/wrf 

113 In emjmtnd erprcfsion^ the jrcr can be detcnnined by 
Tnspection as soon as the expressions are resolved into their 
simplest factors 

Example 1. Find the ii c.f of 

a^hx + alt-z and a®6 - 1* 
a*/;r + a^rx=ubx (a + 1), 

a't -i==6(o2- 6=)=t(tt + 6)(a - 6) 
inspection the reqd ii c r is 7»(«+o) 

Example 2 Find the ncT of ar- ITsr+CO and ai®+7a;-C0 
ar*- 17a:-l-C0={x— 12)fa:- 3), 
arT7jr-C0=(x-»-lJ)(x-5J 
the reqd ii c » isx-5 
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Example 3 Find the h o r of x^-4, aP+3x+2, a?+x-2 

a:® - 4= (a; - ‘2) (sc + 2), 
a:®+3a:+2=(a+l)(a:+2), 
a;® + as - 2 = (a: - 1 ) (a; + 2) 
a;+2 IS the Her reqd 

Example 4 Find the hot oi aP-aaP+a-x-a? and sfi-aaP-a-x+a^ 
aP-ax^ + a?x-a?=aP{x-a)+aP[x-a)={x-a){x^+a‘), 
aP - aa:® - a®a;+a®=a;®('i: -a)-cP{x-a) = [x- a) {ap - a-) ^ 

= (x+a){x-ay‘ ^ ^ 

the reqd hot isai-a ' 

Examples XIX b )''' 

Find the h c p of * 

1 (P-ax,aP+ax 2 5a:-10, 4^-S 3 aP+xy, 

4 a:®-4, 3a;-6 5 a®+2a5, o&+26® 6 + a:®-y® 

7 sP-2xy, e®-4y® 8 a:®+2'«^+y®, a!®-y® 9 3?-ZasP,2x^-daix 

10 15a: -45, 3*® -27 11 3a,®+12ry, 4a^*-64y® 

12 4a:®-8ry, 3a!y®-6y® 13 a:®+3x+2, ai®+6a;+5 

14 l'-2a:+a:®, 1-a:® 15 l+2a:+a:®, 4a;-4a:® 

16 a:’-7a:+12,ai®-8'B+15 17 a:*+y®, 5a:®-6y® 

18 a!®-a:-20, a:®+3a:-4 19 a^5-121, T®+12aj+ll 

20 ai®+17a:+60, a!®-7a:-60 21 3x-»+3a», 2a:®+4aa;+2a® 

22 a®+6®, a®6-a6®+6® 23 a;®+a;-42, a:®-9x+18 

24 4ar* + 12-B-72, 3ai®-3a:-18 25 2Aa-lP(a + h)^,2\d?b*(a^+lP) 

26 12»s-r-l, 6a^*-5a:+l 27 2a;S+5a;-3, 7a;®-03 

28 aP-2aP-x+2, 3p-x^-4x-f-4: 29 (5+c)®-a®, (c + a)®-6®, {a+6)®-c® 

30 10a:® + 13a; -3, 5a;® -11a: +2, 5a:® -16a; +3 

31 ai®-7a:+10, a?+2a:-8, 3ar'-3a;-6 

32 (a-&)®-c®, {a+c)®-5® (c-6)®-a® 

33 aP-lOx+25, aP-25, aP-125 

34 a?-{a-c)a;-oc, ar®-(a+c)a;+oc ' 

35 2a?+a:-l, 2a?-5a;+2, 6a:®+a:-2 
1^36 16a:<+36a^*+81, 8a:»+27 - 

'37 a:®-a?-3a;+3, a:®-3a^®+2 

38 a:*-a?-2a;+2, 2ar*-a,-l 

39 15a:»-19ai®+4, 9a:®-qr®-4a;+4 
*40 'e®-7a;+10, 4a:S-25a:®+20a;+25 

114. "WTieii compound expressions cannot readily be factorized 
we find their H o F by a method analogous to the Arithmetical 
method 

Before attempting any such, the student must grasp the 
principle underlymg the Arithmetical method 
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Let us find the H a F of 782 and 5451 

782 ) 5451 ( 6 
4692 

759 ) 782 ( 1 
759 

23 ) 759 ( 33 
69 

23 IS the reqd H c F 

This method depends upon the fact that if any tiro numbers 
have a common factor, the remainder, when one is divided by the 
other, has the same factor 
Thus in the above, 

any factor common to 782 and 5451 is a factor of 759 
759 and 782 23 

This principle, a ngid proof of ivluch inll be given later, being 
true for Anthmetical numbers must also be true in Algebra, since 
the symbols stand for numbers 
Let us now apply it to some examples 

Example 1 Find the hof ot a?+6-^~8z-7 and 7^+8z”+10x+21 

ar'+6*®-8a-7)!c®+8ar*+10a!+21 ( 1 
a:^+6a^- 7 

(a) 2 )2a;^+I8r+28 )a:^+6g°- 8x- 7{z-3 
t:®+ 9a:+14 g^+9a;^+14a; 

-3a;*-22a;- 7 
-3z^-27z-i2 

{b) 5 )6a;+35 (a;^+9a;+14)a;+2 
x+ 7 3 iP+7z 

2z+14 

2»+14 

a;+7 IS the reqd hof ' 

(a) Here we see that 2 is a factor of 2T®+18a?+28, hit not a factor of 
a;®+6a?-8a:-7 v e therefore reject it 

(/i) We see that 5 is a factor of 5a;+35, hut not a Jaetot of a?+8z+14 
we therefore reject it 

The work will be considerably simplified if factors not common to both 
dmsor and dividend are rejected in this way 
BB A L 
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Tune will be saved if the work is arranged as below 


® 

®®+6®®- 8®- 7 

®®+8®®+10®+21 


®®+9®®+14 

®®+6®®- 8®- 7 

-3 

-3®®-22®- 7 

2)2®®+18®+28 


-3®® -27® -42 


®®+ 9® +14 


5)5®+35 


a?+ 7® 


®+ 7 


2® +14 




2® +14 


At the stage (c) we might have shortened the work thus The factors of 
^+9x+14 are z+2 and z+7 z+2 is evidently not a divisor of the 

given expressions 

Dividing x®+6x2-8x-7 hy x+7 we find that x+7 is the H.C F 

When the given expressions have factors common to every 
term, these should be removed first, remembering that they 
themselves may have a common factor 


Example 2 Find the h o r of 

36a;*-78a:®+18aj®+12a! and 90a;* -207a® +63®® +36® 
36®*- 78®®+18a!®+i2®=6®(6®®-13®®+3®+2) 
90®* - 207®® + 63®® + 36® = 9® (10®® - 23®® + 7a; +4) 
3® 18 the H 0 V of 6® and 9® 

We now proceed to find the H 0 F of the remaming factors 


3® 

6®® -13a? +3® +2 

10®®-23®®+7®+4 


6®®- 9a?-3® 

12®® - 26®® + 6® + 4 

-2 

- 4®®+6®+2 

-»)-2®®+ 3®®+ ® 


- 4®®+6®+2 

2®®- 3® - 1 


thereqd.HOF is 3®{2a?-3®-l) 


Example S Emd the h c f of 

6®® -19a? +11“^^ 6 and 10®®- 19®®+2®+6 


(c) 




3® 


-9 


6®®-19®®+ll®+ 6 
2 

12®®-38a?+22»+12 
12®® -27® 

-38a?+49®+12 
-36®® +81 



2®®+49®-69 


2®® -49® +69 

® 

2a?- 3® 

-23 

-46® +69 


-46®+69 


10®®- 19®®+ 2®+6 
6®®- 19®®+ ll®+6 


® )4®® 


- 9® 


4®® - 9 

4®® -98® +138 

49 )98® -147 
2® - 3 


(a) 

id) 


The reqd hof is2®-3 
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N B — It IS not necessary that the first term of the dn isor should go nn 
exact number of times into the first term of the dividend See (a) and (&) 
It iS| hoMCicr, sometimes comcnient, as at (e), to introduce a factor 
At (d) Mc reject the factor a:, uliich is not a factor of cither of the given 
expressions 

116 If A and B represent any integral algebraical expression, 
then if A and B hare a common factor, tlicir sum or diifcicnce has 
the same factor 

Ijct p bo the common factor of A and B, and 0 and D the 
quotients when iv e dn ido them by p 

Then A=pC, and B=pD 

A + B=j;(C + D), le p IS a factor of A + B 
In the same ivay A - B =p(0 - D), p A - B 

Further if A and B hat c a common factor p, p is also a factoi of 
njA+TiB and 7/iA-«B, nhoio inA and nB aio any multiples of 
A and B 

Lot C and D bo the quotients when we divide A and B byp, 
so that A=pC, and B=pD 

7nA+«B=wpC+npD 
=p(wO+nD), 
p 18 a factor of wiA+nB 
In the same vv ay, ;nA - iiB =p(mC - nD) , 
p IS a factor of tmA - 7iB 

This can often bo employed to shorten the work of finding 
a iror 

Find the ii c i of 

573 + 16x2 + 232-6148 and 3a? + 48x2- 103a:- 5148 
The diflcrenco of the two expressions 

= 2a?-32r2+1262 
= 22(a;2-162 + 63) 

= 2x(iS-7)(z-9) 

Now 2x IS not a common factor, nor is » - 7, foi 7 will not 
divide exactly into 5148 

2-9 must bo the nor if there is one 

Examples XIX. c 
Find the highest common factor of 
' 1. 30a®ar*-6a*a?+5a®j:, 9aa? — a’a;+2a* 

2 ar*-2i?y-27=y*’-3xy*, ‘la?y+2x®y-+2xy3-y* 
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Fmd the highest common factor of 

3 2x*-5aP+a!^+5x-3 

4. 2ar»-7a^'+8a;-4, 6a,-»-6ar'-lla;-2 
2»»-6a!+C, 4x»+a:"-12a;+4 
-^6"l3x® + 14ar*+12a;+16, 2!c<+7iB»-4a:S-a;-4 

7 2a:‘+9iy*+14a;+3, 3a:* + 15a:»+6a?+10a;+2 

8 12ar'+9x®-4a!-3, 16a? +8®*+ a? +3 

9 2a?+9a?-17a;-45, 6a? - 29a? + 31a; +10 

10 a?-6a?+8a:®-lla;+2, 2a? - 11a? + 8a?- 6a; +1 
'll 6a?+lla;®-31a;+14, 4a?-47a;+7 
42 6a?+12a;®+3a:-2, a?+3a?+a?-a?-4 

13 4a?- 17a?+3a;+4, a?-17a;+4 

14 2a? -7a? -46a: -21, 2a? + 11a? -13a? -991; -46 

15 15i?+6a;*-45a;-18, -49i?+28a?+147i;-84 

16 6a? - 25a:®y* - 9y^, 3a?-16a?y+i;y®-52/® 

17 3a?+3a?y-27a,®y + 33a?i/® - 12y*, 6'i?-6a?y-16a^®+26a;y®-10y^ 
48 251** + 61?- a: -1, 20a?+a?-l 

19 r^4-4i’*+Sr-»-fir ^4.2ir®4.iia®4-4r-»-4 

20 3a? + 17a? -62a; +14, 7a? + 62a? -46a; +8 


REDUCTION OP PRACTIONS TO LOWEST TERMS 

316 We shall assume throughout; that as the symbols stan 
foi numencal quantities, the ordmary Arithmetical rules con- 
cerning Vulgar Fractions apply to Algebra, leaving the proofs of 
those rules to a later stage 

In Arithmetic 

8 4x2 4 

So in Algebra ^ 

° md b 

abc^ acxbc ae 
b^c ~ bx be ~ b 

ax-bx _ (a-b)xx a-b 
abx ab XX oJ” 

4:a^~-6ab _ 2a(2a-3b) 2a -3b 
60 ® - 4o5 “ 2^(3a - 25) ~ 3a -2b 

j i;^-5a; + 6 {x-2)(x-3) (x-2)(x- B) x-3 
'c2-4'C+4 (*-2)2 (®-2)(*-2)“®r2. 
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117. A fraction is reduced to its lowest terms liy dividing its 
numerator and denominator by tbeir E.C F 
The HOP should always be found by factonzation, when 
possible 

Eeduec to its lowest terns 

^ (3a;-l)(a,+ l) 

_(3a:-l)(a:+l) 

(a:a_l)(a:+l) 

=-s — ^ in its lowest terms 
X--1 

Reduce to its lowest terms 

3a?-Ua-+l6a 

The denominator =a(3fl2-14«r + 16) = fl(3a-8)(a-2) 

Hence it is evident that if the numerator and denominatoi 
hai e a common factor, it is a - 2 
Acting on this knowledge, wo ivnte the numeiator to show 
a - 2 as a factor, thus 

(a3 - 2a2) - (5a? - lOa) + 6ff - 12 

= a2(a-2)-5a(a-2) f 6(fl-2) 

= (a2-5o+6)(a-2) 

= (a-2)(a-3)(a-2;, 

(fl-2)(a-3)(a-2) (fl-2)(a-3) 

the given expression 

® ^ c(3a-8)(rt-2) a (3a -8) 

in its lowest terms 


Examples XTT d 

Reduce the following to their lowest terms 


4a* 

2. 

3 

10a®6®c 

8a 

5ax 


2AalP(?^ 

ISi^yV 

K I8ab*(? 

a 


24r*y«s 

12aW 

0 


a* 

8 ^ 
aP’-vy 

9 

Sax 

a-+a6’ 

4ax - Say 


Ca®— 9a& 

12 

83p-12xv 

Sa3p-2axy 

^ Sab -12P 

Gx- — 4xy 

3af»-3*T/* 

ahx—ba? 

15 

xy-xyz 

S3^-5a?y^ 

“ acx-cx®' 

Sbz-Sbz^ 



166 


ELEMENTARY ALGEBRA 


[OHAP 


Reduce the following to their lowest terms 


16 

aj=-2a. 

V'17 

3x-afi 

18 

a^-5a:+6 

aP-5x+6 

19 

l + Sr+2a? 

1 - 2® - 3a,® 

20 

x^+(a+b)x+ab 

ar‘+(a+c)x+ac 

21 

22 

'c®-2ry + y® 

23. 

b--a- 

24 


a®+2a6+ft® 

25 

2ar»-18 

\/26 

ar*- 30^+2 

27 

3r®+3'B- 18 

a;«-a?-2 

28 

a.®-2ir*//’+y® 

a;0_yb 

29 

a.®-7a!+10 

2x‘-x~6 

30 

31 

Si 

3r"+2a:-l 
■ir*+a:®-a:- 1 
a;* + a:®+l 
a,®+a;+l 

32 

'.35 

(a'+&)®-(c+tf)® 
(a+c)-*-(5+tf)® 
a?+4a?— 6* ^ 
a:®-3aj+2 

33 

' 36 

.37 

a?* -9a® 

‘ 38 

ar'+4a?— 5x 

, 39. 

a^*-6a^•-+9a® 

'ti^-6x+5* 

40 

aP+ar+a~3* 

a®+3o®+5a+3t 

41 

3a®-7ah+46» 

3a^-ab-2lP 

42 

43 

6a®-13a6+66® 

^a^-5a6-65'* 

jj (2a+b)®-c® .c 

4a=-(6+c)® 

27+ a® 
9 4*3® 


a^+4'B+4 
a!®+6x + 6 

l + (g+6)a;+aha:^ 
l + (a+c)a;+aciH 
a?-(a — b)x-db 
a^-{a+c)x+ac 
a®+2ab+6®-c® 
o2-6='-26c-c* 
ie^-a,-20 
-B^+a:- 12 

3ar*+7a:-10 

(a;-y)g-l 

(a;+l)®-sf’‘ 

d-Cg+y)’^ 

(x+2)^-y- 

jin 3ar®+5!i.+2 


MULTIPLICATION AND DIVISION OP FRACTIONS 

118 

■He pvei. eNpro».«,=||t|x^x^^ 

(factoiizing and dividing nunieratoi and denominator by 3a) 
_ a-bc(b-c}(a~c) 

~4ab^(a - c) (6 -c) 

_oc 

~4b 

[for a, b, (6 - c), (a - c) are all common factois of numerator and denominator] 

Example 2 Simplify ^^+^-2^ a;°-!c-2 t;°-1 

afl-23, x^-2X'-8 £c--5» 

The gi\ en expression = (a;-2)(‘B+l) a;(a;-5) 

a:(a:-2) >(a-4)(a+2)’^(a:-l)(a;+l) 

_ a!-5 

~a;-4 


*The sum of the numerical coefficients is zero a-1 is a factor 
(Art 95 ) 

+The sum of the coefficients of even powers = the sum of the coefficients 
of odd powers (Art 95 ) " - 
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Examples XIX e 


Simplify the following 

1 a^-y^ .^ ay+y- 

• xr+2xy+y- aH-a:y 


3 

5 


a?-A. 2 

2a;-4^a;+2 
a!^-5a;+6 T:^+5a;+4 
a?-lfa ^ ar'-4 


a;-3 

X-4: 


„ a:2_49 a!+7 

x>-9 x+3 
. 4ar®-l 2a:+l 
^ 4y2-l 2y-l 

_ a^+(g+&)a;+a6 x+a 
s?—t? x-c 


7 

9 

11 

13 


14. 


16 


17. 


18 

19 

20 
21 
22 

23 

24 


25. 


26 


a^+5a;+6 a,+3 
a?-25 x-Q 


25tt°-l 3a;+2y 5a -1 

QnP-iy^^ 5a+l 3x-2y 
6a^+5a;+l 2aP-llx+5 
Qa?-x—l ^2x--llx-b 


2aP+x-l / aP+4x+3 2a; -1 \ 
23?— a:— 1 \aP+4x—5^ 2x+l) 

aP—5x+6 3(a?— 49) a?+5a;— 6 

a?-10a:+21 ’'ar+6T-14 aP-x 


a?-64.. (-B-S)** a?+2a:-15 

a?-16’^(a;H4)®-4a: 4a:®+16x 


8a?4-14a;+3 12a? — Gr 18a?— 6a; 
8a?-10a;+3^4a?+oa;+l 4a?+a.-3 


(g°+aa;)- g^-a? a+a ; 
(a--ga;)®^a*+a?' o-a; 



6a?+6 a?-l a?+a? 
(a;+l) — a;’'a?-3a?’^ a?-l 


(g-h)--<? c ac-bc+e^ 

ab-Ir—bc^ a?+ab—ac a-—{b—c)" 

3a;-6a? , l-8a? 3+6j;+12a? 

l-9a;+lSar-^(l-2a;)= l+3a;-18a?’ 


a?-g* a?+a® 

aP-2ax+a~ a(x—a) 

aP-x-G aP-3x 
aP+x-2 aP-x 

x*-27x aP+3x+9 
ar-9 a;+3 


(a+b)0-c^ (a-6)® 
^3 a^-(6+c)»’^(a+6)a 


a?+216 a?— 3a? a?+2a;— 15 

a?-a;-42^a?-ba?+36a?~ 2a; — 98 


a?+a?+l (a;-!)^ a?+8a? — 9a; 
a^•-l ^ a?— 1 a;+l 



8a?-26a;+I5 3a?-7a;+4 4aP+x—3 
3a?-j;-4 ^2a?-7a;+5 x — 1 

a?-g* a?+a” (a?-o^ 

a?+g®^a?-2a’'ar+^ (r*— o^+o'*)(a? - 2aa;+a*) 

15a?-31ay+14y- 2Ia;^-9ay 27a?-63ay 

10ar-+a;y-21y® 3xP-2xy+3x~2y 2x-+3xy+2x + 3y 
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CHAPTER XX 

LOWEST COMMON MULTIPLE 

119 The lowest common multiple (lom) of two or more 
integral algebraic expiessions is the integral expression of the 
lowest degree which is exactly divisible by each of them 

The L 0 M of and a6® is 
a®, d?, a\ a-isc^ 

\2a? and ISa^ is 36o®, for 36 is the LOM of 12 
and 18, and a? is the LOM of a? and o® 

Example 1 Find the !• c M of 21a®6Sc, 7aW, and 2a®6®c® 

The !• c ai of 21, 7, and 2 is 42 

The i> c u of a®6*c, d?l?d, 

must contain a® or it would not be divisible by the first expression, 

It 6® ’ third 

and c® B^nd. 

42a®6®c® IS the reqd L c M 

J \ 

Examples XX a 

Fmd the lowest common multiple of 
1 d?bc, alPc 2 a*®, 4a^ 3 4a\ Ga® 

4 Gxij% 15rV 5 42a:®y, 49y% 6 a®, 2ab, i® 

7 lOr®, 12zSy®, 4xi/ 8 a:y, yz,zx 9 8aS6, 12a®6a, 3a&® 4&® 

10 a*, 4a»6, 6a®6®, 406®, 6® 11 64®V 

12 o.y\az\a^,aH 13 o, 2a, 3a, 4a, So 

14 d?l?,d^,ah 15 6aW, 4a5Sc®, 9a®6®c 

16 8a%®2®, 5*®^%®, 12arys«, 16a;»y®za 

120 The LOM of compound aip7esswns can be determined 
by inspection when the expressions have been resolved into their 
simplest factors 



LOWEST COMMON MULTIPLE 


IGO 


w] 

Example 1 Find the i. &m of ti®i> — a%x and db-c - Jflcx 
aPb - a-bx=a-b {a - x), 
ab'C - b‘Cx=:br^ (a - x) 

Thus wo see that the reqd L c m is a-lPe [a - x) 

Examples Fmdtheii.CM of ar®-5a;+6 and a?+2'i;-8 
a? - 5a: + 6 = (a - 2) (a: - 3), 
a?+2a:-8=(a:-2)(a:+4) , 

(a;-2)(a;-3)(a;-f4) IS the leqd LCU 

Example 3 4a*U‘c+4a?b"cx, 6a‘*6(?-Co®6c®a;, and 3a?We~3V‘cx^ 

4a*brc+4a^b"cx=4a?b'‘c (a +a:), 

Ga'bc^ - 6o"6c*:a;= Ga^bc- (a - x), 

Sa-lf’e - 3iPcx- = Sb^c (n? - a?) = 3&®c (a - a;} (a + a:) 
l2d‘lPc- (o - a:) (a + x) is the reqd L c M ’ 

Examples XX b 

Find the least common multiple of 

1 4a,, 4(a-a:) 2 tf*, a(tt-6) 3 2(a-a:), 3(a+a;) 

4. 3(o+ild, 7(a+f») 5 o*i»(o-(&), oi®(o-6) 6 xyz{x-y),xy 

7 2a^*(a:+y), 4ay 8 C(a- 1), 2(x+l), (ar- 1) 9 ar,a‘-ax 

10 2a*-«-2a-a, 4ax 11 3a~3h,5a-Sb 12 4[x-y),3(a?-y-) 

13 X?, 6(a**+l) 14 3(ax-hj), 4(ax+hy), G(a^-lPy"-) 

15 x(x‘-y\y(x+y),x{x-y) 16 8(1 -a), 8(l+a:), (l+a:®) 

17 3(ar>-l), 4(a?+a;+l), ()(a:-l) 18 *= + 3r+2, a;=+6a:+6 

19 a?~2x+l,a?+x-2 20 a®-9a;+14, ar!-10a+21 

21 ar*-3a:-4, a:=+2a:-24 22 (a + h)=-c=, (a+c)®-!/® 

23 6(a*+y)®, q(a;+y)» 24 2ar!-7'r+ 1, 2ar'+5a:-3 

25 3a?-7a:+2, 3ar'-*-8a;-3 'f'26 (®+y)®, (a:-y)® 

27 a?-3Cy®, xP+lxy+Gy'^, aP+Sxy-Gy^ t 

28 •!{a"b+ab%2l(dr+ab),3'){b--ab) 

29 Six^-y^ 6{x?+xy), 4{x?-x^y) 

30 12x®y(*®-3a:+2), 18ay®(r-l), Sir'{a-2)® 

3L a?-U>,2a^-iab+b‘^,aP+a?h + aV‘ 32 2ar*-7a;+3, 3a?-7a-C 
33 a:®-5a;+6, aP~2x-3, ar*-a;-2 34 x‘-4, 'tP-x-2, a:?+2a:®-a:-2 

35 G(a*-a%% ISmbia^-IP), %{aPb+b*) 

36 6a-{a:’-p’), 9(a:*-a:y®), 12(a;®+2a:y®-2arV-y®) 

37, ar*-4a®, a:®+2aar®+4a®x-* 8a®, ar -2aar'+4a®3'-8a® . 

38 x-—{a+b}x+ab, x-+6ax-3ab-h\ a?+(2a+b)x-ab-3(i- '>v 

39 4a?-12a?-a:+3, 2a:®+a®-18a:-9 V 

40 ab-V^-ca+be, bc-c^-ab+ca ^ 
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CHAPTER XXI 

ADDITION AND SUBTRACTION OF FRACTIONS 

121 We have already seen that, just as in Anthmetic 


so m Algebra 


3.5 3+5 

7 + 7 7 » 

ic y x+y 

ci> a ’ 


and 

Of 0/ (L 

When in Arithmetic ve Tvish to add or subtract fractions 
ivhich have different denominators, the plan is to reduce all the 
fractions to egviialeni fracitons having the same denominatoi 
We adopt the same plan in Algebra 

, a-S x~2 3[v-3) 2(a!-2) 

4 “ 6 “ 3x4 ” 2x6 

[12 IS the £ c M of the denominators 4 and 6 We therefore multiply 
numerator and denominator m the first fraction by 3, and m the second 

= 3(a;-3)^-2(g-2) ^ 3iC-9^-2a;+4 (removing brackets) 

=5^ (collecting like terms) 

Examples Simplify 

The giien e3q)ression= yi” tJ i - 

® ^ 4ar=x3a: 3a;x4ar' 6x2*“ 

(the ii asr of 3*, 4Tr®, 2*® is 12a:®) 

4a:®+12ar*-12a^®+9a:+30 

12*5 

_4a?+9a:+30 

IS5 ■ 


Examples YYT a 


Simpbfy the folloa ing expressions 


1 

i. ~+~~^ 
ax bx cx 

7 ^ g+L 


2 EL 

x^3x 2x 

5 ;^+^ + 4 

be ac ab 

Q 2a:-l -^ar-S 

° 3 ~ 6 


3 14+1 

a b c 

„ x~3 x-4 

® "3 — r 

9 g-h 

a ~ b 


8 
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10 

13 

15 

17 

19 

21 


<ix-y Zz-2y -- a;-3 
xy ~ yz 3a: 

a:+l . a;+2 , x -4 

a-b a+b a-+4ab+2b'^ 
b a 2ah 


x-B -o g+3r 2p-g 

5v ‘ 3gr 2pg 

14 =c+y 2x-7y . a;-3:/ 
o ■■ 10 3 


16 


x-y j y-g j z-x 
xy yz zx 


2c-a a-b 3b 
3c 2a ^40* 
3&+4a 6-Cc a+6c 
2ab 3bc 4ae 
a9_j9 c«-as 

ab- ~ &*£= ■‘■'TiV 


18 x^+y^ 

X xy- ” a? ■ 

QA 2a: 4*1 3a:*t~2 1 
3a: ”” 5a: '*'7 

/oo 3a: - 6y 21a: - 14y , 38a: - 57y 
\ 3 “ 7 19 


122 Note carefully the truth of the folloiving statements 

1 -1 ^ 

X- 2 


2 - a; a; — 2 

Tins IS obtained by multiplying numerator and denominator 
by -1 

a—b b—a 
c-d~ d- c’ 

ix-Zy iz-Sy 

y-x z-y 

30-26 


In the same way 


and again 


Example 1 


Example 2 


40 

a~b~ b-a 
. 7a+3fl-26 
a-6 


7g 3o-26 
'a-b^ a-b 

_ 10a -26 
a-6 


Simplify 

x+y x+2y 


x+y, 


(a) 


Tlic li 0 M of x+y and a:+2y is {a:+y)(a:+2y) 

Multiplying nnmentor and denominator m the first fraction by a +2y, 

second 

the giien expression 

(x+2yUx+y) lx+2y){x+y) 
_ {x+2y){x+3v)-{x+v){x-Gy) 

{x+2y)[x+y) 

_ a?+Bxv+Gir^-{x?-Bxy-Gy'’^) 

~ {x+2y){x+y) 

_ aP+5xy+Gy^-x-+5xy+Gy^ 

{x+2y){x+y) 

= 10^+12y- _ 2 y{5x-i-Gy) 

(x+2y)(a:+y) {v+2y){x+y) 


(b) 
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The abo\e example is woiked out m full After a little practice such 
steps as (a) and {b) may be omitted 

The common denominator should generally be left in factors, and the 
result reduced to its lowest terms 

Examples Simplify 

The given expression= 

_a—h a—b 
~~b 

={a-b) 

=(a-6) 

_ a(a-b ) 

~b{a+b) 


a+b 

a+b-b 

b{a+b) 


Examples XXI b. 

Express the followmg in their simplest forms 


1 

_i_+ 

I 

2 

3 

. 1 

3 

X 


»-l 

Ct 

x-1 

^1-® 


4 

_1 

a»+3 

1 

a:+4 

5 

6 3 

2a:-3y 3y-2a, 

6 

7 

3 

2 

8 

X 

+ _V_ 

9 

1 

3*-! 

2a;+3 

x+y 

x-y 

10 

a;+5 

x-5 

11 

x+3 

x-3 

12 

x-2~ 

2-x 

t-3 

®+3 

13 

2a;- 1 

2x-l 

14, 

1 

2x-v 

16 

1 

x-\ 

x-y 


16 

1 

2x 

17 

3a 1 

18 

l-2x 

1 

1 

9aa- 

4&® 3a +26 

19 

X 

+ y 

20 

4 

16-3® 

21 



a;-4 

®=-16 


K + 3 TJ + d 

_4 ^ 

»+6~a:+3 
!b+2 x+5 


a;+4 a+lO 
3 4 


1-a; (1-a:)- 
ix 4 
{v+y)-~ x+y 
2y . 1 


(x-2yY x-2y 


x-y 


1 


a!®-y® 2x + 3y 

(In the first fraction, x-y is a common factor of numerator and 
denommator ) 

a—b b—a 


25 

1 

28 

30 

32 


y-x {x-yY 
1 1 


a(a-b) b{fi+b) 


23 

26 


c—d d-c 
2x 1 


a^-ix- 2a;+a 


24 

27 


x+a 

a?-a? 

29 

a 1 

x-a^ 

oa-a® 

aS-96- ' 36-a 

a+36 

2a +66 

81 

1 a+1 

a-2b 

2a +56 

O'*-! ' o®+a+l 

1 

ar*+4y® 

33 

1 3a 

x-2y 

a?-8y® 

9a®-3a6+6® 27a®+6® 


2a -h a- 2b 
c-d d-c 

3{o-h)^2(6-a) 
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Si. 

36 

88 


a®-46» aS-9&= 


a—2i a-^ib 

aP-^5z~-4: a?— Sz-rS 


35 




z^-y^ 


z—4 

x-2 


x-2 

z-4 




a?— z-2 a?-5z-r4 
a:°-4i/^ z-2y 
x‘-*-2x7f X 


ar'-ay— y’ a^-^xy+y"^ 

(SIT-' 

a?-3z-28 a?J-2z-35 
6zJ-ay 9z°-y^ 

4 6z-r2y 


41 


Example 1. 


6* 


a— 6 a-*-6 a-—lr a-— F* 

_a{a~-h)-b{a — h)—}fi a® 

(taking the first three fractions together) 
a®-a6-a6-^6=-h* a® 


a®-6® 


a®-F* 


a2_62 a=-i-6® 

a®(a®-r»®-a®-tl.®) 

a«-h* 

2a*h® 


Example 2 Simpbfy 

The gi>cn 
the fractions) 


'a*-b* 

3 1 


3 ... 1 


z— o z-3<r z— a z-r3a 
The g.>cn expression=(^-^)-(^-^) (rearranging 


3zJ-3a-3z-»-3a z-3o-z-3a 


xr—a- 
6a 6a 


— 9a® 


a L 
6 3 


Simplify 
1 . 


ar— a® a?— 9a® 

‘^®®0?^~a?-9a®) 

6a (a? - 9a® - a?-^a®) 

~ (z--a®)(z2-9a®) 
-48a® 

(a?-a®)(ar-9a®) 

Examples ZXL c 


:ia 


fl— i» a— h a®— ir 
1 


' -4- 1 


I -3z^ l+3z l-9r® 


2 

4. 


45 


1 , 1 , 

a^b^b-a 

1 I 


z®— 5z-r4 a?— 4z— 3 
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Simplify 

„ G 1 1 

° os-fi® 3(0-6) S(a-J-6) 

7 .i 2 

‘ a-1 x-2 x-3 


R _J L-__i 

S[x-3) a?-9 2(x-3) 


„ 1 Sr r-3 ® 

® ?::3“ar-27~ar:-Sr-9‘ " (o-6] 

„ _J I . 1 ,9 

a«-4r-3 r=-5r-6 ar-3r-2 

_i 1 L_ 14 

“ 6x-2 2r-f Sa:-r a?-3: 

IK ^ ^ I 

^ 2(r-2) {r-2)(x-3). (r-2){a;-S)(r-4) 

1R fy 3g Sr-2jf 
sr->- 23 y~ x^- 2 tr ary 

(r-2)(a;-3) ar-«-6 9-a? 

a* — Sa6— 26® 6a®— 5^6 — 66* 6a®— a6— 26® 

3a-26 


g® 0—5 1 

a®— 6® a®— a6-*-5® a— 6 
ah ae 

(q-o)(6-c) {c-e)(c-5)' 

,9 _i 3(r-»-I) I-^2r 

r— 2tf 2r— V 2r— y 

Sr 4 1 


a?-3r-2 1-r s-2 


a-*a?>— a— 6 * 

112 

a;»_2s» 

x‘-2r» x *- 43 ? 

x-1 

x-1 1 

2i:*-4a:® 

2jr-43r' a?-4 

xfy-ay* 

X t/ 

a*-y® 

a?-y* X*— yS 

2y 

•lia > 

X 1 

^ 0.£ ^ n..' 


2 . 2 . ^ 
a?-Sr— 13 ar-4x— 3 6»-a?-5 
1 *> Sk-*® T 

^ x-1 ®-»-l l-r® (x-1)® 

S 3 3 


a?— x-2'*^l-a® ar— X— 2 


5 0^9 

a^=-3x-2S x=-x-12'*'a?-10r-2r 

_f 1 SO _1 

X— 3 X— 4 X— 7 ^ 4(3a- 


2*®-4x-2 3r®-3 

^ l-a?~l-ar‘~l-ar' 

5 9? 

^ a-b~a-2a a-S6 
1— a? 4r® 1-ar 
^ 1-ar ~ F-ar' 


®?-' 4(30-3^) 5(3a-«-a=) 10i9a=-r*) 

•n ^ 1 1 no 3y X— J2y _ 

^ 2*®-4x-2 3r®-3 4a?J-Sr+4 ^ x-Sy x^^~~ 


» n. _5x 21a;®— 6x 2r 

3x-2 9r®-4 3r-2’ 

nn 1 1 

*®— 2iy-3y®’~t.'®— 2ay-Sir 

W _i 2_ 2 1 

^ g ®-2 <^-i 
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39 


ar-7jy— II tt 2 x ?~7 xv -4 i ^ 


40 


sr y 3~ y 
x-y a:-y i=-y® y*-a? 


4 jr— llay— 3 y Sx®-Gzy— jr 

a a ^ ( 22 -?' p— 4 g - ( 3 g— 2 &jf— 4 ^ 


4 g^ 2 a* 

a*-&* a~b o-a 


4a— Sb 3 a- 4 i> 

6g°-5gy-6y 15?^— Say-12j^ „ x y g— y 

^ 14r®-232y~3jr 3-5ar— 47a:y— 6jr ' "* x-y-z y-z-x x—y^ 

^ 1 1 1 1 


iv 

49J 

V 

5L 

53. 

5L 

56. 

58 

60 

62. 

63. 

64. 
66 


0-5 

0-3 o 

—5 

a^3 

1 

1 

a- 

-^7 

a — 6 

2 ( 0 - 6 ) 

2 (e“- 6 *) 

^ 1 — ^ 

4 <r 

Ss 

1 -a 


46 


4W 


50 


12 4 8 

g-1 a^-l'ar'-l a«-l 

3 15 S(h; 

“ S-2r (3-2r/*“(3-2a:)» 

S7?-2r-4 g-1 ^ 

a:®-i ~s^-x-^l~x-l 

1 3 2fr-2) 


^ 1 ^ 

x(r-2j a~-5r-6 gte-3) g-1 g-1 a~-l 


a*->ir— 2co lr~Za~-‘-2/ih Sa-"— lOab— 3^ 
2 r-rl 3 1 6 05 


a=-x — 1 s 1 -x 

SiS 22“ 


55 

57 


a5“ 


hx‘—i^ 4 r*-*- 2 *y— jr y- 2 r 

_2 3 2t-5 

g -1 (r-lj“ sS- 2 r -3 ^ 2 'x-J) a=- 7 x -10 2 (a:*- 9 g- 18 ) 


c-6 (a—br {a—bf 

_1 3 3 ^ 

x-i~ x-Z x-2~x-^l 

1 x-5 ar -6 


2 rv-ii“ 


61. 


ar-rji“-ay x— y x*— y* ’ x-3 x— 3 x-1 x— I 

IQr-ll lOr-1 a~-2r-5 

3(sr- 1)~ 3ia=-x-l}~ (a*- l){x-l)' 

S(x*-x-2i 3 far-r- 2 > Sx 
3 ?— x -2 XT— s -2 sr—4 

a— 2 a cfl- 3 g* 
a 0—2 Sc“— & 

2 r -9 X X 


2 _ 2=-l 2r»-I 

x=-x x“-r+i~‘?rr^ 


x“- 7 x -12 s?- 5 r -6 a;s- 3 r -2 


„ a {a“- 2 rjx ora*-Zrj 3 ® 
®‘* 5 tr Irlb-axj 


68 


69 


70 


a-2b 


2 t 2 a-t) 


Sr -2 2 r-l 4 - 3 x 
3 fa-&) 


2 a“-lIo 5 - 12 ’^ 4 fl“- 4 <i'>- 3 ’>® 2a--lBb—itr 


1 


X — V-- 


1 - 


1-t-x 


X — jr I , 1 

^ x-ry <75 O— 1> 0—6 

^ 1 1 ' 

X— y 0—6 0-6 


x~y— : 
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Simplify 

„„ a.®+3»+2 f, 3(3x+2) \ 
(-c-ip V 3-^^*^8iC+4/ 

*° \x^-4^a^+8j aP-2x+4 



Cl 

1 

1 

(T'-t-V/ 

l+( 

(v-yV 

\x+y) 


x-2- 


x^- 5 x 


.^+1 

2a;+4 


a^-ax+afi 


a+as- -s : — « 

a- — ax+x^ 




™ 6Vc a)^c[a b)^a\h ej £ 1 


((i+36)*-{a-3I.)2 

( 3 a+by-{^-bf 

tn^+rfi 

71 ~ 71l® + 7l“ 


81 


op Z-V^ 83 Z^xfl+l] 

“ l_i m--n^ 83 

m~n b^~ a 

84 L.\ 

\o-2a! x-2aj l2o-a: a-xj 

f 5(7 2b ) f 2a 2b~a) 

^ \a-Gb~3a-2bj\a+2b~2b-iaJ 

80 1 1 37 a;(rH l)(a;+2) a;(g+l)(23;+l) 


*-s:r2 *+:^ 


92 fa+b a-b\ 

a-’+W \a-b^a-ibj 


{2a+3){a^+3a+2)-2{a+\){a'‘+2a) 


(2a + S) o® - a (a® - 2) 


2»+3-- 


4 ( 7 ® 

'bab + db- flGa* 2a\ 
dL- \Slb*~3b) 
4a- - Ga6 


96 1 - 


*+ 3 +— Vf 4 a+-T 

a a!-2aV, sf* 


a»-ar» 

+ff»+a" 
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a-x h-x a+x b~x 
m fc+g a+x b+x~a~x „ 45 26 Wn 65 8 \ 

a+x 5 -"a a+x ® \ x-gJk x+7^x-2j 

b+x a-x b-x~ a — x 

99 f ■ g+tt ) f ^ ^ 1 

l(!B+a)®^(a:- «)=]’ \(a:+a)® x — [x-a)^] 2^_£_ 

/I 1 100 

“1 (i^+i45-i)w I 


x+y x—y X y 

102 y~g 

x+y x-y X y 
x-y’*'x+y y'*'x 

I 

{oc+5d)®-(od+6c)® 

{a-b){c-d) 


S'' 

J(ff> (» + i, + c)(^ + i+^)-^^(^+Ii.+^) 


o+b fc+c 
a b 
b+c~ c+a 


loe {(«.!)•., 

•tnn {oai®+(6-c)a:-/P-{aa?+(b+c)a:-/H 
\ax‘+{fi+e)x-ff-\a3?+{b-e)x-ff 

108 (yz+2x+xy)(l+^+^-xyz{^+^+^ 

inq (2 3" , n 1 \ 

r m'^m^+2mn) 4w- [ 

\ m+nj 

uo 

111 «^-(6-c)®.6»-(c-a)®.c*-(a-6p 
(c+(i)s-62’^(a+b)*-c- (6 + c)— 0= 

“2 


s«?-oa;-2a® 


a:®+a®-2a® 


(2a+b)a;+2a6 a^®+(2a + i()a;+2o6 

114 9a^-(y-g)° , y^-(g-3a!)° g^-{3a;-y)g 
(3* + 2 )® - y® '*' {3a! + y)-* - z® (y +z)8- 035® 

«e '{(tt+b)(a+b + c) + c®}{(g+b)® — c®} 

, {(a+6)®-c®}{a+6 + c} 

U7 
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Simplify 


i-^x— 121 (l+a)<i-J^ + ^' ^ "°"a 1 

mi »+r— 5 i '*'l+a+a®J 


Piove that 

,„n 0-26,0-25 2(o+5)_ 25(o+5)(2o+6) 

0-6 ■‘'0 + 36 0 + 26 “(6-a)(o+36)(o+26) 

123 _®_+_L_+_i_=-J_+-J_+ J_+2 

■*■ ax-ai^^bz-'c^^cx-a^ a-x^b-x^e-z x 


CHAPTER XXII 

HARDER SBIPLE EQUATIONS INVOLVING FRACTIONS 

123 The usual method of solution is to clear away the fractions 
by multiplying both sides of the equation by the L C M of the 
denominators 

The work can often be shortened by sundry methods illustrated 
in the folloiving ivorked-out examples 

Q p 

Example 1 Sohe the equation — ^ — = - — 

^ 4a:-3 3x-6 

Multiplying both sides by (4a; - 3) (Sa; - 5), the I, o M of the denominators, 
3{3a:-5)=2{4a-3), 

9a:-15=8a;-6, 

ar=9 

Examples Solve the equation -^2 23; ar+lO 

^ a;-l a:+l ar*-l 

Multiplying both sides by (a:-l)(a;+l), 

3a:(a: + 1) - 2a;{r- l)=a;S+ 10, 

3a^*+3a: -2ar*+2a;=a:-+ 10, 

5a;=10, 

x=2 
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Esample S Sol\ c the equation - *' ■- - - 

* 2a:-l .Ix+l 3a;- 1 

Simplifying each side of the equation separately, 

2na:+l)-3{2a;-l) 3(2a,+l)-2(3a,- 1) 

(2a;-l)(3a:+l) ~ (3a:- l)(2a;+l) ’ 

6a;+2-6a:+3 6j;+3-6a:+2 

(2a: - i) {3a; + 1) ~ (3a: - 1) (2a; + 1)’ 

5 5 

(2a;- l)(3a:+l)~(3x- l)(2a:+l) 
Dividing both sides by 5, and mnltiplying up, 

(3x - l){2a:+ l)=(2a:- l)(3a;+ 1), 
Gr»+a:-l=6a;®-'r-l, 

2r=0, 

a:=0 

Example 4 Soho the equation 

HT! “ O tiS? “ O 

The equation may bo iv niton — ~ \ 

^ ■’ 2a:-3 la:-5 

. V . 1 ... 1 

‘■*’2a:-3“‘<'^3a;-6’ 
3x-5=:2a;-3, 
a:=!2 

Examples Soho the equation 

' a;-5 *a:-3 t-9 x- 

Thc equation may be avntten i 

a;-o+2 x-3+2 a;-*)+2 x-7+2 
x-o x-3 ~ x-9 ~ x-7 ' 

2 2 2 2 

Dividing both sides by 2 

_l L___l L_ 

x-5~x-3 x-d~x~7 
Simplifying each side separately, 

(x-3)-(x-5) _ (r-7)-(x-9) 
(x-5)(x-3) (c-7)(x-9)’ 

,2 2 
(x-6)(x-3)“{x-7)(x-q) 
Dividing both sides by 2, and multiplying up, 

(x- 7)(x-‘))=r(x-C)(x-3), 
a~-16x+GS=x‘’-8x+16 
-8x=-48, 
x=0 


2 

2a,+ 1 


6 

7 
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Examples. XXll 

(In the' case of a fractional solution, express the result m decimals correct 
to two decimal places ) 

Solve the equations 

x-3_x+12 „ x+3 . 2x 3 22 _ 6a;-l 

a;-4~a:+8 * 2x-3 4x-9 x+5 2x+7 


3 3- 


x+5 2x+7 


® +_i^=l 
■c-l x~5 


e aJ+1 , 8x-3 
jj^~6'^15a!-20 


6a:-5 1 3x-4 

8x- 12“ 12“ 6a;- 9 


1 4 25 

a;-3^a:-4 a:®-7a:+12 

11a; 24 88 

x+20’^ x~ 

9(12 -a-) I 17 -a; 
4 ('b+ 1) ■'‘4“ a:-8 

a;-4 a;-2 ‘C-IO a;-8 
15-5 i;-o“a:-ll a;-9 

6a:+2 2a:-9 . 2a:-13 
-B + lfi"*" ®-6 a;-6 


5x-7 1 4 x-3 

10x-6“10"4x-2 


X/10 ._23_ 

x-1 5V»-1 3J lO(x-l) 

19 6t;- 7 9x-12 _ 12a;-25 83;-18 
2a;-3 Sx-5~ 3x-7 2x-5 

30+6x . 60+8x_,j . 48 
-c+l x+3 ■*'x+l 

If? 3 x- 14 3x-8 _ 3x-S2 3x-2G 
x-6 ~x-3“x-ll” *~9 


19 I±2.£z2_2 
x-3^x-6“‘^ 

3x+2 , 2x-4 c 

23 _1 2_ J 

" x+1 x+2'^x+4“^ 

25 + _2_ 

x-1 a;-4 x+2 

»7 ^(2x-l) 2(7x-l) 1 
3(x-2) “ Cx-13 “3 
OQ 6x+l 2x-5 4 
y 3x-5 3x-4“3* 

/m lOx+17 12x+2_5r-4 
18 llx-8 ^ 

/ss 

x-1 x-rl 

35 I+a? 2+Sx l+3x 
1-x 2-3x“ "^l-Sx 


X 

«+l_35fx+4\ 28 18 6 

:-l ” 9 Vx+aj*^ 9 6x-4“ 


2® 27 
5 “14 
. 36 


8r 6 , 

2x-3".3x-2“* 

3r 2x _o 
x-1 2x-l 

1 1 1 

15-lOx 15 -6x 15x-(-120 
3x-2 x+17 _l 
2x-3“x+10~2 

J: L.-3/-i l\ 

x-1 r-3" \x-2 X-3J 
X— 6 X — 7 

x=-6x+6“ar*-8x+15“® 
x-1 X _ x-8 x-7 
x-2 x-l“x-9~a;-8 

i.'i 

x-4 x-3 4Vx-5 x-1/ 



\xn ] 


HARDER SIMPLE EQUATIONS 


181 


07 

a?- 

1 .» 

-®4 

X- 

®-3 

L/ss ^ - 

_1 

. 1 + 1 - 

Of 

X- 

5^x 

= 9+ 

x~ 

1-3 

x-1 

x-6 

x-7 x-9 

39 

3x 

-4i 

7x+4 

5 

40 -^-s- 

1 

_1 ^ 

2 x 


8 x- 

7 

8 

x-3 

x-4“ 

'x-6 x-7 

A 1 

5x 


3x- 

26 

__6x- 

■24 3X-32V 42 

T -1 

4 . £±2 +5^2= 

teX 

X- 

-7 ^ 

X- 

9 

~ X- 

-S+T-ll 

x+1 

^x-2^x-l 


CHAPTER XXIII 

MISCELLANEOUS FACTORS FOR REVISION 

ryrrt a 

[Grouped in batches of 10 ] p 
Rcsoh c into their simplest factors \ 

1. aai^-bx 2. ar'+lla+lO 3 3*®-3 4 2*®-8a:+6 

5 ax-bx+a^-lfl 6 l-2a;-3ar* 7 4a®-46® 

8 l&c*+24x+6 9 8xa+14*-15 10 tt?+2sfi-x-2 


11 20ry-15y5 12 aa?-aJP 13 x»-62x+51 V lAJ^a®-!) 

15 x’+oa^+o^+o’ ^ 16 72-»-a® 17 (o+h)®-a-6 

18 lCx«-60x-21 1/19 a--b--t?+2be 20 ab*=-4oa;-3te+12 


t 21 3-6i+3ar» 22 27x®-12x+l 

24. 3ax+2bj/-2bx-Sap 25 3a*-Sl 


23 20aS-46 
.26 C+3x-2*2-ar' 


27 35*»+12i:-32 lr2S xV+l-x^-y® ’ 29. 6-6x-ac®+x»^\ 
30 o»a“+6»yS-oV-f.’j? ‘ 

i31 63aft- 216c -2456® 32 04a?+l'>*y-y® 33 Gx-ay-ax-i 6y 

v/ 34 . 35 27x®-6x-S 36 343a?-7y- 

t37 a?y®-l -x®+y®0 “^8 (o-6)®-o+6.j ^39 x®-C4y® 
v40 (a4-6)®-5g-56 + G L- 

4L jPa^-^ffhe+p 42 x®-25x+15G 43 x(x+S)+S(x+6) 

44 33*®+20a:y-32y» 45 x=+2ax-76*-14a5 ' 46^+6)®-(a-6)s ' 

^7, 15a?-2(i6-5ac+G6x 48 2x®-128 ' 49 4x®-7x-3/'^A 

v/50 (6x+oyr+{6y-<zx)3-e®(x=+y®) ' ' 

51, x®-16(x-4) 62 (a+i)®-(6+})® 63 ae+14x-147 

,yfe4. 3(o-6)®-3o+36 55 12x®-14a6 + 8ox-216x'* 56 x®+3+2x®-to 

27x®+210x-123 Cl58 a?-3oy+3xy-o® ' 59 o* - 1G'(6 - 
t/60. o(o-l)a?+x-a(o+l) t ^ 
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I Rcsoh e into their simplest factora v/ 

'^1 a2+2a+hs+2h+2ah 62 35 ^^- 71 a:y- 21 y=V 63 3{ar'>-y-)-4a:+4y 

64. hV-h® \ k x*+2x‘^+,,« 66 

67 32a-^+352E=+320r ' 68 y)"{'«:-2/)=i('e-=!uy;y;y-y) 

69 46V-(a5-ha-c®)= 70 {2a -h)*- [a -2b)* " 


71 _^a2^^*d5bL+J> 72 39a?4-14a:-8 73 16(a;'--^) 

74 ax+hy-av-cx-TiaH cy 75 (a?-2)®-a? 

^ 76 (a!+y)=-13(a;4y)£+42rt! 77 (3a-fc)<-(a -3h)^ 

7 8 aH+ ae-~altx^b~J/~Jic-^by -79 8 (2j. + y )L-t-t.a.=i2tfl® 

80 lGr*+4^y®+y‘ ' 


REVISION PAPERS 


xxm. b \ 

1 ■> 

1 Rcsolio the following into their simplest fictors 

' {i) a3^-a* (») 

(ill) 75^*-7Gl;+l (i\) a7/-5x-6y 

2 Find the ii o r of 2.i? - 5x -3 and 3a? - 81 

^<11 

3 Simplify —i-- j, and find a salue of x which will make 

33**1 •l**^*^ 

le e\prcs3ion equal to zero 
4. Multiply a?- ox +hx- oh hj sfl+ax-bx-ah 

5 Using half nn ineh ns x unit, and one tenth of an inch ns y unit, plot 
the points gi\en by the table below, and join them by an men cuno 


1 

II 

-4 

-3 

n 



-1 

0 

1 

n 

3 

1 

5 

V* 

II 

to 

C.I 

IG 

0 

4 

> 

0 

1 

t 

0 

IG 

2". 


Rend off from the figiue, the \alucs of x when y=:7 and 13, and the 
\alucs of y when x=l S and -2 4 


6 Sohe the equation 


a?-2r+4 a?-5 
x-1 “x+l 


7 A bicycles at the rate of 12 ra nn hour, stopping for 6 minutes at 
the end of ench hour B starts 2 hours 24 minutes Inter on his motor car, 
mid, pursuing him, catches him up 42 miles from the stni t w ithout anv 
stops At what rate did B travel? Soho the pioblcm {:ranhicalh and 
algebraically b i J 


XXIII c 

1 Resoh 0 the follow mg into factors 

(i)2a?-8 (ii) 2a?-5x+2 

(ill) o'+fiah+hs-c" (ii) a?-y--3x+5y 
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\xm ] 

lU. s..»pi.ty 

3 FindtlioucM of 3a''b~3't''l/\ 4a}^~4aV, 2aV^ ^ 

<k Smiphf\ [(a*-l)5+2(a:-l)(2i;-l)-J(2.r-in-(3r-2) 

5 Plot flic points (10, 10), (1), IS), (30, 22), (30, 10) If the quadn 
lateral joining them represent'? a field, each square unit representing one 
tenth of an acre, iind the area of the field 

6 Soil c the equations Check j our result ** 

3x 4y 72’ a* 3y lb 

7 A tram does n joiii-ncv without stoppages m 8 hours, if it had 
traaclkd 5 in an hour fneter, it would ha\c done the. joiinicy in G hours 
40 iiiiniites Find its slower speed 


I 


xxm d 

Resohe into factors 

{i}2^+'tx+3 (11) n*‘-fr-2te-ar 

(in) c’-{ a7»-oc-fc (i\) 3-36’ 

Find the II c r of ar^-nx-hx-i-a^t, ar+ ex- ox -ac, and bifi-aVi ^ 

^ Siinplifj 

4 Draw the gnnh of a:-»-2i/=b, and from it write down all the positive 
integril solutions of the equation, not counting zero values 

6 Div ido tt* - Ifi bj a’ - nh 4 

6 Solve the equation -ll— -^4 ..1— 

a-2 ar-1 x4-l 

7 In an innings of a cricket eleven the team were accounted for in the 

follow me manner Some were Btiimpd, half ns nuiny ogam were caught, 
and half the wickets that fell wire bowled Ifow innnj were stumped, 
caught, and bow Icvl rcsjicctivcly’ - ^ 

xxm e / 

Rctolve into factors 

(i) x’-2S3 - 128 ( 11) nx-2y-2r4-oy 

vfni) a:3-nx*T7x-3 (iv) l + inSo» 

* ^ {a-by-t? ie-h)^-a= f--(a-(*)- 

rindthci^avi of a~- x^-a--2, x’-2r-3 ^ 

A bicv clc" a jotiniev of 30 miles in OJ hours, and B, starting lA hours 

after him, am e« at the end of the joiirncv 30 minutes before him If thej 
ride at iinifom sjiecfls, find graphically where B ps'ses A Calculate your 
result to the ncw«t trnth of 1 mik 

6 Divide 6ar’-/ir*4 Cj:*+17t 4'C by 6jf^4-7x4 2 

6 Simplify 

* ^ 2a.-3 x-1 3x+2 

7, What value of x will make 


.11 


A3 
' 4. 


(* 4-t )’ - (x - r)’ equal to 2x 4- 3 
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. 1 . 

2 

3 


xxm. f \ 

Resolve into factors 

(1) 2ar!+9T:-5 (ii) (2a +6)2 -{a +25)2 

(m) a(b+c-d) + d{a-b-c) (iv) aP-aPs-xy^+y^z 

Emd the h c r of c2 - (o - 5)®, (o +c)2 —IP, (c - 6)® — a- 
^ 2.1 5 

l-a" 


Simplify + 

^ “ 37 


(2-a,)® 


Check youi result hy pnt- 


(l-a:)® 

binga:=:3 

4, Draw the graph of 2a:+3y=21, and from it write down all positive 
integral solutions, counting zero values as positive 

5 


5 ^ 

Solve the equations y ~ J=1J» 


^ 1 Check your results 

6 By doing a journej' at the rate of 12i miles an hour a bicyclist 
completes it m 3 minutes less tame than if he had travelled at 12 miles an 
hour Emd the length of the ]onmey 


Solve the equation 

*+4 a;+6 a+9 a+ll- 


Test your answer 


YYTTT g 


Rcsoh e into factors 
(i) 12ai2+7a;-12 
(lu) 052-2- a:+2r2 


2 Simplify 


(n) 4a-+b^-<P-a‘+4ab+2ed 
(i\) a^-{B®-y2+l 
a5*+a^+l ar*-2 as^+l 


a;*-4 ar* — 1 !c-+2 
"3 Emd the Seii of 3(a;*-*2y®), 6{aPj/-+y*), 9(a?-a?y+a^2-y2) 

4. The majority agamst a certam motion is equal to 6i per ceut of the 
total number voting If 12 of those who voted agamst the motion had 
1 oted for it, the motion would haa e been earned by a smgle vote Emd 
the numbeis i oting on each side 

6 Divide a;2-6(4o+6)a;+(a+25)(a2+36®) by a:+o +26 
6 Sohe the equation 2^ ^9_3a:+7 3aj+16 


answer 


•c+l a;+4 x+2 x+5 


Test 


your 


7 A man travels at the rate of a feet per nunute 

Hou long does he take to do a mile 7 

How manj yards does he traiel m on hour’ 

How many miles does he travel in y hours ’ 


1 Simplify ^a5+iy_^a,-i^ 


xxm h 

3 


2 Solve the equation Test your solution 
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3 Plot the points (0, 0), (1, 1), (4. 2), (9, 3), (16. 4). (25, 5), (1, -1), 
(4, -2), (9, -3), (1(), -4), (25, -5), using one tenth of an inch as x unit, 
and half an inch as y unit Join the points by *in even cun c Estimate 
the corresponding y islues on the curve nhen a:=ll, and aihen j;=23 


4 


Simplify 


(a+h)* 

a- y^a-b) a?-ab 


5 A fraction is snch that its denominator exceeds its niiincrator by 2 , 
also if the numerator is diminished by unity and the denominator increased 
by unity, the fraction becomes equal to ^ Find the fraction 


6 Solve the equations — 2a,=2i 

y 

^+2a;+5][=0 Test your solution 

7 What IS the interest on 


(i) £300 for 1 j car at x per cent 

per annum ’ 


(n) 

4 jears 

, simple : 

interest 7 

(HI) 

£« for 1 jear 

> 

? 

(»') 

y jears 

9 

7 


xxm k 


Divide a^+1 + — by a. - 1 +- 
ar •' X 


4 17 3 

Solve the equation — -=s._ — . Test your solution 

5a, -1 25ar-l 5x+l ^ 


From the equation 


Simplifj ('l_o.V+v:\.i±V_A.^\ 
V X xr) X_v \y yfj 


L + jii — find the value of - 

-o 2-x (a;-2)(y-6) y 


5 At what tunc (to the lunrcst minute) do tlio hands of a clock point 
in the same direction Iwtvv con 1 and 6 o’clock ’ 

6 Solve the equations *y-*- la:=7, 

xy~"ix=il4 Test j our solution 

7 In the equation y=;^-ar, find the corresponding values of y to all 
integral values of x from -3 to 5 Tabnlate jour work lUsing half an 
inch ns x unit, and one tenth of an inch ns y unit, plot the points, and join 
them by an even curve 

xxm 1 

1. Divide (a:®— y®)*-(ar*-3ary+2y®)®bj {x-y]- 
2 Solve the equation ** ^ Test jour solution. 

K 37 “T* 4 737 ™ A 

Simplify 

V tt~+b —<?—2ub a-b+c 

4. Find two numbers whoso diQcrcnce is 27, such that the larger 
divided by the smaller gives a quotient 7 and a remainder 3 
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5 Find values of a and h wliicli will satisfy both the equations 

---=7, —-—=2, when !t=iandy=4 
a y " X y ’ - 

6 Solve the equations 3a:+4y+14=0, 

Sx-2y+ 6=0 

Deduce the solution of the equations 

|+i+14=0. 

5 -?+ 6=0 

a; y 

7 If 2a;-3y-l=0, and a;y-3r+2=0, prove that 3y®-8y+ 1=0 

xxm m 

1 Divide (a®+2a6-362)3-(o=-4a6 + 3&®)®by (o-6)® 


2 Solve the equation 

3 From the equation 


19 


_3 1 

2x+3~2-x 2 (2* +3) (a; -2) 


Test your solution 


=0, find the value of - 


y-i x-2 (»-2)(y-4) 

4 Simplify 

(a;®-x+l)® a:*+l »®+l 

5 At what time (to the nearest imnute) do the hands of a clock point 
in opposite directions between 4 and 6 o’clock ’ 

6 Try to solve the equation — ^ ■ _ + 7 b — r What con 

* a:+4 2aj-7 (7-2a:)(4+a;) 

elusion do you draw ? 

7 A horse is bought for £85, and sold at a gam of x per cent What 
IS the selling price ^ 

By selling a horse for £92, a profit of x per cent is made what was the 
original price of the horse 


CHAPTER XXIV 

SQUARE ROOT 

^ 124, Every quantity has tivo square roots, equal in value but 
opposite in sign 

E g the square root of 4 is +2 or - 2, 

for ( + 2)2 = 4, and (-2)2 = 4 
^/4 = 2 or - 2, 

> , as it 18 written more shortly, a/4 = ± 2 
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At present we will only deal with the positive root 
A square is always positive, for by the rule of signs 

ay 0 = 0,-, 

{-a)x(-tt)=a-, 

f c whether a quantity is positi\ o oi negative, its square is positii e 
lienee W'e we that a negati\o quantity Jins no squat o root 
The square root oTaliegative ^antity how ei er has an inter 
protatioii, but this hardly* conies into the province of Elementary 
Algebra 

The square roots of simple algebraical o\picssions can be scci 
by inspection J(a*b-)=a^ 

y X- X 
Examples XXIV a 

Write down, or read off, Uio positno Eqimro roots of tho following 


1 

x* 

2 a” 

3 

4 

afig*. 

5 

al>* 

6 

7 4a’6* 

8 


9 


10 ¥ 

11. 

12. 

81o*6® 

c® 

13 

•01 

14. -So 

16 W 

1C 

1 

0001 

17 

1 

lb 

18 -1? 

<{0 

19. -ORV 

20 

lC<r> 

4b* 

21. 

l-SlaV® 

22. IJjx’y® 

23 

24. 

OOG4x« 

OOOly''* 

25 

0(o-tr 

26 l^(2x-iy)* 

27 01(10x+10y)2 



126 The square of a t-implc expression is also a simple c\- 
jiression 

Eg ( 40 = 62)2 

AVo Itnow also that tho square of a binomial expicssion is a 
tnngmial expression 

(a: + 2)2=a:2 + 4® + 4 
(2j;4 3)2 = 4*2 + 12*+ 9 

Tims we sec that a binomial expression has no square root 
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126 The square root of a tnnomial expression which is a 
square can usually be determined by inspection 

(a± 5)® = fl®± 

Hence all trmoimals -nhich are perfect squares must be of the 
form + 6® 

Thus W +I2xy + = (2xf + 2 (2®) (3y) + (Sy)® 

JiT^ + l2xy + 9y® =2x+3ij 
-12xy + 9 f = 2x~3?/ 

/ The form of the square of a binomial {(fi±2ah + W) is of great 
importance 

Consider the expression 

x^+paz+a" 

By comparmg this with the above we see that if it has a square 
root, that root must be a;+o 

But (z+ay=z-+2at+a^, 

if a?+paa£+?i® is a perfect square, 

p must be equal to 2 


Examples XXIV. b 


Determine the square roots of the following expressions 


1 a?+2xy+y^ 

4. 4a?~4ab+b^ 

\I7 25a?-3Qab+9lr 
10 9ar*+24xjr+163/® 
13 169a=+52al»+46= 
16 a*-2a‘b-+b* 


2 a?-2xif+y- 
5 aP~6x+9 
8 49i®-14a;y+y® 
11 121a®-44al>+4l.s 
14, 8la^~18ab + b^ 
17 4a<+4aV+6< 

20 o«+4a562+46« 


3 a~+4ab+4b’ 

6 1— 4»+4ar* 

9 4a5-2Sfl&+491i» 

12 l-2a?+a:« 

15 25ar®-70xi/+49y- 
18 x*y'^-2aPy+l 

21 ar'-K+x 


22 f-a6+68 23 

4 V' X- 

l>,25 26 a2-5a+^ 

/ 28 (a+l.)®-2(a«-6=)+(o-5)= 29 

" 30 9(o+l))»+6(a+6) + l 31 

32 (o+li)2+2a{a+6)+a® V 33 
34. 16{a-y)2-8(a;-y) + l 35 

36 (o+6)2-2a(a+6)+a2 S7 


24. a?-3xy+^ 

^Z7. (a!+y)®+2(a,+y) + l 
{x-y)'‘~4{x~y)+i 
(a+l.)^+2(a4-h)(c+d)+(c+d)® 

(a+2&)-*+(a+26)+J 
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38 16(a:+y)®-24(ar*-y2)+9(a;-y)= 
40 

^ X* 

AO (a+6)® {a+h){x+i/) , {x+yf 

^ — 9 3 +— 4- 


39 


What must be added to the following expressions to make them complete 
squares ’ , 

43 o®+6® 44 a?-4x 45 9+a? 

46 4ar*+25i/s ^ »^7 (o+6)®+2(a+5) 

48 Determme the value of p if - 4px+ 16 is a perfect square 

49 For what \alue of a will a?-2x+a be a perfect square’ 

50 What value of p will make x® + Qpxy + g®y® a perfect square ’ 


127 To imd the square root of any com/pounA exp ession 

The method depends upon the fact that the square of a + i is 
2a&+6®, which may be written in the form 

fl2+5(2a + 6) (1) 

Let us take an easy example 

The first term in the square root of 36*2-841:^+49^^ is 
eindently 6* _ 843.^^49^2(6* 

36*2 

-84a:y+49y2 

Subtracting its square, i e 36a?, from the given expression, the 
remainder is - 84*y + 49y2, which may be lyntten 

-7y{2xQx—7y) 

Companng this with (1), we see that m this case a is 6*, and 
therefore J is -7y 

Hence we have the following rule 

Having obtained the first term, (6z), double it, (12z), and 
divide the tflrst term ( - 84x7) of the remamder by it The 
quotient ( - 77) is the second term of the square root 

The full work is best arranged as below 

36*2 _ 843;^ 4. 49^2 ( 6* - 7y 

36*2 

-84*7+4972 

(12*.- 7 y ) X ( - 77) = - 84g?/ + 4972 

Explanation Having obtamed the first term of the square 
root, 6*, wc double it, 12*, and divide it into - 84*7, the first 



190 ELEMENTARY ALGEBRA [chap 

term of the remainder ■when is subtracted The quotient 
( - 7y) IS the second term of the answer 
Add - 7y to 12® and multiply the result hy - placing the 
result - 84 ®y+ 49 y 2 under the remainder 
If the student carefully compares the following -with the expres- 
sion o2-t-6(2a+ J), he wiU see the reasons for the different steps 

a2 + 2a6+5® (a 

0 ? 

2ah+h” 

(2a -f i) X 6 = 

128 Find the squaie root of 

25t* - 30pa? + 49pV - 24p®® 1 

25ir* - 30p®® + 49pV - 24p®® + 1 ( 5z“ - Zpz 
25®* 

^3Ci/^+49^ 

(10®® - 3jb®) X ( - 3p®) = -30p®®-h 9ph- 

40ph“ - 24p®® + 1 6p* 

Thus far the work is exactly similar to that in the preiuous 
examples, the reasons being the same 
Thinking once moie of the expression a® -p 5 (2a -{-&), ue see 
that if the given expression has a square root, the remainder 
40p®®®-24p®®-{-16p* must he of the form 6(2a+&), rcmembonng 
that now a is 5®® - 3p® 

We therefore repeat thepiocess of the fiist step 
Double 5®® - 3p®, obtaining lOx® - 6^® 

40p®»® - 10®®= 4p® gives us the next term of the answer 
Add this to 10x--Gpx, obtaining lOt^- 6px+4p- , multiply 
this by 4p®, and place the result under the remamder 
The example is worked out in full below 

25®* - 30p®® + 49p®a.® - 24p®® + 1 Gp*( 5®® - 3p® 
25®* \ + 4p® 

(10®2 - 3p®) X ( - 3p®) = -30p®3+ 9^=®® 

4Pp®®® - 24 jp®® -f 1 6p* 

(10®2 - 6p® + 4p®) X 4p2 = 40p®®®-24p®g-H6;?* 

5®® - 3^-j- 4jo® IS the reqd sq root 
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129 The square root of a compound expresaion can often he 
seen bv re-arrangement and inspection, 
ar — 2ai® — 2- -i- 2*-*- 1 

=3^ - 2fl? - ar2-^-(a?-r 2a; J- 1) 

=s5^-2s52(a;-l)-s-{a;-*-l)2 [a^-2ai-i-i^] 

= [a?-(a;-l)3^ 

<^z?^-2^-7?^2x-\=z^-x-\ 
a--^lr-rC~- 2lc - 2ac-^2ah 

= a- J- 2«(Z' — c) — 5^ c- — 2if; 

(arranging m descending powers of a) 

• Ja--^l/^->-(P — 2bc — 2aeT2ab=a-^b — c 

Find the square root of 

2 19 

25 9a^ 5 3a:- 15 

Arrange the expression m ds'^ending powers of t 

25 5 15 3a:- 9a:*V5 

25 

(f-i).(-i) 4-" 

i_ 

15 3a:2 

2..JLVJ- ±-A..± 

3a:V 15 3a^ 92^ 

Examples ZZIY c 

^ Find the sqmre roots of the foIlovTng expressions • 

L af— 27®— 2a:— 1 2. da:*— 4a:?— or®— 2a:— 1 

3 a:*— 2*?- 5a®— 4a:— 4:. 4^ of — 4fl?&— 60*6?— 4ai5r— if* 

5 9r‘-12a:®-347®-2ftc-2.5 % 6 47®-^2.^®-16s®-207y-402/s-16a=:. 

7 16a*-«-6a®-17a:‘-7®-24a®. -^8 12:^-26a'^-25r‘-fti<-2n«z* 
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Find the square roots of the following expressions 

9 a;*-6ar’+ll-^+^ 10 a®+&®+c®-2aJ+26c-2ca 

11 K®-6a;^+49 +42a!-14a;®+9z® 12 9x^-12a;^+34a-®y®-20a^+253/^ 

,13 a®+46®+9c®-4a6-126c+6ca 
-'.14 9a<+496‘‘ + 121c« - 42a*6® + 1646®c® - 66a®c® 


15 4o®6® + 96®c® + c®a® - 4a®6c - 12a6®c + Ca&c® 

16 4ai®+9p®+25z®-12a;y+20rcz-30yz 

17 49a;< + 109a:Sy® + 3Gi^ - lOifiy - GOxy'' 


18 ®®-4ar>+2+i+^ 


19 4a!<+9y«+49z‘-12a:V-42yV+28aft;® 20 ^+^+3-2|'5+?^^ 

y ^ \y x) 


21 ^-a»+2a+l 
4 

po 9a< 4o® 74a® 4a 


'^o 


45 3 


OC . 2*® iC® , 1 

25 

or? a:* a® 43? . a-e® , , „ 

27 -^+-^ + 4a:®-2oa, 

;Ofl 4*® .9i/® «' Sy 95 


22 

24 

26 

28 

30 


a^ . 2a® , 4a® 
^+-y+-3 +aH- 

a* a? , 11a® , , 

-9 -3 +-12--“+^ 

X* , , , 283? _ , 1 
--83? + ^-2x+^ 

0a;‘+^+24x®-^-32 

ar X'^ 

6a , 173a® 
_-„+a -^+-^ 


SQUARE ROOT OP NUMERICAL QUANTITIES 

130 First study carefully the folloAving oxamplo worked 
according to the algebraic method 

Example Find the square root of 99225 


99225 = 9 10«+9 l(H+2 10®+2 10+6(3 10®+1 10+5=315 
9 10^ 


. 9 lO’+S 10® 

(6 10®+ 1 10)x(l 10) = 6 10® +1 10® 

• 3 10»+1 10®+2 10+5 

(G 10®+2 10+3A)x( 3^)= 3 10®+1 loa+2 iQ+g 

Below we give the same example in arithmetical form, omitting 
superfluous powers of 10 

9.92.20 (316 


92 

(G0+1)x 1=61 Cl 
3125 

(620 +5) X 5=625 y 5=312 > 
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131 The followTng are ^ eiy useful and should be leamt by 
heart 

132=169, 172 = 289, 

142=196, 182 = 4 x 81^324, 

152 = 9 x 25 = 225, 192 = 361, 

162 = 4x64 = 256, 212 = 9x49=441 

132 The square roots of numencal quantities can often be 
best found by using factors 

1764 = 4x441 = 4x9x49, sJlTU = 2x3x7 = i2 

53361 = 9x5929 = 9x7x847=9x7x7x121=32x72x112, 
^/53M = 3x7x 11 = 231 


Examples 

Find the square root of 
L 1.764 


5 34.969 
9 IS 876 
13 5.499,025 


2 IS.22S 
6 390.625 
10 4 020.025 
14. 40S.120.804 


ZXIV d. 

3 16.900 
7 213.444 
11 9.006.001 
15. 1.825.201 


4. 2.704 
8 7.056 
12. 3,892.729 
16 12.173.121 
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THE DETERMINAITON OF THE SQUARE ROOTS 01 
NUMBERS BY GRAPHICAL METHODS 

133 The student must first familiarize himself ivith the graph 
of the equation 

Tiace the 
When. 


graph of ij=^x^ 


« 

II 

o 

±1 

±2 

±3 

±4 

±5 


o 

II 

1 

4 

9 

16 

25 




doming these pomts, we have the graph reqd , which we see is 
a curve 

For every value of y there are two equal and opposite values 
of X 

the curve is symmetncal about the axis of y 
Moreover, as z increases mdefimtely, y also mcreases indefinitely 

the parts of the curve on either side of OY meet only at 
the ongm 

Such a curve is called a parabola 
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N' B — In tho above wc have taken tAnce the length of the 
side of a square to denote unity 
AVe observe that when x is grcatei than unity, the y value 
increases much more lapidly than the x value This is well seen 
from the table of corresponding A'alues of x and y below 


x= 

5 

c 

7 

8 

9 

10 

11 


y= 

23 

36 

49 

64 

SI 

100 

121 



134 A bettci curve for noiking pm poses will bo obtained 
if wo take 10 times tho side of a square to denote unity for the 
abscissae, and one side of a square to denote unitj'’ for the ordinates 
Emplo 3 nng these units, no obtain the cuivc shown belon 



e:r: 

n:st 

S£zSl 

iaaii 

miai 

Eshi 

li:::: 

lEEiSE 

ii 

i: 

Eh 

liSSj 

p! 

H 

11^1 

r: 

aaa 

RE 

R! 

aal 

Ell 

ERR 

iaaaa 

iaaaa 

iaaaa 

RSR 

aaaaa 

fBaaa 

iaaaa 

ireeree: 

EESEEIK]^ 

BaaaaaijilF^ 

aBBaa 

^EE 

iaaaa 

uls 

pvim 

kk: 

::::: 

■■■■« 

iHEi 

aaast 

BaSii 

i»IVI 

fiaiai 

laaaaa 

lEsSu 

Sia«a 

uaaa 

il 

aaa 

aaa 

■■t 

■■f 

aaaaa 

iaaai 

iaaaa 

iiaat 

iaaaa 

il 

iEEB 

aaaia 

iaaaa 

E:i:i 

aaaaa 

■ ■■ 

BE 

aaa 

ESI 

ss! 

iaaaa 

iaaaa 

laaaB 

iaaaa 

aa««a 

aaaai 

aaaai 

lEEjjBi 

aaBBB, 

aaaaai 

IBBaBi 

iaaaa, 

m 

iClIi 


•Seal 

■aiai 

!k::: 

laaaai 

taaaai 

aiiii 

• ••■i 

s::h 

II 

aaa 

aaa 

aaa 

aaaaa 

iaaaa 

aassi 

aaaaa 

aaaaa 

aaaaa 

E:sc: 

E»ss 

aaaaa 

{:»: 

Iaaaa 

aiaaa 

»::: 

iiaaa 

eEri 

aaa 

Hi 

aai 

SSI 

ESI 

iaaaa 

iaaaa 

iaaaa 

eerE 

■■nSV 

li 

'^aaaaaaaa 

iEilOl 

REES 

aaaaai 

iaiiS 

iHil! 

■••fi 

hiu 

■aval 

iasil 

•iaaH 


r:u 

ESsj 

aaaaa 

0 

aaa 

aaa 

:rr 

aaaaa 

aaaat 

•~iiaai 

BEE: 

iaaaa 

•aa** 

aaaaa 

m 

aaaaa 

eer: 

SsR 

Pi 

■aaaa 

aaKaai 

iaaaa 

■aaaa 

RSEE 

'iaaaa 

Eere 

aaaaaaaaaa 

aaiBBaaBaa 

aaaaaaaaaa 

aaaaaaaaaa 

aaaaaaajiaa 

aaBBBl 

BEESS 

BBaaa 


O M N K X 


Thus at P, the abscissa ON = 30 times the side of a sq =3 units 
and the ordinate PN = 9 times the side of a sq =9 units 

Tho effect of using difloient units for tho x and y A'alues in this 
A\ny, is the same as uniformly stretching the papei in a direction 
parallel to the axis of x If no took tho larger unit for the y 
values, itnould bo tho equivalent of sti etching the paper parallel 
to tho axis of y 

It AAill sometimes bo found coiiA'cnient to take the x unit still 
larger 

In connection mth square roots, tho important thing to observe 
IS that smee y=x2, or x=>Jy, for every pomt on the curve, the 
abscissa of any pomt on it is the square root of the cor- 
respondmg ordmate 

In tho cun '’0 shoAvn above take tho point Q when the ordinate 
IS 3 and draAv tho ordinate QM 
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No'tr at every pt on the curve , 

at Q 3 = 0M2, for there y=3 and a;=OM, 
OM=V3 

But from the figme we see that OM hcs between 1 7 and 1 8, 
and somewhat neaier 1 7 than 18, 

^/3 = 1 7 correct to one decimal place 
Again take the pt R whore RK, the oidmate, = 14 

14 = OK2, 

,yi4 = OK=3 7 correct to one decimal place 


136 Conshuct a giaph fiom which the square loots (correct to two 
decimal places) ofnumheis between 16 and 25 may he read off 



Idle) 4*1 42 43 44 4<s-4e 47 48 49 BXVoIUM 


We must draiv the graph of y=x^, and use a large unit for 
X values, for x has to be determined accurately to two decimal 
places 

We shall only need to draw that part of the curve where x hes 
between 4 and 5 

Take 60 sides of squares to represent unity in the x values, and 
2 sides of squares to represent unity in the y values 

In the curve y=a:2 ®=4, y=16, 

and when x—5, y=25 

Let P be the pt (4, 16) and Q, the pt (5, 26) so that PN in the 
figure representing unity is equal to 50 sides of squares, and QN 
representing 9 is equal to 18 sides of squares 
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(N B — QN IS the difference of the ordinates of P and Q, and 
therefore = 25 - 1C = 9 units ) 

When a:=4 2, y=a:2=(4 2)= = 17 64, 

17 64— 16 = 1 64 units = 3 28 sides of sqs 
Hence estimating the value of 28, R in the fig is the pt 
(4 2, (4 2)^) 

(RK in the fig =thc diff of the ordinates of R and P 

= 17 64 - Iff = 1 64 units = 3 28 sides of sqs ) 
Again, when a: = 4 6, y=a:- = (4 6)® = 21 16 , 
estimating the value of 16, S in the fig is the pt (4 6, (4 6)®) 
(Here again, SL = the diff of the ordinates of S and P 

-=21 16 — 16= 5 16 units= 10 32 sides of sqs ) 
The cur\c through the pts P, R, S, Q, is evidently so neaily a 
str line that we need find no more pts on the cun'e 
Join the pts P, R, S, Q hj' the continuous cun c as show n in 
the figure 

To find n/Ts from this graph -nc must take the pt vhose 
ordinate is 18, ic the pt A {N B — AD=18-16 = 2 umts = 4 
sides of a sq ) 

From the fig we sec that the abscissa of this pt is 4 + PD, 
•nhich IS equal to 4 24 , 

Vi8 = 424 

To find ^/2T, we must take the pt whose ordinate is 21, i e the 
pt B {N B — BE = 21 - 16 = 5 units= 10 sides of a sq ) 

From the graph the abscissa of this point=4 + PE=4 58, 

v^ = 458 

To find ^/23, mc must take the pt whose ordinate is 23, t e the 
pt C, 

x/23=I+PF = 4 80 

The roots of other numbers between 16 and 25 can be read off 
in the same way 

136 The following geometneal methods may be used for 
determining the ^alucs of square roots in simple cases 
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Example To find the \ aluc of kJs 



First Method Take AB 5 rrnits long, and produce it to C making BC 
equal to one unit On AC as diameter describe the circle ADC At B draw 
BD perp to AC, meeting the circle at D 

From geometry we know that 

DB*=AB BC=6, 

DB=n/5 

From the diagram fjd=2 24 approx 

(If squared paper is not used, DB must be measured } 

Second Method On AB, 6 in long, as diameter describe a circle 

In AB take a pt Dim from A, and draw DC perp to AB to meet the 
circle at C Join AC With centre A and radius AC describe a circle 
cutting AB at E. 

By geometry AC®=AD . AB=6 , 

AC=\/5, 

AE=AC=<^, 

and if squared paper is used we can read off the value of nJE from the 
diagram 

Pythagoras' Theorem, which proves that the squaie on the 
hypotenuse of a right angled tnangle is equal to the sum of the 
squares on its sides, may be sometimes used with advantage 

Thus to find ^/To, 10 = + 32 ^ draw AB 3 umts long, AC 1 unit 

long at rt angles to AB Join BC BC = s/IO units long 
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CUBE ROOT BY GRAPHICAL METHOD 
137. Draw the giapli of 


SB:::iss:sBsss:sssssss:;:ss»s 

— ■■■■■■■■■■■■■■■■■■■■■■■■■mi 

'■■■■■■■■■■■■■■■■■■■■■■■■■■■■I 
:■■■■■■■■■■■■■■■■■■■■■■■■■■■■{ 
l■■■g■■■■■■■■■i■■■■■g■■! 


■■■■■■■■■■■■■■■■■■■■■■■■■Mn^i 

■■■■■■■■■■■■■■■■■■■■■■■■■■■■■ril 
■■■■■■■■■■■■■■■■■■■■■■■■■■■■■'■I 
l■■■■■■■■■■■■■■■■■■■■■■■■■■■r.■l 
l■■■■■■■■■■■■■i■■■■■■■■■«■■■ri■l 
l■■■■■■■■■■■■■■■■■■■i■■■■■■■■■| 

SSSSHESSSSSSSSSRar _ 

l■■■■■■■■■■■■■■■■■■■■■■■■■'i■■■l 
l■■■■■■■■■■■■■■■■■■■■■■■■r■■■■l 

■■■■■■■■■■■■■■■■■■■■■■■■■■■^■■■■1 

. ^ _ ■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■rjfaaaal 

■■■■■■■■■■■■■■■■■■■■■■■■■■■■■a lEi■■■■■■■■■■■■■■■■■■■■■■■■■■■l 

! ■■■■■■■■■■■■■■■■■■■■■■■■■■■■■ l■E■■■■■■■■■■■■■■■■■■■■ri■■■«■■l 
■■■■■■■■■■■■■■■■■■■■■■■■■■■■a l■■■■■i■■ii■■■■■■■■■■■g■■■■■■■| 
■■■■■■■■■■■■■■■■■■■■■■■■■■■■■a ■■■■■■■■■■■■■■■■■■■■■r4a~' 


!■■■■■■■■■■■■■■> 
!■■■■■ 


■■■■■■■■■■■■■■■■■■■■■■■■■a 

.■i■■■■■■■■■■E■■■■g■■■■■i■■ 

'■■■■■■■■■■■■■■■■■■■■■■■■■a 


SEI 


■■' 

■■■■a 

-■■■■■■■■■■■■■■■■I 

■■E■■■■■i■l■E■i■■■■i■■■|■■iEI 

■■■■■■■■■■■■■■■—■■■■■■■■■■■■ 



B iaH^BiaBaHaiaa^aiaiaaiftL^- 

■■■■■■■■■■■■■■■■■■■■■■■hi ■■■■■■■■■■■■■■■■■^■■■■■1 
■■■■■■■■■■■■■■■■■■■■■■■■■■■■gg l■■■■i■■■■■■■■ir^i■■■■■■! 
E=_==E ==!= l■■■■i■■■■■■■■g■■■■■i■■■l 


.. .■■■■■■■i... 

lEiagii 



■■■■■nri 

. ■■■■■■^ 
|■■■Ei■f^ 

sasss^ 



■^■■■■■EfiHaEEaa 

a»a:a:a8S|sS;:Kg«iiiiiiii 

riBaaasaasiaaaBsaaBBBaaBaiai 


, ■■■■■■■■■■■ 
yBBBBBBBBBBBB 


y^U^tfaBiaaaBHiaaiiHaaai 

■■■■■■■■■■■■■■■■■■■■■■■■■Pil 
■fifiigaEgaBaaEEBgiggHaaaaaaal 

^^■giagggBBaEgliHaaaaaaar 

'iiuiiggggiiiBHBaHBBaa 

|■■■|■■■■| 
■■■■■■■■■I 

MPPHPPPapappppppBBBBBgBBBl 

iEiigE■|■■E■i■■iiiu■■E■ll 

B BailBBEBBEHSBBBRBBBBBBBBl 
■■i|■■■■■■■■■■■■■■■■■■■gl 
iBBaBBaEEaBBaBBaaEaHaaaBBBBaEI 

BBBBBBBaaEBBBBEHBBIBBBESI 

^SbbSb”bbbbbb"SSSbbbbS 

bbbbbSbbbbbbBbbSbbbbb 

. . JBBBBBBBBBBBBgBBBBBBBBHBBBBB 

l■■i■B■■■■■■fiB■E■■■■■■■■i■■■■■ 
■SBliHBBHBBBaBHBBBBaBBBaiHBaafi 

S iiBiiBaaaBaaaaBgBBaaaBaaiaaaaa 
■■■■■■■■■■■■■■■£■■■■■■■■■■■■■■ 
■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■ 
■■■i■■■■■■i■■■g■■■■■■■■■■■■■■■■■■■■■ 

jg j i g 


Use for the y values a unit one-tenth of that for the x values 

; ~ ;; ] ~ , 

®=1 2 3 4 6 inches 

8 27 64 126 tenths of an inch 

a:=-l -2 -3 inches 

y=: - 1 -8 -27 tenths of nn inch 

Plot these points and we have the giaph reqd 
We see that the cun c lies entirely in the Hist and third 
quadrants, and that the parts of the curve in those quadrants 
are siniilar 


*=: - 1 

-2 

-3 


y=-i 

-8 

-27 
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For values of x grc.itoi tli in 1 or Ic'ss tlinn ~ 1, ns the numeri 
cal ^aluc of x inorea-scs, that of i/itKroi*-^ much more rapidU , 
hut for values of r hetv ecu 1 and - 1 the ro% erso happens This 
shows that the n\is of jr is a t iiigent to the cuno at the origin 
As X \ancs contiiiuousl}' fiom -so ihroiigh 0 to -t co,yalso 
vanes continuously fiom -to through 0 to +so 
From this graph we can lead off cuhe roots and cubes of 
numbers 


138 To con^lrtifl n graph from vhfh th^ cuhe ro'‘f of any numln 
hdiceen Giajul 125 may he imUtn thnen, cornd In tuo (hrnnnl places 



Tnho a piece of squared paper ruled in inches and tenths of an 
inch 



XMV] CUBE BOOT BY GRAPHICAL METHOD 201 

Let the pt A denote the pt whose co ors are (4, 64) 

In the lionzontal line AB take 1 in to represent 2, so that 
AN (5 m long) represents unity 

In the vertical line AC take an inch to represent 10 
On the paper plot the point (6, 125) P 
(4 6)3= 91 125 plot the pt (4 6, 91 126) Q, estimating the 

value of 125 

Join the pts A, Q, P by an even curve 

This curve will be seen to be pait of the graph of y=a? 

we can read from it the values of the cube roots of numbers 
betneon 64 and 125 

Eg n^=482, ®=453 

Notu — Great accuracy can bo obtained in the above if a fen more 
points are plotted , tg [(4 2), (4 2)'*], [(4 8), (4 8)®] 


Examples XXIV e 

[AUcays stale deadly, on the same sheet of paper as the graph, the untts 
employed ] 

Plot the graphs of the following, using an x miit tnicc as large ns the y 
unit 

1 Sa;+4y=12 2 3®-4y=12 3 y=2x 

4 y+3a:=0 5 6a:-2y=l 6 2a:+2y+2=0 

Plot graphs of the follonang using a y unit ten times as large as the 
X unit 

7 a;+y=Il 8 a-2y=20 9 lGx=y 10 20ar+y=0 

Trace graphs of the equation y=a® 

11 When the x unit is 6a c times as large as the y unit 

12 four 
Trace graphs of the equation 

13 When the x unit is equal to the y unit 

14 ten times as large as the y unit 

15 file 
Trace graphs of the equation y=4x® 

16 When the x unit is equal to the y unit 

17 four times the y unit 

18 Constniet n graph to shon the square roots of numbers from 49 to 64 
From It write down (correet to two decimal places) the square roots of 
53 6,67 8,69 5,61 0 

Verify one of your results by the Arithmetical method 
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19 Consti uct a graph to show the squai e roots of numbers from 36 to 49 
From it write down (correct to two decimal places) the square roots of 
38 6, 39 7, 40, 42 6, 46 8 

[With the curve y=!c®, use 6 inches for the x unit, half an inch for 
the y unit ] 

From the above graph read off approximate values of the squares of 

6 44, 6 68, 6 82 

20 Plot the pomts (7, 7«), (7 1, 7 1®), (7 2, 7 2®), (7 3, 7 3®), (7 4, 7 4®) 
Jom them and read off the square roots of 49 8, 60 7, 51 3, 53 9 correct to 
two decimal places 

[Use 10 inches foi the x unit, one inch for the y unit ] 

From the abo\e graph write down approximate values of the squares of 

7 05, 7 16, 7 28, 7 36 

21 Find from one graph, correct to two decimal places, the square 
roots of 54 6, 58 8, 62 4 

Verify one root by the Arithmetical method 

22 Plot the points (8, 8®), (8 1,8 1®), (8 2, 8 2®) Join them and use 
the graph to determine, to one decimal place, the square loots of 6430, 6680 

23 Using 5 inches (or 10 centimetres) to denote 1 in the x axis, and 
5 inches (or 10 centimetres) to denote unity in the y axis, plot the points 
(8, 64), (8 1, 8 1®) Join them by a straight line Assuming this straight 
line to be part of the graph of y=a?, use it to determine the square 
roots (to two decimal places) of 64^, 6437, 6486 

Verify one of your results by the Arithmetical method 

In each of the following examples, use a single graph to determine the 
square loots of the given numbers (use large units) 

In each case verify one answer by the Arithmetical method 

24 81 96, 82 6, correct to three decimal places 

25 8346, 8424, two 

26 101 68, 100 96, three 

27 152 8, 167 6, two 

Use one of the methods of Art 136 to And the approximate i alues of the 
following 

28 fji 29 /s/6 30 /s/7 31 is/iT 32 tJKb 

33 ^^4 8 34 /s/^ 35 s/45 36 s/eT 37 /s/43 

38 Draw a graph to find the cube root of any number between 
125 and 216 Write down the cube roots of 144 and 198 correct to two 
decimal places 

39 Draw enough of the graph of y=a? to find the cube roots of numbers 
between 8 and 27 

Write down the cube roots of 15 and 21 correct to two decimal places 

40 Find the cube root of 8 25 correct to two decimal places Test 
your result 

[Plot the points (2, 2®) (2 1, 2 1®), using a laige x unit, say 5 inches, to 
denote 1 Join the points by a itratght Ime, and assume this straight line 
to be part of the graph of y=a? ] 

Find the cube roots of the following, correct to tu o decimal places ■* 
41 27 9 42 28 6 43 29 2 44 30 45 65 6 

46 67 8 47 68 5 48 127 49 128 8 50 130 
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CHAPTER XXV 


QUADRATIC EQUATIONS 

139 "When an equation contains the square of the unknoivn 
quantity, and no higher power, it is called a quadratic equation, 
or an equation of the second degree 
x^-7x+12 = 0, ^ 


6 x 2 = 7 a ; + 3 , 

12 = 23 'b- 5 x 2, 
x2_4=0 


are examples of such 


140. Solution of quadratics by factorization 
Let us consider the equation x^ — 7x+12 = 0 
It may he written (x — 3) (x - 4) = 0 

We notice that when »=3, 

the left-hand side = (3 - 3) (3 - 4) 

=0x(-l) = 0, 

i e the equation is satisfied, or 3 is a root of the equation 
Also when »=4, 

the left-hand side = (4 - 3) (4 - 4) 

=1x0=0, 

4 also IS a root of the equation 
It will be proved later on that every quadratic equation has 
two roots and only two 
N B — ^Every multiple of 0 is 0 

6x0 = 0, 1000x0 = 0, 

0xa=0, 0xa;®=0 


Examples XXV a 

Write down the roots of the following equations 


1 (a;-l)(a;-2)=0 2 

4 a:(a;-l)=0 5 

7 (a;+2)a;=0 8 

witf (a:-^)(a:+f)=0 11 

13 (»^- g )( a ;-|)=0 


(a:-l)(®+l)=0 
(a^-^2){a:-^3)=0 
(a:— 2a) (a- 6) =0 
(a:+i)(»+|-)=0 


9 

3 (a:-o)(a;-6)=0 
6 (a;■^a)(a;-6)=0 
9 (®+o)(a;-26)=0 
12 a;(a;+^)=0 


v{4. {x~a+b){x-a-b)=0 
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Write down tlie roots of the following equations 

15 16 (x-F^){x-^q)=0 

17 {a:-2{o+&)H»+3(a-&)}=0 18 («-«*)(»+ 6®) =0 

’’•^19 {x+(a-'b)^){x-[a+hf\=Q 20 (®-3)-=0 21 x[x-a)=0 

22 ®(»+4)=0 23 (®+a)*=0 24 (®+2a)®=0 

141 Solve the equatim a?=x-{-20 

Transposing all the terms to the left-hand side (or subtiactmg 
a: -1-20 from both sides) 

a:®— a; -20 = 0, 

factonzing, (r - 5) (-c -1- 4) = 0 , 

a:=5 or -4 

VenflcatiMi When a; =5, 35-20 = 25-5-20 

= 0 , 

6 IS a root of the equation 
When 35= -4, !E2-a;-20=(-4)2-(-4)-20 

= 16 + 4-20 = 0, 

- 4 IS also a root 

Solve the equation 435® - 1 635 = 84 

Transposing 84 to the left hand side, 

4352-1635-84 = 0 
Dividing both sides by 4, rfl-ix-2\ = 0, 
facton25ing, (a5-7)('c+3) = 0, 

35=7 or -3 

Verification When a: =7 

4352-1635-84 = 4x49-16x7-84 
= 196-112-84 
= 0 , 

7 IS a root of the equation 

When 35= -3, 4a;2-16‘c-84 = 4x9-16(-3)-84 

= 36 + 48-84 

= 0 , 

- 3 IS also a root 

142 "When an equation contains the square of the unknown 
quantity, and no first power of the unknown quantity, it is called 
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a pure quadratic If it contains both the squaic and the first 
poll Cl of the unknown, it is called an adfected quadratic 
'C“-4 = 0 and 6c2 = D4 aio examples of pure quadratics 
a:--7'C + 12 = 0 is an adfected quadratic 
Piiio quadraties are easily solved by factoiization 

Sohe the qxiadiahc 6x- = 54 

Dividing both sides by 6, = 9 

Adding 9 to both sides, li® - 9 = 0, 
tc (a!— 3)(a,+3) = 0, 
x — 3 or -3 

Or lie might pioceed thus, 

a- = 9 as befoio 

Talang the squaie loot of eaeh side 

x= ±3 

143 Solve the equation a- = 12 - a 

Transposing all teims to the left-hand side (or subtracting 12 -a 
irom both sides), 

the equation becomes a^+a-12 = 0 
Factonnng, (a -j- 4) (t - 3) = 0, 

from nhicli no see that -4 and 3 aic the loots leqd 

Verification "Vnien a=-4, 

the left-hand sido= ( - 4)^ = 16, 
the right-hand side =12-(-4) = 16, 

- 4 IB a root 

IVhcn a = 3, the left-hand side = (3)® = 9, 
the nght-liand sido= 12-3 = 9 
3 is also a root 

Examples XXV b 

Solve the following equations, verifying the solutions in each ease 
1 a^i-7a.j-10=0 2 a?-Gx+6=0 3 a?-4=0 

4. a?-3a=0 6 a®-t4a-t3=0 6 a?+ix-5=Q 

7 a==8a;-7 8 *=-2=a 9 **-3=1 

0 **-H0=lla; 11 4*=45-®s ^12. 12x-27=a? 

3 **=20-* 14 **=7» V 15 2*=-l = ] 

6\^-4*■^4=0 17. **-f3*=0 18. 21-H0a-far!=0 
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Solve the following equations, venfying the solutions m each case 
19 14x+15=aP 20 40 =3a,+ar* 21 a®+225=30a; 

22 2*2-3=15 ’23 4*2=8* 24 3*2+21*=0 

25 103*=*®+102 26 *?+16*+15=0 

144 Let us take the equation 2*2 - 1 la; + 12 = 0 
It may be imtten (2* - 3) (a: - 4) = 0 

We see that if 3a;- 3 = 0, te if a; =f, the equation is satisfied, 
for 0 X (§-4) = 0 

Als o if a; - 4 = 0, 2 e if a; = 4, the equation is again satisfied , 

^ and 4 are the roots of the equation 

Solve the equation a:^ = 2 (a; + 1 2) 

Removing the brackets a:2 = 2a;+24 
Transposing all terms to the left-hand side, 
a;2- 2a; — 24 = 0 

Factorizing, (* - 6) (a; + 4) = 0 , 

6 and - 4 are the reqd roots. 

Solve the equation a;® - 4a; -j- 4 = 0 

Factorizing, (a-2)(a;— 2) = 0, 

in this case the roots are equal and each of them is 2 

145 If fractions or brackets occur in the given equation, they 
should first be cleared away 

Example 1 Solve the equation 3*— 8=-^' 

Multiplying both sides by 4, l&c - 32 = ar* 

Transposing all terms to the left hand side (or subtracting a? from both 
sides), 12*— 32 — *2=0 

Re arranging and changing signs throughout [this is permissible, for if 
0=6, -a=-b, if 0=0, -0=0], 

a^-12*+32=0 

Eactonving, (* - 4) (* - 8) =0 , 

4 and 8 are the reqd roots, or *=4 or 8 

Verification When*=4, the left hand Eide=3x4-8=4 

{4)2 

the nght-hand side=i^=4 , 

4 IS a root 

When*=8, the lefthajid Bide=3x8-8=16 
the nght-hand side=^^=^=16 , 

8 IS also a root 
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7 4 1 

Example 2 Soho the equation ■■ ^ ; 

3r-l a+l 4 

Multiplying both sides b) 4(da;-l}(a;+l), tlioLOM of the denominators, 
28(a;+l) -16(3®- !)=(»+ l)(3a;-l), 
28®+28-48®+16=3®®+2a:-l 
Transposing and arranging, - 3®® - ^2a. + 45 = 0, 

3®»+22®-45=0, 

(3®-5)(®+9)=0, 

4 and - 9 are the rcqd roots 

It IS important to obscivo that if x - a is a factor of both sides 
of an equation, a is a root of the equation 
*• This IS at once seen by substitution 

Example S Sol\c the equation 2({^-5) + 7x(2r-5)=0 

2a;-5 18 a factor throughout , 2®-5=0 gives a root 

uhcnco ®=4 

ila% mg di\ idcd by 2® - 5, u e ha\ o loft - 

2+7a:=0 
u hence ®= ~f, 
tho reqd roots arc 4 and - 7 

Examples XXV c { 

Write douu the roots of the follouing quadratic equations 
1 (2®-3)(®-4)=0 2 (3x + l)(2a;-l)=0 3 (3®+4)(6»+6)=0 

4 ®(7®+9)=0 6 (5*-7)(6x+l)=0 6 (7®-8)®=0 

7 (2a:-a)(2®-6)=0 8 (6 x+o)(6t+6)=0 

9 (2®-a+t)(3®-c+d)=s0 10 3(4a + 5)(2®-9)=0 

Solve the following equations 

11 3p=2-x 12 8r-T®=15 13 ®s=4(®+8) 

14 2(5®-I2)=a>* 16 x{x-4)=5 16 4a>»=l 

17 ar*-4i:=4(®-4) 18 l+2a?=3x 19 ®(®+4)=C(a. + 4) 

20 6a:®+17x=0 21 a;- 10=®{x- 19) 22 4®(®+l)+l=0 

k s a;®+4 8®+2..S7 =0 24 25 *-?+r=0 

26 (2®-l)(3®+l)=ll 27. 23P+~=6 28 5®(2®-3)+7(2a;-3)=0 

«« 

29 ®-l=- 30 (2®+l){®+8)=27 31 

* . — — ^ X 6 ^ 

32. 150®»=299®+2 33 (5®-3)(3®+l)=:l 34 C{4®+6)+Z(4®+6)=a 

X 

35 13ar'-G®-7=0 36 *+35=70®® 37. 9a?=18®+16 

«8 -L.- J_=i 

®-l ®+3 35 
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SOLUTION OF QUADRATICS BY COMPLETING SQUARES 

146 Take the equation a- + 2ab = 0 
Adding i- to both sides, a~+2ab + b"=b% 

te (a + b)“ = b~ 

The addition of to both sides completed the square on the 
left-hand side 

Take the equation _ 6 'b= 0 
Adding 9 to both sides, a® - 6a; + 9 = 9, 

(a: -3)2 =32 

Again the left-hand side becomes a complete square 
Moie generally, to complete the square on the left of the 
equation x- - 2ax=Q we must add to both sides 
The equation becomes x” - 2ax +ar= a®, 

or (a;-a)2=o2 

a:2-i-8a: becomes (a:-i-4)2 by adding 16, to 4® (1) 

a2-2ca; (x-c)^ c® (2) 

1:24-10® (*-1-5)2 52 (3) 

Thus we observe that any expression of the form x^±2px 
becomes a complete square iihen we add the square of half the 
coefficient of x. 

In (1) we add 

I" (3) m 

147 Let us now employ this to solve quadratic equations 
Example 1 Sol vc the quadratic a? + 4a; = 32 
Adding the eq of half the coeff of a; to both sides, 

*a+4x-f.(|j=32+(|); 

t c ar*-^4a;-^(2)“=36, 

(a;-h2P=36 

Taking the square root of both sides, 

x-t-2=±6 

With the x>ositivc sign x-|-2=6, 

x=4 


(1) 
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itli the Jicgatn c sign a:+2= - 0, 

X— - 8 , 

4 nnd - 8 nrc tlio rcqd roots 

In connection \Mtli (i) nc nt first sight tliiiik ^\c ought to say 

±(x^ 2)=i6, 

for d:(a;H 2) is the sq root of (x+2)® just ns ±C is the sq root of 36 

This honc\cr is uuncccssnr>, us ^^o stc if sic take the /out difibrcnt 
coses sej) imtelj 

With posith c signs on both sides, x+2=C, x=l't 
iicgntiio -x-2= - 6, x=4f 

With the positive sign on the left nnd the negative sign on the right, 
x+2= -G, -8 

With tlie negative sign on the left and the positive sign on the right, 
-X-2=:+G, 

*+2= “G, x= -8, again the same result 
Thus it IS snflicicnt if wo attach the double sign (±) to one side 
We nlvvajm attach it to the nnincricnl square root 


148 Before completing squares tbo cociBcient of x- must be 
reduced to unity 

iS'e/re //ir opmtwn 22 - sr =■ Gsr- 

Rc amutging In Iniiispositioii, 6r- + 22 

Dividing both sides Jij' 6 to mahe the cooflicicnt of « equal 
to unit}', 


Adding the eq of half the coofT of sc, t c 



to both sides, 



M 1 
C TJ? 

528+1 

lU 


529 

“lit 


DBA 


Q 
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Taking tke sq root of koth sides, 

1 ^23 

“■‘‘12 -12 
1 23 

With the positive sign + J 2 ~ 12’ 


»=■ 


23-1 11 
T 


12 

1 23 

With the negative sign ® + 22 ~ “12* 


-23-1 „ 

*-^2 

and - 2 are the reqd loots 
o 


149 To solve the genet al quadtatic av^ + bx+c=0 
ax^ + bz= -c, 

1 ^ 

JB" + — = — - 

a a 

Adding the square of half the coeiF of a to both sides, 


a \2aJ 4o2 a 
b^ - 4flc 


4a2 


Talang the sq root of both sides, 


, b ±>Jb^-^ao 
^^2a~ 2a ' 


x= 


-b±Vb--4ac 

2a 


The above formula may bo used for the solution of any 
quadratic equation 

There are therefore three methods of solving quadratics 
(1) by factonzation, (2) by completing squares, 

(3) by using the formula ~ ^ - ini’ 

2a 
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The student should have considerable practice in all three 
methods 

A^Tien the factors cannot be seen readily, the second or third 
method should be emploj'ed 


Examples XXV 


Solve the equations 
1 ter>=2-a; 

3 a;+l = 16Ga^* 

5 3a?+10=17r 
7 2a?+19i+9=0 
9 2(ais + l)-lr=0 ^ 

11 3(r-l)(■c•rl)=S^. 

13 15=4(3a!2+2aj) 

16 (3r-^)2=49 

17 2nrS-7a;=SG 

19 13a;+9=10Tr' 

21 3(3a;+4) + 5a;(37:+4)=0 
23 a;{a;-l)+T];{a;-l)=0 


2 1-26x2=11t 
4. 5ai®=4a. + l 
6 7'ir' + 32r=15 
8 (^-l)==lG 
10 lla.=3(2a^»+l) 

12 {x-l){v + l)=y| 
14 (Ir- 1)2=26 
W 3r(6r-l)=4(a:+9) 
18 5*-ll=^(5a;-ll) 

’*20 (|;;^By-3G=0 
22 
24. 

D vX 


25 7{3a:-6) + lla,(2r-4)-Sa:(6-c-10)=0 


26 


27 

0 __5 

6 

28 

a-2 a-4 

a-3 

29 

5+a 0-4a 

_a-7 

"a-G 

30 

31 

2 

3 

4 6 

32 

a-2 x-S~ 

a-4 a-5 

33 

2 x 

— - 1 

3a, -1 

_5r-ll 

34. 

a-1 

^ x +2 

a-2 *'” 


3(a;-l) 2a:+l' 


g-1 a;-3 2a;+l 
a;+l^a;+3“2r+2 

3a;+l 30 - 22; 7a:-14 


i2 

2 

x+3 


x-Q 

a+S 10 
2 “3 


10 


v -3 a+3 
a+3''a,-3 


+Cr=0 


1 

IF 
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When the quantity under the ladical sign (J~) is not a peifect 
square, the approximate values of the roots should be found by 
finding the square root to a few decimal places 

9±a/2T 


Thus if 


x- 


x=- 


10 ’ 
9 ±4 583 


10 


(forN/2T=4 583 ) 


= 1 36, or 44, correct to two decimal places. 


Examples XZV e 

When the exact a allies of the roots of the following equations cannot be 
found, giic lesults correct to two decimal placeb, te to the nearest 
hundredth * 


Sohe 

1 d‘-2x=l 
3 a!(a!-3)=«- 1 

5 5ai®-9a:-4==0 


7 a?=>j3[2x->s/3) 


9 

11 

13 


3a: + 2 »+! 

3a:+l 3a: -1 


3a:- 1 3a:+l 


=2 


2 

4 

6 

8 

10 

12 


a?=2(l-®) 


x= 


an-4 

a:-l 



a:-3 


a: -4 


* I ^ I * -0 

x+3 x+6 x+9 

x-1 x-3 _ 1 

a^+3a;+2^ar*+5a:+6~a;+2 





14. a^«-N/3a:-6=0 


MISCELLANEOUS FORMS OF QUADRATIC EQUATIONS 
160 Example 1 Sohe 

*-2 a;+3 t:- 4 a;+l 
Simplifying each side separately, 

a^+Sa;+6 -(a?-5a:+6) a:^+5a:+4-fa^-5a;+41 
(a:-2)(a:+3) “ (T-4)(a:+l) ’ 

10a; _ 10a; 

a?+a:-6~a?-3a;-4’ 


a:=0 


or 


1 1 
'i:®+a:-6~a:S-3a;-4’ 
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t c. a?+x — G=a?—Sx-4, 
4x=2, 

X=r, 

0, ^ are the reqd solutions 


Examples XZV f 

Solve the equations 
1 a:«+100=29x= 

p?reat the equation as a quadratic for ] 


2 



3 a?+g=28 


4 g-5 _ z+3 x-4 

x-2 x+5~x~3 x+4 


‘5 


z=-2z+ 


36 

X — 2x 


-15 


[Let z--2j:=t, and first sohe for t Two a clues of rwill be found, 
and we shall therefore ha\e yb«r values of » ] 


6 z--l+*’-z=0 
[Factorize the left-hand side ] 


7 

9 

11 

13 

15 

17 


5ar*— 4ar*=5x-4 


8 aP-4x~4= 


7?-4x 


10 (z-H)(z+2)(z + 3)(x+4)=24 +34(js=+5z) 


6a? -}- (5 - z)® = 5 (5 + a:) (5 + 2x) 

z-1 Z-4Z-2 z-3 
x+l^x+4~x+2^x+3 


12 (z+l)(z+2)(z+3)(z+4)t=24 
14 z(z+l)(z+2)(z+3)=120 


-=0 


a?+2z®-lla?+4z+4=D 


16 lGz(z+l)(z+2)(z+3)=9 
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CHAPTER XXVL 

GRAPHIC SOLUTION OF QUADRATIC EQUATIONS 
15L Solve the equation 2z- -x-10 = 0 graphically 



First Method. Let us trace the graph of y = 2z- -x—lO, using 
a unit for the z values 10 times as large as that for the y %alucs, 
as in Art 134 

When 


x =0 

1 

2 

3 


' -1 

-2 

-3 

2 x ==0 

2 

s 

18 

■ 


8 

IS 

- x - 10 = -10 

-11 

-12 

-n 

■ 


-8 

m 

y = 2 x ®- a :- 10 = -10 

-9 

-4 

5 


i 

1 

0 

11 


(0, -10), (1, -9). (2. -4), (3, 5), (-1, -7), (-2, 0) 
( - 3, 11) are points on the graph 
Marking these points as shown in the diagram, and drawing 
the curve carefully, we ha\ e the graph ofy=2z--x-10 
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At the pomte A and B where this curve meets XOX' the dns 
of X, y = 0, at those points 2®--a:-10=0 

But OA and OB arc the values of r at these points , 
they are the roots of the gii en equation 
From the diagram n c see that the roots are 2 5 and — 2 

Second Method First trace the graph of y~x\ using a unit 
for the X values 10 times as large as that for the y values, as 
in Art 134 



"We thus obtain the cun o POR as in the diagram 
Then trace in the same diagram, and mth the same units, the 
graph of 2tj-x-10 = 0 

VTe know this to be a straight line (Art 71 ) 

\Micn a- = 0, y=5 , (0, 5) is a point on the straight line 

^lark this point A 

^Yhen ®=-4, y=3, (-4, 3) is also on the Ime 

Mark this point B, and join AB 
The straight line AB is the graph of 2y- sc - 10 = 0 
Mark the points P and R nhere this line meets the cun'c POR 
Now at the point P, the ordinate PM is the same for both 
graphs, te y is the •same in both the equations y=a? and 
2tj-z-l0 = 0, at the point P, 2r'- a;- 10 = 0 OM is there- 
foie a root of this equation From the diagram OM = - 2 
In precisely the same nay, the ordinate at R is the same in 
both equations, y=x- and 2y - a; - 10 = 0 , ON is another root 
of the equation 2r--x-10=0 From the diagram ON = 2 5, 
the reqd roots are - 2 and 2 5 
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152 Find graphically, corieef to one decimal place, the roots of 
the equation 5x- + 10^—29 = 0 
Trace the graph of y= 5i-+ lOx— 29 


ISSMBSSSraSsMSSvSvnflBBnaanamuBmiaBBaKTjmKBvnujraVBUKBBiftnl 

*mBnBBUBBBBBBBBBBBBaBBaBBBBaiBBBBBBBBBBBBBBBBBBB7» 

■ W — BBBBBBB***»» BBBBa B BBBBBB«KaBBBB BBBB BBBBBByaBB 
■ ^^■■■ ■ ■w m BaBaa B B BaBBBBB BBBi BBB — BBBBBBB B BBBBBBBBBBBB«BBBBB a iJBBB 
iBBBBBBBBBaBSBnBBpBaBBBBaBaBBBBBaBBBBBBBBBaBBBBBBBaBBBBaiiB’JBBB 
iMBBnBSBBBBBBBBiBBBiBBIBBBBlBBBBBBBBBBBflBBBBBJIBBBBnaBBBrJIBlB 
ISinBBBBBJiBBBBBBBBBBBBBBaBaBJIBBMBBBBBBBBBWnBBBBBBBBBBBBBrniBBB.,. 

■BBgBBBBBBBaa— BBBBMBBMBBBBBBB BBBBBBBBBBB^—i f«| 


iBBl'nBBBBBBBBBBBBBBBaaBBBBBBl 

IbbbIb 


■■B B B BB BB BB B BBBB BB BBB BB BBBBBB fJlBB BBBB l 
iBBMBiBBBBBBBBBBBBBaBBBBBBBBB'JBBBBBBal 


....IBBBBBBBnBBBBBBBBBBBBBBflBBBnBBBBBBBBBBBBBBBBBBflBBaBBJIBBBBBBBl 
laamUIBaBBBiflBBBBaBaBBBaBBOBMBBnBBBBnBBaaBBBBaaBnaBBnBaBBBBBBl 

I n rail iai ii in i i i i i n i iaii B i bb i iian Sb^K 

iBBBBiaBBaBBaBnBBnBBaBBiaaaBianBBBBM., . 

|BBBaftmnBaBBflaaaBBBaBBinBBBaBBaBaBBBBiraBBBBBBaaBBBBr,BB8B«..«.. 
iBBBMBl^BBBBBBM—BB Bn aaaBB —aBB BaBBBB BB—BBnniBBaaB BBBB/iBBBBBBB—B 
B—BiBaBa B B B BaBBnBana B B m B B BBBBBB B BBaaaaBaaaBBnBB B BB B Ba a B BB : 
BBBBlIBBBBBBBBBBBBBBBnaBBBBa BBBB BBanaBBBBaBaaBBBBBriiBnBB BaB BB^ 
BaiBKaaaBBaBaaBBBB aBaB BB BBBB BaBBaBBBmBaaaBBBBaBanaaawaaaBBBinial 
BBBBtaiBBaBBBaaBiBB a a B BaBBaBaBBnBBB BBB BBBBBBB a BBBBIJIBaaBBBBaaBBl 
BBBBBAnBaBBBBBBBBBBBaaMB BBaB— BBBBBaB BB BBB aBBnaa '/BB Ba a— BBBB bI 

_aBBB a B >x aBBaBaa B BaaaaniaBa Ba a a B a a aBa BaaaMaaaaBaaBT aBaBB B a aaaaaal 
iBBBBBBBBaVBBBBBBBBnBBBBlBBBBlBBBBBBBaBBiBBBBaBaBBa'iaBaiBaaBBBBBBBl 
iBaBBBBBB^^aaauaflBnBBBaBBBBBiaBBaBBBnBBBBnBBBaBr^ 

iBBaBanK^'BBBaBaBanBaBaiaBBnaaBBaaaaBaaaBBBaaaBBvr 

iBBBaaSiitKga.iB—BBBBBBBaaaBaa aMBaMmBB BaBnBaaaaBaaayX 

iBB aB B a B BB aia aB a aB aaBaB a aaB B aBia a B B aaaaaaaaaaaaaayia aaB a aaa aaantaal 

BBBBBK ^BMB aBBBB BBB aiBBBBaBBBBBBBBBBBBBBBaBBfiaBBBBBIBBBBBBaaBBl 

BimiBBBaBaaMaaBaiBBBBaBBaaaaBaaaiaraBBaaaBBBBaBaaBBBl 

.. BlVBBBBBBBBBaaBBBnBBBBBBaBBBBBnBaariBBBBBBBaBaBBBanBl 

BanBaaBBBaaBBLXBaBBBBBaBBa BBBBa BBBBBB—BBBBBBBarBiBl 

|B nya *^*******^*’"*""**"""""»""""*"«***"BBBBBa iBBBa 
laBaaaBBBBaBBBav^BBaaBBBBaaBBBBIBBBBBBnBBBanBriBBBBa 
laBaBBanBaaaiBa.YanBBaaaaaBBBiBa aaa Banaaaaaraaaa: — 
iiaaBaaaBaaanaBkaaaaoafiBBaataaaaaaaaaB aBar i iaaa 

iB MMaBn B taB BBBWmBB BaBBWBBlBMBB BB BBBiBf ig B— r» 

laBaaBaaB B B B n BB aai^gaaaaaa agaB iO BBaa B B B a awraaB aa— Baia BB iaa B BiaB al 
jaaaaBaaaKSaSaaanaaaaHaaaaiaajaBBaaaaKaKaaaKBaaaBaKaBnnuSl 

l 888SSiaagB3^ 5g8; gai gasgggaa^aggpggg™gg™g* 

la B nBlBB B Bl'BaM B B B BB B B w ^ a B BB B Bl BB B B I 

n BBBa BBa a' 

BBBiBnai 

■ BBBBBaflBBBIBBn: 

111 
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Plotting the points (0, -29) (1, -14) (2, 11) (-1, -44) 
( - 2, - 29) ( - 3, - 14) ( - 4, 11) and taking the x unit ten times 
as large as the y unit, ivc have the cune as shorni in the 
diagram 

The equation is satisfied urhen 5x-+10i;-29 = 0, xt when 
xj—0,ie where the ciine cuts the axis of r 

Fiom the diagram, the roots required aie 

16, -3 6 

Venfication. T^^len a:= 1 6, + IOj; — 29 = 5 (2 j6) + 16-29 

= 128 + 16-29 
= - 2 

Thus when jr= 1 6, jy- + lOr - 29 is nearly zero 

1 6 IS in approximate root In the same w-ay w-e can venfy 
the fact that - 3 6 is an approximate root 

If we trace the graphs of y=a:- and where b and 

c have any a'^signcd lalue's, using the same units in each case, ive 
shall obtain the same cun c in different positions This is easily 
seen by cutting out one cune and superimposing it on the other 

In general, it will be found that the graph of any equation 
m two variables, whose terms of the second degree form a 
perfect square, is a parabola 

For instance, if we plotted a number of points on the cun e 
(2r + 3»/)- + 3r - 2tf + j = 0 and joined them by an eien cune 
w e should obtain a parabola 


MAXniUM AND MINIMUM TALUE5 OF QUADRATIC 
EXPRESSIONS OF ONE VARIABLE 

153 Tlicsc all hinge upon the fact that a perfect square is 
always positn e, te it cannot be less than zero 

To find the nnmmum talue o/x--47--i-7 for real xahes of x. 
ir2-4r+7 = (a;-2)2+3 

. the given expression is least when {x - 2)- = 0 
The reqd minimum value is therefore 3 
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To find (lie minimum value of graphically 



Let us trace the graph of y^z^-it + T 


Wlien 


®=-2 

-1 

0 

1 

2 

3 

4 

5 

*’+ 7=11 

8 

7 

8 

11 

IG 

23 

32 

- 4*=8 

4 

0 

-4 

-8 

-12 

-16 

-20 

y =19 

12 

7 

4 

3 

4 

7 

12 


Plotting the pts (-2, 19) (-1, 12) (0, 7) (1, 4) (2, 3) (3, 4) 
(4, 7) (6, 12) and joining them by an even curve, we haie the 
curve shown in the diagram 

From it we see that the minimum value of y, i e of z~-4:V + 7, 
IS 3 

[In the diagram the z unit is taken five times as laige as the 
y unit 1 

To find the maximum value o/" 3 5 + 4 t; — 4®^ for i eal values of z 
3 5 + 4®- 4®2=4 5 - (1 -4® + 4®2) 

= 46 -( l - 2®)2 
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the given expression is gieatest "when (1 - is least, t e 
Allien 1 - 2a;=0 

Hence 4 5 is the maMmum value reqd 

By plotting the graph of y=3 3 + 4a‘-4a:2, we can find the 
maximum i alue graphically, as in the preceding example 

154 Between what tahies of 'e is the repression 19x-2z^- 35 
posihie? 

Let V denote the gn cn expression 

y = - (2a‘- - 19a: + 33) = - (2® - 5)(® - 7) 

= (2i;-6)(7-®) = 2(®-4)(7-'s) 

When ®<2i, ®-^ IS negative and 7 - ® is positive , 

1 / IS negative 

WHien ®> 24 but < 7, ® - A is positive and 7 - ® is positive , 

y is positive 

"V^nicn a>7, ®-4 is positn'c and 7 - ® is negative, 

y is negative 

the given expression is only positive as long as ® is betiveen 
21 and 7 

This may be seen graphically by plotting the cun^e 
i/=19®-2®2-35 

Bsamples XXVI 

1 Draii tlic graph of 3x® - 5a; - 3 for the follow ing values of z, - 2, - 1, 
0. 1, 2. 3, 

(i) Ueing an z unit ten times as large os the y nnit 

(ii) fl\c 

2 Draiv the graph of 5z®+4z-21 

0) Using an z unit ten times as large os the y unit 
(ii) fi\c 

3 DraAV the graph of z®-4z 

(i) Using an z unit ten times as large as the y unit 
( 11 ) fne 

4. Draw the graph of t(z®- 1) 

(i) Using an x unit ten times os large as the y unit 

(ii) c 

[Tabulate tahies of z and y before choonnq your units ] 

5 Pro\e graphically that the expression z®-6z+13 is positive for all 
real values of z 

6 Show graphically that the expression 4z — 6 — z® is nev or positive for 
real \alucs of z 
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Soh e the following equations graphically 

7 4a?-4a;-15=0 8 4a?-4a:-35=0 

9 a?+lla:-8=0 10 a?-3 3a;+2=0 

11 6z®- 23a; +21=0, to the nearest tenth 

12 10a;-+21a;~13=0 

13 Sx® - 3x - 16 =0, to the nearest tenth 

14 Draw the graph of 4ai®-4x+l What do you deduce as to the roots 
of the equation 4ai®-4x+l=0’ 

15 Plot the graph of 4x®-3x+7 using integral values of x from -2 to 
3 What do you deduce as to the roots of the equation 4a;®-3x+7=0’ 

16 Proie graphically that the expression 13-6x-x® is never greater 
than 22 for real lalues of x 

17 Draw the graph of a:®-3x, and deduce approximate values of the 
roote of the equation a? - 3x=3 

18 Plot the graph of 6x®-3x-24, and from it deduce the roots of the 
equation 5a?=3x+26 

19 Draw the graphs of y=x®, 2y=3x+14 in the same diagram, and 
deduce the roots of the equation ^-3x-14=0 

20 Draw the graphs of y=aP and 5y-8x-69=0 and deduce the roots 

of the equation 5x®=8x+ 69 * 

21 In the equation y=5x®-4x-10, find the corresponding values of y 
to the values -2, -1, 0, 1, 2, 3 of a; Draw the portion of the curve 
thus given, and deduce approximate xalues of the roots of the equation 
6x® - 4* - 10=0 Read off the minimum value of the expression So? - 4x - 10 

22 Find graphically the values of x for which the expression ar*-®-6 
vanishes Proi e that for all values of x between these limits the expression 
IS negative and for all other real values of x positive 

23 Draw the graphs of y=a? and 2y-3x-20=0, and deduce the roots 
of the equation 2^=3x+20 

24. Draw the graph of y=(x-2)(x-3), and deduce approximate roots 
of the quadratic (x - 2) (® - 3) = 5 

25 In the equation y=3 + 3x - Ss?, find the values of y corresponding to 
the values - 0 4, — 0 2, 0, 0 2, 0 4, 0 6 of x Plot the points thus obtained, 
using an inch to represent 0’2 along the axis of x, and an inch to represent 
unity along the axis of y Write down the maximum \alue of y 

26 Prove graphically that the line y=6x- 13 meets the curve y=a?-4 
at one point only Find its co ordinates, and verify vour result 
algebraically 

27 Find graphically, as accurately as you can, the minimum value of 
4x® - 3x+2 for real values of x Verify your result algebraically 

28 Find graphically the maximum value of 6x-3 — ai® Verify your 
result algebraically 

29 Fmd graphically the minimum value of a^-6x+^ Verify your 
result algebraically and write down the corresponding value of x 

30 Find graphically the minimum value of 3x®-6x+5 6 Verify by 
algebra, and write down the corresponding value of x 
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3L Find ^pliically the value of a which imU. gfve 2i+4.0x+5aP a 
minimura -value 

32 Find graphically betwecu what limits the value of x must he if 
25a® -30a -91 is negative 

33 Between what limits must the value of a lie if the expression 
20 - 23? - 3a IS x>ositiv e ’ Find the limits graphically and by algebra- 


CHAPTER XXVII 

SIMULTANEOUS QUADRATIC EQUATIONS 

155 In this chapter wc shall consider simultaneous equations^ 
where one at least is of a higher dcgicc than the first 
Tlie methods of solution are tanous, but the student should 
endeavour to reduce the equations to the forms 

ax+by=^c, 

az-hij=ii 

Addition and subtraction wnll tben effect the solution 

Example 1 Solve the equations 25a?- y®= 84, 5a-y=:6 
By division, 5a+y=14 

Also 5a-y=6 

Adding, 10e=20, a=2 

Subtricting, 2y=8, y=4 

x=:2, y=4 is the reqd solution 


Examples Solve the equations 3a+y=9, 

ay=6 

Squaring equation (]} 9a=+6a:y+y®=81 


( 1 ) 

( 2 ) 


From (2) 


12*y=72 

Subtracting, 

9as- 

-6xy+y®=9 

Takmg the sq 

root. 

3ar-y=±3 

We now have the tw'o cases, 



3a+y=9,\ 

3r+y=9, 


3a-y=3 / 

3x-y= -3 

Adding, 

6a=12, 

6a;=G, 


a=2 

a:=l 

Subtracting, 

2y=fi, 

2y=12, 


y=3 

y=6 

a=2' 

y=3. 

[ and are 

the reqd solutions 
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Examplo 3 Sohc the cquitions 9a?+y-=62, (1) 

xy=8 (2) 

From (2) Cay =48 (3) 


Adding to (1) to complete the tquare, 

6ty+y®=100 

Taking the sq loot te+y= ± 10 

Also, in the Bainc Mnj, subtracting (3) from (1), 

0ar-Gay+y'’=4 

3x-y-±2. 

Tliero me now four c.iscs, 


3r+y=10,\ 

'lc+i/= 10,1 

1 1x4 y=- 10,1 

3x4 y= -10 

3a:-v==2 / 

3r-y=-2 j 

\ .3x-y= 2 / 

Sx-y=-2 

Adding, bi=12, 

Cx=8, 

bx= -8, 

6x= - 12, 

ar=2 

a:=4 

x=-4 

x= -2. 

Subtracting, 2i/=8, 

2y=12, 

2r/=-12, 

2y= -8, 

y=4 y=6 

Hence the reqd solutions arc 

y=-6 

y=-4 

■c— 2,\ x=^,\ 

V=1 / t/sO / 

x=-4fi 

1 *= -2,1 


y=-G 1 

1 y=-4 1 


Examplo 4 Soho the equations 4a?+y®=17, 

(1) 


2ar+i/=5 

(2) 

From (2) bj squaring, 

la ?4 4ay +y*=25 

(3) 

(1) by subtraction. 

4ay=8 



Subtracting this from (1) la?- lay+y®=9 


Taking the sq 

root. 

2r-y= ±.l 

Hence 

2x4-y=r.,l 

„ 2r j v=r>. 


2x-y=3 / 

or 2r-v= -3 

Adding, 

4x=8, 

4x=2 


x=2 

X = 1 

Subtracting, 

2y=2, 

2y=8, 


v=l 

y=4 


*=2,1 
y=i / 

j- arc the reqd solutions 


Examples XXYH a 


SoU c the equations 

1 4a?-y~3o, 
2a:+y=7 
4. a?-ary=35, 

x-yzs5 

7 5* -2?/ = 12, 
2Sa?-4y9=96 
10 a,+y=16, 
a;y=54 


2 a?-y5=21, 
a:+y=3 
6 4a?+ay='>l, 

4t 4 y=17 
8 4x®-25y*’=-8l, 
4r-10y=54 
11 x-y=2, 
ay =15 


3 y"-9t?=2S, 
jr-3a:=2 
6 9a;-3v=3, 
0y!-jr=5 
9 9a?-40y5=29, 
6*- 14y=2 
12 a:-v=l, 

3^ = 112 
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13 %+y-i, 

14. 

a:+y=6. 

15 

a:y=21, 

1 

II 


ay =-91 

X 

-y=4 

16 8a;i/=l, 

4(a:+y)=3 

17 

4a;+y=ll, 

xy-6 

18 

’jx-y=9, 

ay=2 

19 3a;-2y=14, 
ay =12 

20 5a:+4y=28, 

-jy=S 

21 

ar*+y®=53, 
ary =14 

22 a?+y==SI, 
xy— - 15 

23 

4i?+y®=17, 

vy=2 

24 

ar>+9y®=18, 

a:y=3 

25 9ar*+4y-=136, 
ay =10 

26 

16arS+25y-=544, 
ay =12 

27 

2+1-? 

X y 4’ 
ay=8 

28 --i=l, 

X y ’ 
xy=Ts 

29 

1 1 14 

a:+y=14 

30 

1 _ 1 _ ^ 

X y~ 35’ 
x-y-2 

31 ?.i=l. 

X V ’ 

ay= - 1 

32 

3 2 

- + -=12, 

X y 

ay=u 

33 

4a;-3y=26, 

4 3 26 
y X lO 

31 5r+7y=17, 

5+2=8* 

y X - 

35 

a?+y==63, 

a:+y=5 

36 

r’+y®=-Ai 

*-y=l 

37 4ar>+y*=104, 
2a:+y=12 

38 

9a^'+y'=81, 

Ja;-y=9 

39 

a,®+ay+y®=201, 

®+y=16 

40 ar'-ay+yS=157, 
x-y=l 

41 

a^ + 2.ty + 4y® = 28, 
a?+2y=6 

42 

9ar*+ay+4y®=91, 

3r-2y=13 


166 In the following equations, the student’s aim should bo 
to reduce the equations to one of the forms exemplified earlier 
in this chapter 

Example Solve the equations 

a:»+y5=91, (1) 

a?-a:y+y®=13 (2J ' 

Dividing, a;+y=7 (3) 

Sqnanng, ar'+'2*y+y°=49 

from (2), ay=sl2 

Noiv soil c equations (3) and (4) ns in Example 2, Art 155 


( 4 ) 
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Examples XXVn 

Tj 

Sol\ e the equations 




1 ^>+3^=9, 


2 


3 8;cs+y»=280, 




'B-y=l 

2aj+y=10 

[Divide and then proceed 

as in the Example worked out ] 

4. *=*-82/3= 189, 


5 

27a:3+8y3=35, 

6 8sB3-27y»=485, 

x-2y=9 



3a:+2y=6 

2st;-3y=6 

7 



ar*+a?y®+2^=21. 

(1) 


i 


ai®+a^+y3=3 

(2) 

[Dividing (1) by (2), 


®3-'By+y®=7 

(3) 

Noiv add and 

subtract 

equations (2) and 

(3), and proceed as m 

Example 3, Art 155 1 




8 X*+aP,f+y*^ 

1281, 

, 9 

sc* + yi — 48 1 , 

10 sB*+sBV+y*»2613, 

a?-xij+if^ 

21 


a?-xy+y'^=\3 

SB® +sey+y®= 67 



12 

?+?=«■ 


i+l-S 





X y 



X y 


[See Note in Example 2, Art 60 ] 


13 4+-4=109, 

3? 2/3 


14. 

9 1 26 

se3'*‘y3~25’ 


2 1 

-+i=13 



3_1_4 

30*y=l 

X y 



sB~y 5 



17 

15(:BS+y3)=34!cy, 

18 

y X Id 

xy=l 



-~l=2 

4(a;+y)=17 




X y 


M 5+!!=?, 

y * 4 


20 

4® y 17 
y^x~2' 

21 p+^=35, 

x-y=^ 

22 i-i=61. 

--i=l 

X y 


23 

2*+y=20 

!E3 + y3=351, 

-+i=5 

X y 

24 SB3-y3=702, 


»3- 

scy+y3=39 

a:®+:By+y®=117 

‘”5 8'e*+y3=2, 


26 

8ar‘+27y3=2, 


*a?-aey+ya=l 


4*3' 

-6a:y+9y3B:l, 
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167. SoI\ e tlie equations 2ar*y’-13iry+18=0, (1) 

»+y=r (2) 

Treating (1) as a quadratic for xy, 

{2xy-Q){xy-2)={i, 

Ty=^ or 2 

The complete solution la then obtained by first solving the equations 
*+y=r» 

and then the equations as m Example 2, Art 165 


168 '^Vllon the variable terms in the equations are homogeneous, 
tc of the same degiee, the folloinng method may bo used 

Solve fhe equations 12r- ~ 4-?^ + lly-= 64, (1) 

16®2-9a:y+lly2==78 (2) 


Eliminate the constant terms, by multiplying across (multiply 
the left-hand side of each equation by the iight-hand side of the 
other) 

78(12*2 - 4*y-i- lly*) = 64(16** - 2xij -j- lly*), 

39 (12*3 - 4*y -H lyi ) = 32 (1 6** - 9*y + 1 ly*) 
Multiplying out, and re arranging, 

77y* + 132*y - 44** _ q, 

7y” -h 12*y - 4** = 0, 

(7y-2*)(y-i-2*) = 0, 




7 


or - 2* 


If the factors cannot be seen, solve as a quadratic for 
BBA P 
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(1) When. y—^Y Substituting this ^alue of y in (1), 


whence 


, 49 X 64 49 
® “ 576 ~ 9 ’ 

2x .2 
^~T~~3 

(2) When y= - 2'c Substituting this value in (1), 
i:2(12 + 8+44) = 64, 

x= ±1, 
y=-2x=+2, 


the reqd solutions are 


7 

a5=i- +1 
® 3’ “ ’ 

2 


169 When the above methods are inapplicable, substitution 
from one equation in the other may be employed 

Solve the equations Si® + ixy + 5y" = 31, (1) 

a+2y=5 (2) 

From (2) 1=5 — 2y 
Substituting this value of 

3 (5 - 2y)2 + 4y (5 - 2y) + 5y® = 31, 
whence 9y2-40y+44 = 0, 

(9y-22)[y-2) = 0, 

• y=^or2, 

'c=5-2y=5-^ or 5-4 
= i 01 1 

Examples XXVII c 

MISCELLANEOUS EXAMPLES IN SIMULTANEOUS 
QUADRATICS 
Solve the following equations 

^ ^ 3 :t^+y"-=xy+7. 

y +a;y-e 2»3-a:y=i2 
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4. 3r*-5ry=-2, 

ixy-Zy-=l 


7 

10 

13 


3?-i-xy=Z, 

y-Txy=4 

3p+xy=15, 

xy-y^=2 


5 3?-2xy-rZ=0, 6 Tr+xy=i, 

2a:+y=4 ar*-*-2y®-zy=8 

8 6jr'-3Ty+lly®=3S4, 9 ar+3ay+2y®=7, 
ar=5y 

IL 3*®+4cy+5y’=81, 12 

3a:=2y 


a:J-y=6, 

(*s - y®) (a? -r y*) = 1440 

16 *®=14-ay, 
y-=xy-\0 

19 i-l-i- 

X y“12’ 


ar 


± 

y- 


5 

‘l2 


14. 6a:‘’-‘-3ay-18y®=20, 
3a?-r6xy=8 

17 ar*-y*=4S5, 

x-y=5 

20 2r=T3ary-rl0=0, 

a^+xy-y-+ll=0 


15 


18 


ar*-y®=4 

23?+3a:y=26, 

3y®+2zy=39 

ar-y-=5, 

ar'-^ay=6 

ar - 4y = 4r = 21 


2L 3a:y -ra?= 10, 

5a:y-2ar=2 


22. a®+ay-:-y®=61, 23 (a:-^5){y+7)=(a:->-27)(yT4), 24. a®-«-4y=28, 
a: + y=9 

25 9a?+6ay-4y®=l, 

3r-2y=-l 

28 ar-^ay+y®=49, 
ar* -r ary® -ry^=! 931 


a?y=l 

26 2^-a:y=15, 
aj®-*-ay:=14 

29 a®-t-a:y=12, 
a:y-2y®=l 


3a;=4y 

27 arS+4y®-3jc-«-y=67, 
*-2y=l 

30 2rJ-3y=l|, 

4ar-r 9xy— 9y®= 11 


3L (x+y)®+3(x-y)=30, 32. a®+3xy4-yS=l, 33 

xyx3(r-y) = ll a:®-xy4-y®=13 ^ V ^ 


34. a?-«-a^=:j/®-9ar^-C4=0 


35 3:‘-a:®+y*-y®=84, 
a?+a?y®Ty®=49 


GRAPHS {CIRCLES ) 

160 The distance of the point (x, y) from the ongm 
=s/(x=-^y=) 

Using thic, we mar also determine the graph of y—J(2o-z-) 
as follows The equation may he written, 3?+y- = 2o 

V(«-+y=) = 5 

This shows us that the point (r, y) moi es at a constant distance 
of 5 units from the origin 

The graph is therefore a circle, whose centre is at the ongin and 
whose radius =5 
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161 In the accompanying diagram, let P be the pt (scj, and 
Qthept (xsfVz) 


O M N X 

Draw PN and QM perp to the aias of 'c, and GK perp to PN 

PK = i/i-y2) and QK=!Ci-'C2 
PQ.=J (CiK2 + PK2) = ^[ + {y^~ y,Y] 

Thus nre see that the distance between the two pts {Xj, y^) 
and {Xo, ya) 

= n /(£ 4 - *2)- + (771-1^2)2 

162 Tiacethegia^hoiz^+y^-Qx-By’^0 




This equation may he wntten {x - 3)2 + (y - 4)2 = 25 
7[c-3)2+{y-4)2 = 5 

It IS important to notice that if no constant term occurs m an 
equation, the corresponding giaph passes through the ongm, for by 
substitution we see that when a=0, one value of y is 0 
The graph of a?2+y2=5 is a circle whose radius is ^/5 
A Ime 76 mate long may le draim ertlier Ijy name PyHiaaoras’ 

Theorem (22+ ia=6) or by tho method of Art 136 ® 
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Examples XXVIL d. 


Trace tte graphs of the following 
L a^— yS=r36 2 ar-*-^=0 

4. ar'-y==81 
6 ar*+y®-8x-Gy=0 
8 (a;-l)*-(y-2j®=3G 
10 (*-3)*-(y-i-3r=16 
12. s/{21-^4a;-a~) 


15 iB2-«-y==2. 

18 a^+y3=10 
irS-*-y2=3 
(ar-l)=+jf*=2 
a. j)S j. 2a: -r 2y = 3 

2ar*-2ys=5 

4arJ-4yS- 16a;+Sy+ 1 1 =0 


5 
7 
9 
11 

13 V(15+2*-a^) 
16 3P-^y-=5 


3 a?-^y-=49 
3?-i-y^-i-8z-8y—0 
(a:-3)=-^(y-4)==36 
(a:-- 2)*+(y- 3)5=25 
i^/(lo-2aT-3^) 

14. ^,/(14a:-ar*-13) 
17. a?+ys=13 


19 ar»iys=20 

2L ar-*-^+2a:+2y=0 

23 (a:+2)5+(y-2)5=5 
25 ar*-*-y® - 6a:-*- 4y+ 3=0 
27 2r=-f2y»-4a:-*-8y-f3=0 
29 4ar-*-4y5-24a:-‘-n =0 


GP.APHICAL SOLUnOH OF SlifULTAlfEOtrS QUADRATIC 
'I EQUATIONS 

l^S^imultaneous quadratics can often be readily solved by 
graphical methods 

Example 1 Solve the following equations graphically 

*-y=5, xy=4 



On AB, 5 in long (the diagram is reduced in pnnting), describe the 
semi-circIc ACB 

If P is anj pt on the cune and PN is drawn perp to AB, we know, bj 
Geometry, that 
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Mark the pts D, F on the curve wheie the lengths of the peipendiculais 
DE, FG on AB are equal to 2 inches (n/J) 

ThenDEs=AE BE, and FG2=AG BG 

if AE=a; and BE=y, 
a!+y=AB=5 and ay=AE BE=DE®s=4 
AE, BE are solutions of the given equation 
From the diagram a;=l, y=4 

In the same way, AG and BG are solutions, and we have 

a;=4, y=l 

, ^ ^ ® f’ 1-18 the complete solution 

— n y=4oil,J ^ 

Example 2 Solve the following equations by the graphical method 

»-y=3, ay=4 


■■■■■■■■■■■■■■a 
aaBBBHBBBBaHBHBe^ 
BBBBBBBBBBBBBKatM 
BBBBBBBBBBBMBB 

bbbbbbbbbbi^Bbbb 

BBBBBBBBBStBBBBB 
BBBBBBBBl^BBBBBB 
BBBBBBB^UBBBBBBB 
BBBBBBS^BBBBBBBB 
BBBBB^BBBBBBBBB 
BBBBf^BBBBBBBBBB 
BBBMBBBBBHBBHB 
BHBriBBBBBHBBBBB 
BaRaBBBBBBBBBBa 
BBriHBHBHBBBBHfl 
BrBBBBBaBBBBBBB 
Br/BBBHBHBBBBBIfl 
'JBBHBBBBBHBHHB 
f BBBBBBBBBHaaBB 
riBBBBBBBBBBBBBB 
riBBBBaaBBBBBaaB 
liBBHBBBHBHIBHBB 
iBBBBBBBBBflBBBB 
BBBBBBBBBBBBBBB 


Sii 


BBBBBB 

BBBBBr 

BBBBB 

BBBBB 

BBHBfl 

BBBBB 

BBBBB 

BBBBB 


BBBBB 

BBBBB 


BBBBB 

BBBBB 

BBBBB 

BBBBB 

BBBBB 

BBBBB 

BBBBB 


bbbbbbbbbbbbbI 

BBBBBBBBBBaBBl 

filBBr^BBBBBBBBl 

BBSlLaBBBBBBBBl 

bbbcbbbbbbbbbI 

bbbbkbbbbbbbbI 

bbbbbkbbbbbbbI 

BBBBBBk^BBBBBBl 

bbbbbbbbbbbbbI 


BBBBBBBBBBBBBI 

BBflnBBMt^iBgl 

bbbbbbbbbbbbbI 

■■■■■■■■■■IiiIhI 

bbbbbbbbbbbIbI 

BBBBBBBBBBBa'gl 

BBBBaBBHBBHBlI 

BBBBBBBBBBBBllI 

BBBHBBBBBaBBlil 

bbbbbbbiEbbbi I 

BBflBBBBBBBBBaf 

bbbbbbbbbbbbbI 


B O AD 

Take AB 3 in long and AC at rt As to it 2 in (=*v/4) long With 0, 
the mid pt of AB as centre, and OC radius, describe the semi-circle 
ECD, meeting AB produced at D and E 
As in the previous example, CA®=DA AE 

if AE=a; and AD=y, 
a:-y=AE-AD=AE-BE=AB=3 
Also»y=EA AD=ACs=4 

AE and AD gi\ e a solution of the given equations 
From the diagram see that a;=4, y=l 

If B x= — 1, y=: —4 IS also a solution of these equations The above 
method does not gii e negative roots satisfaotoril3' 

The methods of the two preceding ei.amples may be employed 
to solve some quadratic equations 
Thus to solve ai® — 7a:-i-9 = 0, we have to factorize the expression 
a® — 7a + 9, te we have to find two numbers whose sum is 7 and 
product 9 
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We can thciofoie use the method of Example 1 
In the same way, to solve - 3® - 36 =■ 0, we have to find two 
numbers whose difiexence is 3 and product 36 
We can therefore use the method of Example 2 


164 Solve the following equations giapheally 

X“+y‘- 4:X-2y + l = 0, 2®— 3y = 3 
The first equation may bo written 

(-c_2)2 + ^-1)2 = 4 

Hence its graph is a circle whose centre is at (2, 1) and whose 
radius is 2 


Draw the circle, and also draw, using the same axes and the 
same units, the graph of 2®-3y=3, a sti hne through the pts 
(15,0), (0,-1) 

The pts of intersection of the ciicle and str line give the 


roots ^cea Hired 


165 a^K^maie solutions of the following equations ly a 
graphical method ®y = 6 



mmmmmmmmmmMKsmmmmmmm 


BMI 

■KSiaiBB 



§1 


BBBBBflBBBBBBBUHl 
MBBBBBBBBBieaHBI 



M 


BB 

SB 


BtIBkV 

BHB 


.fiSSS! 

BiBIluSkll 
BiBllBKI 
BlBBiUBil 

BiBBBB'Blt 

BiBBlIBklll 

BiBBlIBKII 

BiBBlIBBlT 

BnBBlIBBI 



The followung method depends upon the fact that if ABC is 
a tnangle, right-angled at C, and CN is drawn perp to the 
hypotenuse AB, then AC BC = 2AABC = CN AB Now /T ie = 4, 
hence on AB, 4 in long, desenbe a semi-circle ACB, and take the 




1 M'MrAT \‘R\ ATXJl BRA 


rr2 lTirMrAT\B\ ATXJIBRA [ciivr 

|it C Ruoh that the pfi-p from C on AB = 5 = 1^10 (Sqd paper 
sliould ho ti^tod ) 

Then AC= + BC*=AB= = 1G 

Al=o AC BC = CN AB = ^x4~6, 

AC and BC are roots of the gi\ cn equation 
AVjtli cenlio A and ndius AC desenbe a circle cutting AB at D 
AC - AD — 1 65 appio\ fiom the diagiam 
In the «anie uaj BC - 3 65 appiox , 

1 65, 3 63 aie toots of the gi\on equation 

166 To thict fhf qraph of trq — AQ 
hen 


^•=12 

±1 

±5 

±8 

±10 

±20 


y= ±20 

±J0 

±8 

±5 

±4 

±2 



the uppei signs being taken together, and the low ci signs together 
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It IS observed that the curve lies entirely m the first and third 
quadrants, and that the two hranohes are symmetrical in regard 
to both the axes of co-ordinates 

Hence we have another method of solution of equations of the 
foUowmg type -F y® = 89, 

iBy=40 

We first draw the graph of ay =40 

The graph of x^+y‘ = 89 is a circle whose centre is at the ongin, 
and radius Smce 89 = 26 -i- 64 = 5® + 8®, the length OA in the 

diagram is the radius Describing the circle, and reading off the 
pts of mtersection of the two curves, we have the followmg 
solutions 

a=8, 5, -5, -8, 

y=5, 8, -8, -5 


167. Find ajpprc/xxtmU roots of the equations 
ay =80, a-2y=10 

From the following table of values, draw the graph of ay = 80 


a?=±4 

±6 

±8 

±10 

±20 


y=±20 

±16 

±10 

±8 

±4 



Draw the graph of a — 2y=10, a str hne through the pts 

( 10 , 0 ), ( 0 , - 5 ) 

The pts of intersection of the two graphs give the reqd roots 
They will he found to he 


a=18 6, -8 6\ 
y= 43, -93/ 


appiox 


Equations of the type of Examples 1 and 2 worked out in thm 
chapter might also he solved by this method 


Examples ZXVII e 

Eind, approximately, the \ alues of the roots of the following equations, 
by the use of graphical methods Verify yonr lesnlts 

(In some cases the exact values of the roots can be obtained ) 

1 a:+y=7, ay=9 2 a:+y=9, Ty=16 3 x-y-2, aq^=16 

4 a:-y=4, a:y=9 5 a;+y=7, a^=5 6 a-y=3, a:y=8 

7 ar*-13a;+36=0 8 a?-ll!c+25=0 9 a?-8x+13=0 
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Find, approximately, the values of the roots of the following equations, 
by the use of graphical methods Verify your results 
10 a?-2a;-16=0 11 a^+y'»=4, 2a5-y=l 

12 ai®+y®=8, a!+2y=2 

13 a:®+y°-2a:-4y + l=0, 5y-5x=Z 

14 4ar*+4y’*+8a:-4y=ll, a:=2-2y 

15 ais+y*=9, 4a;+3y+6=0 16 a?+y®=36, ay=16 

17 *®+y*=226, *y=80 18 ay=80, 2a:-y=10 


CHAPTER XXVin 


FURTHER EXAMPLES ON SYMBOLICAL REPRESENTATION 

Examples XXVUI 

1 A man rows x miles an hour in still water, and the current runs at 
the rate of y miles an hour 

(i) How many miles an hour does the man row with the current ? 

(u) against ’ 

(ill) How long does he take to row a miles with the current? 

(iv) . ^ agamst 

2 Money is invested at simple interest at the rate of x per cent per 

annum . 

(i) What IS the mterest on 1£ for a year’ 

(ii) 1£ y years? 

(m) z£ ? 

(iv) What does z£ amount to m ’ 

3 Calculating simple interest at the rate of x per cent per annum, 

(i) What IS the present value of 100£ due in one year ? 


(u) 

(m) 

(iv) 


a£ 

100 £ 

a£ 


y years ? 
? 


4 A tram runs at the rate of y miles an hour 

(i) How long does it take to do one mile ’ 

(u) z miles ’ 

® miles at the above rate, and 

another z miles at double the rate ’ 

(iv) Hon many miles does it run m a hours at the slower rate’ 

5 A can do a piece of work in x hours, B can do it m y hours 

(i) What fraction of the work do A and B do, working together, m one hour ’ 

ahours? 

(ill) Hon long do they take to do the work when workmg together’ 

three quarters ’ 
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6 Ono runiniiK 'tUmo filli a uolctn in s lioun, a ><ccond, running 
aloni, nilr it in v liouro , ami a ttnrd, aUo running alone, empties il in 
£ hout H 

(i) bat fraction of the eiKtcm do tbej (ill, all riinniiig togctlier, in an 
bonr * 

(n) flow long do tbea take to fill the cinttm, all running together’ 

7 t£ is the Riiiiplc intert si on v£ for z > cara 

(i) hat in the nnnplt interest on y£ for one j earl 
(II) 1£ ’ 

(111) 100£ ? 

(i\) «£ h 3 earn’ 

8 In ar j earn w£ nniounts to zC at ntnple interest 

(i) liat IK \ht inleia st on u£ for r \ i am t 

(ii) vir oneji.ar? 

(ill) 1£ T 

(i\) n£ 6 3ram’ 

(\) Ythatlnthf rate o*' interest’ 

9 \pptes co't T ivnce l'<‘r doseii 

(i) W lial doew a man gi\e for out apple’ 

(ii) he t/npphnj 

(ill) U hat does he ps e foronenpph a hen the price is mined a ponnj 
p^*" doren ’ 

(iv) \\ hat does he pi\ e for v npph s at the hii,hf r priic T 
(a) Ifou intieli do o apphi- wst at the chcaptr price! 

(ai) higlnr 1 

10 \ n an imr'tn ninm \ at coinjwiind interest at the rate of a per cent 


pfr aimnin 
(I) 

\\ hat IS ihr int' rest on 1£ for om 3car7 

(u) 

ainouiit of 1£ 

% 

(111) 

a£ 

T 

(«0 

interc >l on 

1 

(s) 

amount of 1£ 

, 2 seam’ 

('!) 


3 * 

(• n) 


n 1 

(sill) 

/’£ 

2 3eaml 

(lx) 


3 ’ 

(x) 


V ’ 

(xi) 

iiilert’l on 



11 If Mtnple Interest m eah ulaUd at the rate of r per cent per annuin, 

II ) \\ 1ml 1(1 the dircount on Hin£ due in one >rar ’ 

III) n£ 1 

(ill) 1(V)£ y 3 earn? 

(IS) ol T 
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12 A man can do a piece of work in x hours , a woman does half as 
much as a man, and a hoy half as much as a woman What fraction of the 
work will 

(i) A man, a woman, and a boy together do in 1 hour ^ 

(ii) 2 men, 3 women, and 4 hoys ^ 

13 One man walks x miles an hour, and another y miles an hour 
starling at the same time, in the same diiection 

(i) How much apart are they in an hour if the first man is the quicker 

walker ’ 

(ii) How much apart are they in a hours ? 

(ill) How long does the first take to gam one mile on the other 7 

(iv) 6 miles ? 


Express the following in the form of equations 

14 The product of two consecutive numbers of which ar is the smaller 
IS less than the product of the next higher two consecutive numbers by y 

15 A man bought a cows at x£ each, and h sheep at y£ each, and 
altogether spent z shillmgs 

16 Apples are sold at x pence a dozen, and pears at y pence for 10 
a apples and h pears cost z shillings 

17 X men form a hollow square, four ranks deep, with y men on each 
outside face of the squaie 


18 A hollow square is formed by a men, y ranks deep, with z men on 
each outside face of the square 


19 A fraction whose numerator is x, and denominator y, is increased by 
a wheu the numerator is increased by 6, and the denominator decreased 
by c 


20 ® dozen of ivine at a shillings a dozen, and y dozen at 6 shillings a 
dozen, cost c shillings a dozen on the average 

1 The area of a room x ft long and y ft wide is doubled when its 
length and breadth are each mcreased by a feet 


^ tj^vellmg o yards, ^e fore wheel of a carnage makes « rev olutions 
more than the hind wheel Take ic feet for the circumference of the fore 
wheel and y feet for that of the hind wheel 


23 One pipe will fill a cistern lu a; hours, a second n ill fill it in y hours , 
running together they fill it in z hours ^ 

B an hour , and n hours aftenvards, 

B starts off at y miles an hour, and catches A up in a hours from A’s start 

resSct^'ZTrf«f^l’’o to walk from A and B to B and A 

■» w „d , 

starts ^ when the second man 

Srted ^ after the first man 


8tr?gh?hSiry ySfpart ® 

strmghflmery ylTds^rt “ ^l®graph POsts in a 
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29 A man spends one third of his income of xS, in hoard and lodging, 
one fifth in dress and one tenth in sundries, and has ySi left at the end of 
the year 

30 A tradesman makes in a year a profit of r per cent on his capital of 
j/£ and has s£ at the end of the year 

31 A man gains x per cent on a£ and loses y per cent on &£, and 
altogether makes a profit of c£ 

32 A man runs a miles at x miles an hour, & miles at y miles an hour, 
and c miles at e miles an hour, aud takes d hours ovei the whole journey 

33 A man is hired for x days He is paid y shillings a day for a days, 
and IS fined z shillings a day for the rest of the time because he absents 
himself He receives c£ 


CHAPTER XXIX 


PROBLEMS INVOLVING QUADRATIC EQUATIONS 


168 Simmple 1 A number of two digits is leas than foiii times the 
product of its digits by 11, and the digit in the tens’ place exceeds the 
digit in the units’ place by four Fmd the number 
Let X be the digit in the units’ place 
Then x+4 is the digit in the tens’ place 
The number=10(x+4)+x=lla;+40 
Four tunes the product of its digits=4x(x-f4) , 
4a(»+4)-(llx+40)=ll, 
4xS+lGx-lla-40=ll, 

4ar'+5x-51=0, 


{x-3){4x+17)=0, 

x=Z or-^ 

4 


3 IS the digit in the units’ place, and 3+4 (=7) the digit in the tens’ 
place 

73 IS therefore the reqd number 
17 

The solution — ^ is madmissible, because the digits of a number are 
'positive integers 


Example 2 A reduction of 2 pence a dozen in the price of eggs mil give 
6 more for three shillings and sixpence find the price per dozen 
Let X pence be the price of 12 eggs 
12 

For 42 pence u e obtam — x 42 eggs 

12 

When x-2 pence ]s the price of 12 eggs, wo obtain ^ x 42 for 3s fid 

12 12 
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84 84_ 

x-2~ 

84a: - 84 ('b - 2) =a,® - 2a., 
a:®-2a:— 168=0, 
(a:-14)(«+12)=0, 
a:=14 or -12 

14 pence a dozen is the reqd price 


Example 3 A tram does n ]onmey of 240 miles at a uniform rate , if it 
had traielled 4 miles an hour slouei, it would have taken 2 hours more 
over the journey find its rate of travelling 

Let X miles an houi be the reqd rate of travellmg 


At the higher speed, the tram took hours ov er the journey 

X 

At the slower speed, a: - 4 miles an hour, it took hrs oi er the journey 

a:— 4 


by hypothesis, ^19= _ 2 

X fl? “ 4 

Multiplying up, 240('B-4)=240r-2a:(a;-4), 

2ai“- 8a: -960=0, 
a® -4a: -480=0, 
(a:-24)(a:+20)=0, 
a:=24 or -20 


the tram travels at the rate of 24 miles an hour, the negative solution 
being madmissihle 

It ^vlll he proved later on that every quadratic equation has two roots 
As a consequence of this, inadmissible solutions of problems miohing 
quadratic equations will often occur In this case the negativ e solution 
would imply that the tiam travelled hachiarda at 20 miles an hour 


Example 4. A man im ests his money at compound interest for two years 
at a certam rate per cent and finds that he recen es 5 shillings per cent 
more than if he had m\ ested it at simple mterest Emd the rate per cent 
Let X be the rate per cent 

At compound mterest, 100£ amounts to (100 + 'c)£ in the first year 


The mterest on (100+a:)£ for the second year=(100+a;) x 

100 

the interest on £100 for the two years=a:+^— 

At simple mterest, the interest on 100£ for the two years = 2a: 

(100+a:)a; 

100 


a:+^ 


-=2a;+J, 


a:3=2S, 


whence 

a;=±5 

5 per cent is the reqd rate of mterest 
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Example 6 Two pipes running together will fill a cistern in 63 minutes 
If one pipe, running alone, took a minute less to fill the cistern, and the 
other pipe, running alone, took 2 minutes more to do the same, then the 
two, running together, u ould fill the cistern in 7 mmiites Find m what 
time the cistern will bo filled bj each pipe running alone 

Let the first pipe, when running alone, fill the cistern m r minutes, 
and let the second pipe y 

When running alone, the first pipe fills - of the cistern m one mmute 


second 


1 

y 


But since by hypothesis they runmng together fill the cistern in 

in one minute ^ of the cistern , 


x^y 20 


In the second case, the first pipe fills the cistern in x - 1 min 
. second y+2 

1 


x-l%+2“7 


( 1 ) 


( 2 ) 


From (1), 


From (2), 


13 l_ 3y-20 

X 20 y 20y 
20v 

“" 3^-20 
1 1 I y-6 

z-l~l~y+2~7{y+2y 

y-B 

20y ._ 7{v+2) 

3y-20 y-B 

From this quadratic for y, y=:12 will bo found to be the only admissible 
solution 

Substituting in (3), x=15 

the pipes would fill the cistern m 15 and 12 minutes rcspcctncly 


(3) 


(4) 


From (3) and (4), 


Examples ZXIZ 

1 Find two nunibcrs whoso difibrcnco is 2, such that twice the square 
of the less shall exceed the square of the greater by unity 

2 The plate of a looking glass is 18 inches by 12 inches It is to be 
framed with a frame of uniform width, the area of which is to bo equal to 
that of the glass Find the w idth of the frame 

3 Mr Gladstone was born in the jear A d 1809 In the jear a D x® 
he was x-3 jcais old find x 

4 Wlicn 1 7 times a certain number is subtracted from tw icc its square, 
the remainder is 84 find the number 

5 The tens’ digit of a certain number is the square of the units’ digit, 
and the sum of its two digits is 12 find the number 
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6 A man runs 600 yards at a certain pace, and then donblmg his pace, 
does another 600 yards If he took 2§ minutes over the 1200 yards, fiud 
the pace he started at, in yards per second 

7 Find two numbers whose dififerenoe is 3, and the sum of whose 
squares is 317 

8 A’s rate of travellmg is one mile an hour less than B’s, and B can go 
21 miles in 20 minutes less than it takes A to go 20 miles How many 
miles an hour can A travel’ 

9 Find a number which together with its square amounts to 56 

10 Two trains each run a distance of 330 miles One of them, whoso 
average speed exceeds that of the other by 5 miles an hour, takes half>an 
hour less to travel the whole distance Find their average speeds 

11 A lady bought 28 yards of linen and a certain length of silk The 
whole cost was 65s , the silk cost as many shillings per yard as there were 
yards of it, and 8 times as much as the same number of yards of linen 
Find the price of the silk per yard 

12 P rides fiom A to B in one hour at a uniform speed Q, ndqs for 
one third of the way 2 miles an hour faster than P, and for the rest of the 
journey 1 mile an hour slower, thus taking 40 seconds longer Find the 
distance from A to B 

13 A person rents some land for £48 He cultivates 8 acres himself, 
and sub letting the rest for 15s per acre more than he pays, receives m 
rent £54 per annum Fmd the number of acres 

14 One side of a room is 6 ft longer than the other, and 924 square 
feet of paper are required to cover ite walls Now if the room were 3 
feet higher, the same amount of paper would be required to cover three of 
its naUs, one of the shorter walls bemg left uucoiered Fmd the dimen- 
sions of the room 

15 Of two square courtyards one contams as many square yards as it 
costs shillmgs to pave the other, and a side of the second contains as many 
Imear yards os it costs pounds to pave the drst, also the length of a side of 
the 6rst exceeds that of the second by 3 yards, and the cost of paving the 
first exceeds that of pavmg the second by £2 F^d the sizes of the court 
yards, and the coats of pavmg 

16 Ten minutes after the departure of an express tram a slow tram is 
started, travellmg on the average 20 miles less per hour, which reaches a 
station 250 miles distant 3J hours after the arrival of the express Fmd 
the rate at which each tram travels 

17 The leugth of a room is 2 feet more than its breadth, and its height 
18 three quarters of its breadth If the area of the ceihng be 42 square feet 
more than that of the longer side, find the dimensions of the room 

18 A bicyclist, having ndden 72 miles and stopped an hour on the way, 
finds that, if he had ridden faster by one mile an hour and stopped two 
hours on the way, he would have accomplished the journey m the same 

J ime At what pace did he ride ’ 

,19 In 100 minutes a boat’s crew row 3J miles down a river and back 
jgain If the river runs at 2 miles an hour, what is the pace of the boat m 
Stillwater’ 

20 In going a quarter of a mile along a straight road the hind wheel of 
a bicycle turns 11 times more than the front wheel Had the front wheel 
been 3 inches longer m circumference than it actually is, the hmd wheel 



XXIX] QUADBATIC EQUATIONS 241 

would have turned 16 tunes more than the front wheel Fmd the circum- 
ference of eagh^trheel 

21 {/fmitaXxon of soldiers when formed into a solid square present 
sixteen men feuer in the front than they do when formed mto a hollow 
square four deep Fmd the number of men 

22 A man buys pigs, geese, and ducks If each of the geese had cost a 
shilling less, one pig would have been worth as many geese as each goose is 
actually worth shillmgs A goose is worth as much as two ducks, and 14 
ducks are worth se\ en shillings more than a pig Fmd the price of a pig, 
a goose, and a duck respectively 

23 A sum of money is divided among A, B, and C, so that a third of the 
whole sum excee*d8 A’s share as much as B’s exceeds a quarter of the whole 
What part does C get? 

24 A cyclist rides 3 miles an hour faster dounhill than uphill, and 
takes the same time to ride 22 miles doivnhill and 48 miles uphill that he 
takes to ride 50 miles downhill and 27 miles uphill What is his speed 
uphiy;^^ 

2^]/A carrier charges 3d each for all parcels not exceeding a certain 
weight , and on hear ler parcels he mikes an additional charge for every 7 
lbs above that weight The cbaige for half a cwt is Is 3d, and the 
charge for 9 stones is e times that for 1 qr What is the scale of charges ? 

26 A boat’s crew row a certain distance against the sti earn in 87 minutes 
If theie were no current they would row the distance in 7 minutes less 
than it takes them to drift the distance down the stream In what time 
would they row the course down the stream? 

27 A man being asked his age, ansvvered, ‘If you multiply my two 
digits together, the number formed will be my age 22 years ago, and if you 
add all the digits of the two ages you will have one third of my present 
age ’ How old is he ’ 

28 Three travellers A, B, C make the same journey A’s rate of 
travelhug is 3 miles an hour greater than B’s, and B’s rate is 2 miles an 
hour greater than C’s A accomplishes the journey in 3 hours less time 
than §, and B in 4 hours less time than C Fmd the rate of each, and the 
leqgunif the journey 

yp9 A giant weighs 3 lbs for every mch of his height, and the square of 
his height m feet exceeds his weight m stones by 31 Find'^his height and 
weight lU 

30 A labourer undertakes to carry a load a certain distance, agreeing to 
take one shilling for each cwt moved one mile Be earns 4 05£, and the 
distance in miles exceeds the number of cwts earned ^ 4 05 Find the 
load and the distance 

31 A rectangular enclosure is half an acre m area, and its penmeter is 
201 yards Find the lengths of its sides 

32 The sum of two numbers is six times their difference, and their 
product exceeds twice their sum by 11 Fiud the numbers 

33 If the longer side of a rectangle be inci eased by 3 yards, and the 
shorter by 2 yards, one side becomes double the other, and the area is 
doubled Fmd the lengths of the sides 

34 A lawn, rectangular m shape, contains 864 square yards , if it were 
4 yards longer and 3 yards narrower its area would be the same Fmd us 
dimensions 

13,B A. 9 
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35 Tho circumference of one \rlicel is 8 inches longer than that of 
inothc^and tho first makes 72 foivcr reioliitions in a mile find the cir 
umference of each 

(^6 A slou train takes 5 hours longer in journeying hetueen tiro giien 
<emini than an express, and the tiro trains u hen started at the same time, 
me from etch terminus, meet G hours aftcrwai ds Find hoii long each takes 
n trai elling tho whole journey 

37 The area of a rectangular room is 328 square feet, and its perimeter 
8 73 feet find the lengths of its sides 

38 A boat’s crciv finds that the immhor of minutes iihich they just 
cquiro to row 4 miles in u i ivci against the stream exceeds by 11 the 
luinber of miles per liour they cm row in still water , while it takes them 
20 /minutes to row tho 4 miles with tho stream Find the rate at which 
bhc river flows 

In a mixed number the integer is 98 times tho fraction The 
lumcrator of the fraction being unity, and its denominator less by 7 than 
bho integer, find tho mixed numbci 

40 Two men start simultaneously from opposite ends of a road and meet 
it tho end of 6 minutes I’hey pass one another, and each continuing to 
tho end from which the other started, one ends his walk 5 minutes bcTorc 
bho other How long does each take’ 

41 A, B, and 0 w alk from P to Q, a distance of 30 miles , A starts 

hours before B, and B IJ hours before C, and they arrive at Q. together 

If B had started half an hour earlier, he vv ould hav o passed A 2 hours 
before A reached Q- Find tho rates at winch A, B, and 6 walk 


42 A giocor has two weights, one ns much over a lb ns the other is 
under a lb , and ho finds that on selling 611 lbs 14 ors of tea at 2s Cd n 
pound he gets £2 more by using tho lighter weight than ho would have 
done by using tho heavier what were tho respective weights' 

43 A gentleman arrives nt the i-ulvvny station nearest to his house an 
hour and a half before the time at which ho had ordered his carnage to 
meet him He sets out nt once to w nlk nt tho rate of 4 miles nn hour, and 
meeting his carriage when it had trivcllcd 2 miles, tenches home exactly 
nn hour earlier than ho had originally expected How far is his house 
from tho station, and nt what rate was Ins cirnagc driven 7 


44 The figures which express the pounds and the pence in a ccrinin 
sum of money will change places if £2 19s Gd be added to it, and those 
which express the shillings and the penoo would be iiitcrchanced bv 
subtracting 2s 9d What alteration would be produced in tho sum of 
money by interchanging tho figures which express the pounds and shillings' 

45 Tw o cvelists triv el, one from A to B, the other from B to A by tho 
same rosid, aiid nt uniform speeds Tliey start nt the same moment One 
reaches B 2^ hours, tho other icachcs A 3 hoiiis 36 minutes after they meet 
How long was each on the journey ? 


a imifofL one town to another After walking 6 miles at 

bv 1 the top of a slope where he mends Ins pace 

uLw minutes later, and, after walking at a 

1 X ? mmwtcs later than A here increasing 

his speed by ^ a mile an hour, ho overtakes A just ns tho town is reached® 
A would have covered the disUnco in half an 1 our less, hn,nie ZlCd tho 
whole distance with B’s initial speed Find the distance mid the speeds 
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47 Two towns A, B are connected by two roads, one of which is twice 
as long os the other A man walked by the shortei road from A to B, and 
returning immediately by the longei road met one mile from B another 
man who started at the same time from A on a tncycle and travelled 
3 miles an hour fastei , and when he had walked 2 hours longer he again 
met the tncyclist who had passed through B and A without stopping 
Find the lengths of the two loads, and the late at which each man 
travelled 

48 What fraction wnll be increased by when unity is added to both 
numerator and denominator, and diminished by i/V when 4 is subtracted 
from each of them ? 

49 A railway passenger obseives the time of transit over three 
successive miles, and finds that the time for the first mile exceeds the time 
for the second by twice as much as the time for the second exceeds the 
time for the third He also calculates that the average speed for the train 
in the first mile is 5 miles per hour less than in the second, and S miles 
per hour less than in the third Find the time of traversing each of the 
tliiee miles 

60 A cask A, of 20 gallons capacity, is filled with brandy, a certain 
quantity of which is afterwards drawn off into an equal cask B, which is 
then filled with water After this, A is filled up with some of the 
mixture in B, and when 63 gallons of the mixture now in A is poured 
back into B, the two casks contain equal quantities of brandy How much 
w as at first taken out of A ^ 


CHAPTER XXX 


EXAMPLES FOR REVISION 


XXX a 

Read off the square root of 
1 25a«6s 2 0001^ 


{Oral ) 


r 


10^^ 


5 4a®-8o6+46^ 

8 l±4a?b+4a*b^ 

11 l±2(a-6) + (a-5)a 


ar*-6a:+9 


4 

0064 

7 4ar‘±12a‘y+9y® 


9 * 8 ± 2 +- 




10 


» . Bax . 25(1.® 

*'*-r+Tr 


13 (a:+5y)®-lQy(a;+6y)+25y® 14. (ei+6)®+2{a®-6®) + (a-6)® 


16 4»‘±2+i 


16 


4a:«±4+-, 

SC* 


Read off the roots of the following quadratic equations 
17 a;S-9a;+20=0 18 x{x+3)=x+S 19 (a;-4)(a:-6)+2(a;-5)=0 

20 (a?-16) + (a:-4)=0 21 -cS+SairrO 22 253:3-16=0 

23 a:{2a;+l)-J{2a:+l)=0 24. 3a: {4a; -5) =7 {4a: -5) 
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Read off the roots of the following quadratic equations 
25 3a;(2a!-3)+J{2a:-3)=0 26 3(a;-o)+a:(a;-a)=:0 

27 x-2+i=0 28 7(5x-7)=^(5x-7) 

29 (»-iP=9 30 a:+2+i=0 31 2x-2+»(x-l)=0 

X 

Find, by inspection, one root in each of the following equations 
32 2a;-2+(7x-3)(x-l)=0 33 ?^+^(6a:-9)=0 


34 ^(2a;-l)-6(a:-i)=0 35 7(3x-6) + llx(23-4)-21®(5x-10)=0 

36 |( 3 «-|) m 11 .- H 4 )( 7.-|)=0 37 ^*^^0 

XXX b 

1 Simplify — — 

^ 2a:+3a 3a-2x 8a? -18a* 

Deduce the solution of the equation formed by equating the expression 
to zero Test your result 

. 2 Wntedown (o) the square root of {a+b)*-2(fl+6) + l, 

►' (6) the square of a+b- c, 

(c) the cube of a+b 

O 

3 Solve the equation 4x+ r+4=»0 Test your ansiver 

4 Draw enough of the graph of y=sfi to determine n/ 8 and is/l3 Use 
one inch as x unit and one tenth of an inch as y unit 

5 Solve the equations 3x-7y=2, 9^=3 

6 Dse the rcmamder theorem to pro\e that x-a+b is a factor of 

(as - a)*+ (26 - c)(as- a) +6* - 6c 

7 Fmd a fraction u hich becomes equal to ^ if the numerator is increased 
by 2, and equal to -y if its denommator is increased by 3 

XXX c 

^ «x ' l6x - «6 '^^ i^l6as+ - g6 Check your result 

2 Determine \ aluea of a which will make a? - aa;+ 25 a complete square 

3 Solve the quadratic x - 4= 1 — ^ Check j our result 

f , 'A Fmd the square root of 23a? -70as»+ 89a? -56x4-16 

of £ of y=nx- a? From your figure determine the value 

oLp 9 5* - f a maximum value What is the value of y m this 

case ’ Test your results algebraically ^ 

6 Sohe the equations a?-n/=25, x-l-y=37 graphically and by algebra 
f tfetwem one census and the next the native ponulation of a fnm, 

’ "''hilc the number of foreigners decreased from 200 
the increase in the total population uas 7 per cent What uas 

the total population at the second census ’ ^ ' 


Check your result 
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XXX d. 

^ ^ ^oT§5'*'a^‘*'(66-2a)(a+25) 

2 Wnte down (i) the square root of (r® - a;)® - 8 (a:® - a;) + 16 

(ii) the square of a- 26+ c 
(ill) the cube of a+25 

3 Using half an inch as x unit, and one tenth of an inch as y unit, 
draw the graph of y=aP-3x+2, for integral \alues of x, from -2 to 5 
What do you deduce os to the equation r®- 3a; + 2=0 ’ Give reasons 

4. Draw enough of the graph y=si? to determine the square roots of 
54 8 and 58 5, correct to two decimal places Use a large x unit 

0 15 

5 Solve the equations - — an/=12 

X y 12 

6 Fmd the values of a which will make the expression 

8a!® + ar*® - lOoa! - 48 

exactly divisible by a: -2 

7 A clock IB two minutes slow but is gaining If it were three mmutes 
slow, but were gaining half a minute a day more than it does, it would 
show correct time exactly 24 hours sooner How much does the clock 
gam in a day? 

XXX. e 

2 What values of a will make 9x®+oa:y+4y® a complete square’ 

3 Solve the quadratic G(a:^-2)=a;, by completing squares, and verify 
your results by means of the formula for solving quadratic equations 

4. Determine graphically between what values of x the expression 
35 - 4a! - 4ai® is positive Verify your result by algebra 

5 Solve the equations 3a:®+4ry=ll, 

» 4y®+3a^=22 

Q6. Fmd the square root of 16a?*-16a!®+4a^*+8a;-4+^ 

7 A sum of money is distributed among some children, each child . 
receivmg the same amount If a shilling less had been given to each, 3b 
more children could have participated, and if a shilling more had been 
given to each, the number of children w ould have had to be reduced by 20 
Fmd the sum distributed. 

XXX f 

hv S.Tnri,fy 63 ^+x-I 6a^+nx+3 2a:®+9a;+4 

(I ^ ^2a!— 5a!-12^ 9*®-! a!=-16 

2 Prove that a:-a is a factor of a^~(a-t-l>~c)aP+(al>-be~ca)x+abc 

3 Solve, graphically, the equation 2aj®+a:-13=0 Get your results 
correct to one decimal place, and check your answ'cr 

4 Fmd the maximum value of 7t—3?, and the mmimum value of 
a!®-6a: 

5 Solv e the equations a? - Bxy — 14y®= 10, 

a;-7y=l 
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6 lla^=h^+c\ pro\e that{o+&+c)(fc+c-a)(a+c-Z»)(a+J-c)=4liV 

7 A fruiterer sold a certain quantity of oranges for £6 10» If he had 
gi\en two more oranges for a shilling, the same quantity nould only ha\e 
realized £5 17« How many oranges did he sell ’ 


XXX g 


1 

2 

3 

4. 

5 


-■-H) 


Simplify ^ X ^ 

x*-f-ary-+y* ar-^-xry 

Prove that {a-b), {b-c], (c-o) are factors of 
a^(6 - e)+b^{c - a) + c*(a - Zi) 

Sohe the equation 4ar-3a;-12=0 grapliicallj and by algebra 
Use a geometrical method to find the value of n/S 
Solve the equations (a:+2y)®— 3(a:+2y)-2S=0, 

a:-2y=6 


6 Extract the square root of jc*+l — 12a:{ar®+ l)+38a? 

7 A man starts at 2 p m to walk to a place 13 miles off He walks at 
a uniform speed till 4pm, when he increases his speed bj one mile an 
hour, and reaches his destination at 5 30 p m At what speed did he walk 
dunng the first two hours 


XXX h 


1 Resolve into factors (i) a:*-3x®+9, 

(u) 512(ar-|^)®-(8(«r-a)* 


2 Simplify 


(a+b)x 


(b-i-c)x 


(x+a){x-b}'^ {x+e){b-x) 

3 Di\ide (a?— by a?-y®-ir 

4 A certain port wane is worth 47s a dozen now, and increases in value 
at the rate of 3s a dozen per annum Draw a graph to determine its worth 
m commg years, and road off its aaluc per dozen in 7, 13, and 17 years 

5 Sohe the equation Sar®— 5ar— 21=0 graphically and by algebra, 
getting your results correct to one decimal place 

6 Sohe the equations a?+j(®+l=3ary, 

2(a:y+4)=3y- 


7 One fourth of the subscribers to a certam school gaa e a sovereign 
apiece, one fourth of the remamder gave half a sovereign apiece, and the 
rest each gave a flonn. If the three sets of subscribers raised their 
subscriptions to a guinea, half a guinea, and half a crow n rcspectivclv , 
the total increase in the subscriptions would be £2 10« Od How many 
subscribers were there and w hat was the total amount subscribed T 


XXX k 

1 Multipty 8o»- 120*6-540=68+2436* by 2a +36, usmgthe method of 
detached coefficients 

f^J^i^H>ress ^1--- '*'^ — y as a fraction with a numerator of four ' 


3 Solve the equation 23;— 17 _ 3a;— ^ a;-IO 

*-3 a:-9 x-1 ~ x-9 
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4 With the same axes dra\i thogiaphs of y=x+4. and Hence 

sohe the equation ar’-a:-4=0 as nccnralcly ns you ean 

6 Two ojclists, tiding •) and 10 miles an liour rcspectii cly, stait from 
two places 55 miles npn t at noon tow aids one anotlici Find graphically, 
as ncciiritcl} ns >ou can, their time of meeting, and the times when they 
arc 20 miles apart Verify jour results by algebra 

6 Soho the equations (a+2y)-+(2ar-y)®=85, ai/=4 

7 From two towns 115 miles apart, two cyclists start on Monday 
moriiing to meet each other One traacls at the into of 48, the other at 
the rate of 57 miles a daj' Find on what daj they will meet 


XXX 1 


1 

2 


Multiplj 2a:® - 3a:* + 4a: -6 by 3ar*+4a,4 5 


Proao tho identity 


ax - x-"*" bx - x-"^ cx - X- a-x b~x c-x"^ x 


3 Sohe the equations L_=:2, — — ^- 77=3 

x-S y-2 x-\ \y~'i 

4, Sohe the equations a:+y=7, xy=4 by a geometrical method, as 
acciiratelj as j oil can \ 

5 A cycles along a road starting at 15 miles an hoiir, but diminishing 
his pace by 3 m an hour at the end of each hour B stnits at the same 
time, in tho same direction, at 0 in an hour, increasing his pace by one 
mile an hour at the end of each hour Draw in one (liaginin a graph to 
give their positions at the end of each hour Determine when and srlierc 
they meet again, and liow far apart they arc in 5 Jioiirs 

6 Soho tho equations ar*-a:y+i/*s=21, 

ar-y-sO 

7 A and B, avho Use 71 miles apart, start at tho same timo'to^.visit each 
other If A tmaol at the rate of q miles 111 an hour, and B at ^110 iwto of 
r miles in an hour, express in terms of p, q, and ? tho time which wnll 
elapse before they meet 


XXX m 


1 

2 


Multiply — 
Soh e the equation 


ar-ab+lfi 
hb{a-b)-{r‘ 
lijp+x-3 
Sv- i ~ 


i>y 


a*-h"- 

o''+6® 


7a:*-3a-0 
7a:- 10 


3 Find tho square root of 

4. A man spends £75 in G1 daa 8 Draw a giaph to gi\c his expenditure 
many number of dn^8 Write down his expenditure in 17, 35, and 40 
days, to tho nearest shilling 

5 Draw the graphs of ar+i/*-4r-8y=0 and 2y-x=:6, in tho same 
diagram, and hence soho tho equations 

6 Solve tho equations I3x+y)~-(3y+x}-=2i, 

sP+y^=5 

7 A rectangular grass plot, 8 ft longer than it is broad, is surrounded 
by a path 2 ft f» in wide Tiic cost of making the path, at Is Cd a square 
yard, is £3 2s Cd Find tho length and breadth of tho plot of grass 
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1 


Simplify 


aP-Ba^b + Zab^-lfl 

a? - a~b - ab- + b' 


n o 1 it. i (1+*)® 25 

2 Solve the equation ^ 

3 Resolve into factors (i) (a*-b*)-(o+I))*{a-l»)*+21»(a®+l»®) 

(n) *“- 102 ?+ 31a: -30 

4 Draw the graphs of y=2*-a?, 2*+y=0, and hence sohe the 
equations 

5 Determine graphically the maximum ^alue of 3 -4*® -12* Write 
down the value of x in that case, and verify your results by algebra 

6 Sol\e the equations 4*®-G*y+y®=ll, 

3y®-2*y=14 

7 A walks over a certain course and back again , B starting at the 
same time walks at half the pace of A o\er five eighths of the course and 
back again A passes B half a mile from the w inning post find the length 
of the course 

Solve the problem graphically or by algebra 


XXX p 

1 Divide a6(a?+y®) + (a2+&®)*y+(a-6)(»-y)-l by o*+6y-l 

2 Solve the equation G(*+4)®+(®-4)*=s6(a?-lC) 

3'Eactonzc (i) a[a+b-c){a-h+c)-b{b + e-a){a+b-c) 

(ii) a^-Oar-y^+jr* 

4 Draw the graph of yt=a?-3*, using a large * unit Hence sohe, 
as accurately as you can, the equation a? - 3* =7 

5 A, starting at noon, cycles 15 miles m the first hour, and diminishes 
his speed by 2 miles an hour at the end of each hour B, starting at 
2 30 p m in his motor car, catches him up at 4 30 p m How fast docs B 
travm? Sohe the problem graphically 

6 Solve the equations i+p+i=13, 

l_i=l 

y X ’ 


7 A woman has a fifth more apples than pears, but obtains a pound less 
for her apples when they sell at sixteen a shilling than for her pears, each 
of which IB worth two apples How many of each kind of fruit has she » 
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CHAPTER XXXI 

LITERAL EQUATIONS 

169 Instead of numencal coefBciente, we sometimes have to 
deal inth coefhcicnte denoted by symbols whose values are 
supposed to be known Such coeflScients are called literal 
The methods of solution are the same as in dealing vnth 
numencal cocfBcicnts. 


Simple Equations (One unknown) 

Example 1 Solve the equation 

x-a a;+g _ 2 ffx 
0-6 a+6~a — 6 - 
Multiplying Loth eides hj a--h% 

(x-a)(a+b)-(z+a)(a~6)=2ax 
Rctnov mg brackets, and transposing, 

a:{a •‘• 6 - 0 + 6 - 2 a)=a®-a 6 +a®+a 6 , 
2x(6-a)=2a® 

Dividing both sides by 2(6 -a). 


xs- 


b-a 


Examples XXXI. a 


Solve the equations 

1 E±£=i-£- 
x-b x-b 




c-6 _ o+6 
x-c~a:+c' 

1 1 (1.6Sc=ir) 

0 c abc abc 




13 


ax , or IPx 
^ 0+6 ^~a-b~d?-lr 

(jc - o - 6)*=ra:® — (o - 6)® 

-J-+-i_=2 

x-a x-b X 
x-2a _ x-a 
jrx+2a~x-^a 


2. A _l=n2_t2 

bz ax 


a -•2b 


= 2 + 


2a-b 


2 g 3{a6-a:(a + 6 )l . (2a+6)6^ _6a; 
0+6 o(o+ 6 )® ~a 


6 E±®+®i£=2 

yX-c X-a, 
o+c a+6+c 

10 ^+26(c-c)+5=c(o+6)+^ 
O' & c 

12 

x—p X X— r 

14. x-a 2(g-6) 

x-a~x-b~z-{a+b) 

0=6= 

{?+l)5 
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Solve the equations 

-g (o^-l)(aa;+l) (a^+I)(a;-a) _ ga!+l o(aa;-l) 

a^[x+a) ax+1 a:+a oa;+l 

17 a; a; _a+b x-a , x-c -q x+2a _f x+a Y 

i5+6'*'5+6i""Hr " x-b^x-d~‘‘ a!-26'"U-i'/ 

QQ ^ jL. ^ 23. ^ I a?*”6 2(a/*~ci) 

a;+a^a:+&”a;+a + 6 a+6 ^a+25~ 36 

22 (a:+a)(a;+6) + (a;+6)(a;+c)=(a:+c)(a;+d) + (a:+d)(a;+o) 

23 — V=.-4 ^ 

x-a x-a+c x-b—c x-b 


24 _1 1 ^ . 

x-a x-b x^-ab 


25 


oa; 6a; 
x-b^x-a 


=a+b 


Simple Sunultaneons Equations 

170 Example 1 Solve the equations ax+bi/=:p (1) 

bx-ay=q , (2) 

Multiplying (1) by a and (2) by 5, 

(Hhc+abysiap, 

b^-abyssbq 

Adding, »{a®+6®)=qp+6q, 

qp+6y 

®“oH6® 

Instead of substituting for x to find the value of y, it will be simpler to 
eliminate x from the given equations 
Multiplying (1) by 6 and (2) by a. 


abx+b^=bp, 

abx—a^=aq 


Subtractmg, 

y(a®+ 6 ®)= 6 p-aq, 



bp-aq 

o»+ 6 ® ’ 



"'= 0 ^+ 6 ®’ solution 


Example 2 

Solve the equations 



ah 

(1) 


1 + 1=1 

0 a 

(2) 


s.bt»ct.=g. 


x=y 
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Substituting m (1) or (2), 


1 , 


ah 

“'=5+6=2' 


Examples XXXI b 

Solve the equations 

1 3(a;-a)-2(y+a)=5-4o, 2 (a+6)a:+cy=6c, {l»+c)y+aa;= - al> 

2(a;+a)+3(y-a)=4a-l 3 aa;+6y=3(o®+6®), a:+46=y+2a 

4 ax+hy=s, ax-hy=t 5 aa,-6y=a®, hx-ay=b^ 

6 oa;+6y=a®+2a6-6®, bx+ay=a~+b^ 

7 {a+b)x+{c+d)y=bc-ad, (a-b)x+{c~d)y=ad-be 


g , y _ 1 


^ ■ y - ^ 

^ ^ 1. — T. 


g 

6-c^c — a a— 6’ c-o'^a-6 b — c 
9 a(a:+y)-6{a:-y)=2a, (a?-6®)(a;-y)=4a6 

10 ax-by=2ab, 26a!+2ay=36®-a® 

11 a:(5-c)+6y-c=:0, y{c~a)~ax+c=0 

12 axy=e(jbx+ay), bxys:e{ax-by) 

13 c^x+2a®j/=(c+a){ca:+2oy)=(c-a)® 

14. aa!y+6=(o+c)y, bxy+a={h+c)y 

X , y a?+b^ X . y a®+6* ie ® ® h ,a 

6+5= “Sr “ 5+r^* 5+P=^ 

17 (a-6)a:+(a+6)y=2(a®-6®), a!c-6y=a®+6® 

18 aa;+y=c, x+hy=d 

19 a6(6a;- ay)=c(a-6)(o®+a6+6®)=c(o^-6®y) 

“ a»+(a«-l)y=I 

22 by+cz=a, cs+aa;=6, oa;+6y=c 

23 -=H=-, 2ai2+mya+nss=l 
a b c 

24 o(y+z)=yz, 6(z+a:)=aa:, c(a;+y)=a:y 


QUADRATIC EQUATIONS 

171 When the equation has been simplified, the factors can 
generally be seen by inspection 

Example 1 Solve the equation 3p - Sax - 18a?=0 
Factorizing, (a;-6o)(a;+3a)=0, 

a;=6a or -3a 
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Example 2 Solve the equation aa:(»- l) + 6(a:+l)=25 
Removing brackets and re arranging, 

aa^+%(b~a)-b=0 
Factorizing, (fla, + l»)(a:-l)=0, 

oa.+l»=0 or a;-l=0, 

ft 1 

a;= — or 1 


Examples XXXI c 


Solve the equations 
1 a;®-2aa = 15a® 

3 6ai(a-i)-c(a-i)=0 

6 a!®-2aa:+a®=i 

a 

7 Pz^_P±a 

p-a p+x 

9 ahar*+lt=(a+h)* 

11 aa:(a:-3&)+2(a!+26)a6=lGa6® 

13 i(*+o)=-i(2*-o)a=2|^ 

16 aP-2bx=4a^+4ab 

17 (aa-5®)(iKa+l)=2(o*+5’*)a? 

a . 1 a 


19 


a+a-l x-a+1 »-! 
1 


21 4a?-4aa;+a®= 
23 


b-x a-x a b 
a-x b—x~b a 


2 

4 

6 

8 

10 


a:(6a-a;)=6a® 
a:®-(a+?»)x + al»=0 


, 2or 

ir+^=-r 

aha°-l 
0-6 


-=® 


12 

12 

14 1 , g -2 

2x-5a^2x-a a 
16 4aa:+6®=4r®+o® 

18 

0-6 6-0 


20 

22 

24 


^ +J-i:+r^=0 


25 6a:®+oy-sro®+6®, !B+y=o+6 


cc-o x-b x-c 

_i_+ “ -2=0 

x-a x-b 

aaP-b o+6a:° _ 2(a"+6^) 
aa:+6 ’’^o-hx” o®-6* 


EQUATIONS IN AN IRRATIONAL FORM 

172. The square root of any quantity may always be legardcd 
as having two values equal in magnitude but of opposite signs 
For example, the square root of 49 is ±7 When, howevei, 
such an expression as tj2x+3 occurs in an equation it is usual 
to regard it as meaning the positive value of the square root 
of 2a; +3 It might be contended that V4a;+ 7 - v/4a;+ 3 = 2 
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was the same equation as v/i^+7 +^/4■B+3 = 2 , but they are 
commonly regarded as being diffeient, and instructions are given 
that after solving an equation of this sort, the answers obtained 
should be substituted in the original equation to see whether they 
satisfy it 

Example 1 Solve the equation ^J4x+^ +fj4v+3—Q 
By transposition, •j4x+3=:Q—ij4x+i (1) 

Square, 4a/+3s=36— 12\^4T+7+4a!+7 , (2) 

12n/45+7 =36+7-3=40, 

N/4a:+7='^ 

Square, 4v+7=^-§^ , 

This root will bo found on substitution to satisfy the equation 
n/It+T +\/ 4^r+3=6 

Examples Sol\e the equation >/2a,+3+\/*-10=6 (1) 

By transposing, i»/S+§=6-\^^ 

Squaring, 2a:+8=38-12\/»-10+a:-10, 

a;-23=-12Vi:-10 (2) 

Squaring, »=>-46a;+629=144(®- 10) 

=144»-1440, 

a:®-ig0x=-I969, 

, a:=ll or 179 

The result 11 satisfies the eqiiition , 179 does not The fact is that in 
solving equation (1) wo have intioduccd on additional root through squaring 
As we-squared equati on (2) it would have made no diifcrenco if we hud 
written it x - 23 =. 12 ~ 10 Thus, in solving (1) wo ore also solving the 

equation »/2x+3-iJx - 10=0 , and this is the equation which is satisfied bv 
the result 179 * 


♦This may be expressed in general terms 

If wo solve an equation P=Q by squaring, we introduce 
additional root 


generally an 


The equation becomes 

le P_Q2_o^ 

»e (P+Q)(P_Q)=o 

P-Q=0, but another 


one 
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Examples Sol\o T'’-a‘+5N^lix‘--6x-^0s= J{3*+33) 

2x--2x+10\/2j — r)x+(i=3x4 33, 

2x"-5x+10N/Ar‘ — 5x+0sr33 
Let [i=y, tr 2j?-5r+6=i^. 

Then the equation becomes 

v'-fi+10v=33, 
v"+ lOy — .{9=0 , 

(y-3)|v + n)=0, 

*e N/jar-Ox-i 0=3 or -13; 

2x5-5r-rG=n, 

2x=-3x-3=0 

Bj substitution it will bo seen that the ncgatiie \alnc (-13) of y svill 
not satisfy the equation 

Thus the question has been rtiliiccd to the oolntion of n quadratic 
equation 

Tho following plan is lomctinics useful 

Example 4 SoUc "k^2ar^+'(x- 1 »-s,^2y*-7x-* 7=0 (1) 

Now evKknllj 2x®+9r- 1 -(2ar-7x i 7)-lf>x-8 , (2) 

from (1) and (2) bv dinsion we obtain 

— - — — — — Ra? - 1 

n^2x--*-9x-1 -\0x -7x4 7= , (3) 

b} adding (1) and (3) 

2«/2j^-< Ox- 1 -f C=- -t . 

CV2? + 9r- 1=8x4 14, 

3 s'2xJ + 9x- 1 =4x- 7 , 

b> squaring, 18x'4 Slx-9=lGr‘'+,76r+49, 

2x’+2rjx - fiS =0 , 

(2r4 20)(x-2)=0, 

x=2 or --_® 

Test, as before, to see w hether the roots latisfv the equation 


Esamplcs XXXI. d. 


Sohe the following equations and aerify tho solutions hj substitution 


I \/2 x 4^=5 
3 ^4Fn=3 
5 

7 a/3x--4x+9=3 
9 •Jlx+l -a^x=s/5x 

II \/2x+10+2Vx+G=2 



6 — 0=1 


8 n^ 2 x +34 V2 x ^=5 
10 N/flxT0-\/{xT7=a'2(x-(>) 
12 <\/Sx^-r2\'x75=2 



XXXI ] 


EQUATIONS IN AN IREATIONAL FORM 


255 


13 a:+5=N/»+"5+6 
15 >Jx-‘>Jx-[a—by=a+h 
17 •Jax+V‘+\l(tx-2ab=2a+b 

19 >-^-^ =v£+2+s/g-l 

\>x+2 

21 iJx+\fx^=—^= 

\fx-7 


23 

25 

27 

29 

31 

33 


>Jx+2+\/x= ■ — ^ 

Va;+2 

>Jx-a^->Jx-lr=h-a 

ar®+^/a^'-5a;+l=5a:+l 

jB®+2a;+4\/ar*+2iis+8=24 

9a:-3ar*+4N/aiS-3a;+5=ll 

\/ar-+3a:+6-»yar*+3a:-l=l 


14. \/a;+l+N/a;+8=7 

16 a®=21+Ay^r9 

18 'i/r+^+'^/4*TT=\^^+T 

20 ^/5oa!+45+^^5aa:-46=4^/^ 

22 '*/5+T+js^+4=\/*+9 

24. 's^+a^^a+^?=a+'s/x 

26 a?+\/a?+3a:+5=7-3a; 

28 a®+2a;+6\/ar'+2a;+5=ll 
30 3ar®-2N/3ai“-2a:+l=2(a:+l) 
32 2a?-N/(®-3)(2a;-7)=13a:+9 


173 We now give some miscellaneous equations, of wlucli the 
follomng are types 

Example 1 Solve the equations 

a!+v+z*19, (1) 

*s+s^+s?=133, (2) 

yz=*® (.3) 

Squanng (1), subtracting (2) from it, and dividing by 2, 

*y+y2+z»=114, (4) 

from (3) a;(y+x+z)=114, 

and from (1) a;=6 

Substituting this value of x and solving for y and z ive obtam the 
following solutions 

®= 6 , 6 , 
y=9, 4, 
z=4, 9 

Example 2 Solve the equations 

»(y+^)=7, (1) 

y(a;+z)=4, (2) 

z{x+y)=5 (3) 

Adding (1), (2) and (3), and dmdmg by 2, 
xy+yz+zx=8 

Subtractmg (1), (2) and (3) from this, in succession, 

y®=li 

aa=4, 

a:y=3 

Whence by multiplication, a?yh^=12 

xyz—±i\/i2 


x=±2>i/3, y=' 


±n/I 2 ±<s/i2 


z=- 
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Extunple 3 Solve the equations 

ar+2ys=48, (1) 

p®+2sa;=48, (2) 

!?+2ai/=48 (3) 

Adding and taking the square root of both sides, 

a:+2/+z=±12 (4) 


Subtracting (2) from (1) and factorizing, 
{a:-y)(r+y-22)=0 
a;=j/ or a!+j^=2s 

(i) K x=y, fiom (1) a?+2a;s=:48, 

and fiom (3) 2’+2a.''=:4S, 

•whence z=x 

x=y=z, and from (1) or (2) or (3) 
a;s=±4s=2/=s 

(ii) If x+y=2z, 

from (4) 2 = ±4=a;=:y ns before , 

x=y=:z= ±4 are the only solutions 


Examples XXXI e 

Soh e the equations 

1 (*-l'y)’+s?=1125, 2 xsrry®, 3 a:S-2»=|- 
*+y+s=sl5, a:+y+s=13, 

xy=^ a?+y5+s?=91 

^ 6 a:y+5=l0, 6. x+y=a+b, 

t^=3 xy--x=Gy 5+^=2 

X y 

7 ar’+'cy+y==!2a;’+3a;y + y'*=c® 

8 a;+y+s=7, g+g a-a _c 

a^+OEs+ysiaU, ^ g+l)'*'g-l>“F 

gyzaS 


jn {x-a){x-b) x-a-h 
{x-c)[x-d)~x-c~d 


12 a:(y+a)=6, 
y(g+z)=4, 
s('c+y)=3 


11 (o«+6y)*+(oy-6g)«=2^|+U, 


*4.^-0?!+^ 


13 (a;+y)(g+z)=:l, 
{y+s)(y+»)=4, 
(s+g)(s+y)=9 


14 Find the rational solutions of the equations, 

®V’£+5_V_106 
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INDETERMINATE EQUATIONS 

174. When we have but one equation involving two vanables 
we can geneially find any number of solutions (Art 57 ) 

Such equations, howevei, often admit of only a limited number 
oiposihie integial solutions 


Example Fvid (he poattne tn(eg>al solutions of the equation 

5r+12y=193 (i) 

By piittmg xovy=0, 1, 2 and so on, one pair of roots can generally be 
found uithout difficulty 

Here we see hy Uiaf that one pair of loots is giien by y— 14 

i« 5x5+12x14 = 193 (2) 

Subtracting (2) from (l),5(^-5) + 12(y-14)=0 
5(a;-5)= 12(14 -y). 


a;-5_12 

14-y~5 


12 , 


Now ~ is in its lowest terms, and x and y must be positii e integers, 

5 

'«;-5=12p, 

and 14 -y=6p, uherep is an integer 

ifi a;=5+12p, , (3) 

y=14-6p (4) 

Eiom (3) p cannot be<0, for then « would be negative 
(4) >2 y 

0, 1, 2 aie the only admissible values otp 


Hence from (3) and (4) the only positive integral solutions of the gii en 
equations are 

(P=0) x=b 1 (?>=1) ^=171 

y=14j y=9 J 

B 


BBA 


(p=2) a:=29\ 
y=4 / 
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GRAPHICAL SOLUTION OF INDETERMINATE EQUATIONS 

176 Example Fud the positive integral solutions of the equation 

3a:+2y=30 

Use a half inch unit 

IMicn z=0,f/=l5, 

y=0, a=10 

Joining the points (0, 15), (10, 0) by a str line, Me ha\e the graph 
of the equation 3a:+2y-=30 

The only points, u liosc co ordinates arc positn e integers, thiongh u Inch 
the line passes, u ill bo seen to be the points 

(8, 3), (G, G), (4, 9), (2, 12), not counting zero ^ alucs 
these arc the reqd solutions 


Examples XXXI f 

Find the positive integral solutions of 
1 2a;+5y=35 2 2a:+3y=l'5 3 5a;+2y=27 

4. 7a: + Sy=73 5 9x+6y=33 6 7a:+ 13^=207 

How many positn e integral solutions are there of 
7 2j:+13y=185 8 2r+lly=lC5 

9 4a:+9y=207 10 7a:+3y=sll9 

11 Provo that the equation 7a;-6y=16 bos an infinite number of positive 

integral solutions 

Use graphical methods to find the positiv o integral solutions of 

12 3*+2y=17 13 5a:+y=18 14. 3a:+4y=48 

15 2a;+7y=23 16 2a:+3y=30 

r ind graphically , or by nlgcbi a, all integral solutions of the follou ing 
equations winch have positive values of x and ncgativ e v alucs of y 
17 x-2tf=12 18 2x-3y=24 19 a:-y=4 

Find graphically, or by algebra, all integral solutions of the following 
equations winch have negative values of a and y 
20 2a;+3y-»-24=:0 21 4a:+3y+24=0 22 a;+2y+12=0 

23 A man bongiit a number of books at 5> each, and a number at 7a each, 
and spent 38$ liow many of each did lie buy ^ 

24. A man bought a number of geese at 7a each, and a number of tin key’s 
at 11s each, and spent £4 G» how many of each did he buy’ 

25 In how many ways can I pay a bill of 31« in sixpences and shillings, 

excluding zero solutions ' 

26 Divide 19 into two parts so that one may be a multiple of 9 and the 

other of 4 

27 A has only four shilling pieces, and B only half crow ns ^yhat is the 

Bimpkst way in which A can pay B the sum of ,15? ’ 

28 In how many ways c<»n I pay a bill of 37s , if I have only florins and 

half crowns in my pocket ’ 
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29 

30 

31 

32 

33 


The sum of two fractions is 2;jV and their denominators are 4 and / 
Eind all the solutions of the problem 

Find general foiniulae to represent all the integnl solutions of the 
equation 9a;- 13y= 63 

A has 25 four shilling pieces, and B 25 half crowns in how mmy ways 
can A pay B the sum of 37a ’ 

Find the positive integral solution of the equation 5a:+13y=227, foi 
winch the value of r is laigest 

A man exchanges a number of geese at 7s ea^, for a number of 
tuikeys at 13«f each, and receives £4 13a in cash Find the number 
of ways in w Inch the exchange can be made, a condition being made 
that the man shall not take moie than 20 tuikejs 


CHAPTER XXXII 

THEORY OF QUADRATIC EQUATIONS 

177 To piove that a qmdmitc equation cannot have more than 
two loots 

If possible, let the geneial quadratic equation 

aTp + bz+c^O 

have three different roots a, p, y 

By hypothesis, each of these values of ^ satisfies the equation, 
by substitution 

<ia“ + 6a + c=0, (1) 

(i^2 + 6j8+c=0, (3) 

ay®+^+c=0 (3) 

Subtracting (3) fiom (1), a(a** — ^“) + 6 (a - ^) == 0 
Dmding by a - jS, which by hypothesis is not equal to zero, 

a(a+j8) + &=0 (i) 

In the same way, subtracting (3) from (1) and dmding by a-y, 
a(a-t-y) + &=0 (5) 

Subtracting (5) from (4), a{fi — y)-^, 
a = 0 or j8-y=0, 

which IS impossible, for a is not equal to zero, noi is /S equal to y, 
by hypothesis 

the quadratic cannot have more than two roots 
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178 The square root of a ncgatl^ e quantit} eaimot be found 
It IS said to be ‘imaginanj,’ or ‘timeal,’ oi ‘impossible’ 

The qmdiatic equation ax--{-hv+c=0, tmll Jme 

(1) real and diffeiait tools if b->4:ac, 

(2) real and equal tools tfh-=Aac, 

(3) tmaqinai tj roots if h~ < 4rtc 

"We ha\e seen (Art 149), that the solution of this equation 

may be thus imtten 

-h±-Jb-- iac 


(1) If l~>4ac, I- -iac is positne, and the -value of Jb’ - iac 
ina\ be found , 

vv e then hav c tvv o real and different roots, 
v ,7 -h->-Jh--iae -h-Jb--itic 


2a 

(2) Ifi2 = 4fl/’, bi-4ae=0, 


2a 


r= - V- IS the only solution , 
2a * ’ 


in other words the roots are equal, and each equal to 

h_ 

~2n 


(3) If h-<iac, h”-4ac is negative, and the value of 
sjb- - 4ffc is imaginary 

Hence the equation in that case has no ical roots 
By means of the above wc can del ci mine the tialuic of the 
roots of a quadratic, without actually effecting its solution 

The student mu«t be careful to distinguish between iiiatwnal 
and vnaqmarij roots 

If the roots of as- +hx + c •= 0 are rational, b- - 4ac must be a 
perfect square 

The roots of a-- - 2^ - 2 = 0 aic 1 + n( 3 and 1 - \/3 
Tliese arc real but irratvmal 
The loots of 2 t J- 4 arc 1 +s/ - 3, and 1 -J -3 
Tliesc are maginaiy 
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179 The toots of ax^-^hv+c=0 ate equal, hit of opposite sign 

i/6=0 

The roots are equal but of opposite sign, 
j. r -b-j¥-ia^ 

25 L 2a J 

6 + s/6® — 4ac 


le if 

le \i 



6=0 


Example 1 When we solve the equation a?+px~^=Q, the expression 
under the radicil sign 

=p*+ 4g^, (b'* - 4ac) 

which IS positive 

the roots of the equation are real and different for all values of 
p and q 

Example 2 When we solve the equation 5*® -2a: +4=0, the quantity 
under the radical sign 

= 4 - 4 X 20, which is negative 
the equation has imaginary loots 

If we drew the graph of y=6a!®-2a;+4, as in Ait 151, we should find 
that the curve does not meet the axis of a;, t e no real value of x can be 
found which will make 53? - 2a; +4 lanish 

Example 3 When we solve the equation 2ar -pa;+8=0, the expression 
under the radical sign 

=7i*-4xl6=p?-64 
ifj[j*=64, te ifp=d:8, 
the roots of 2a:®-^a;+8=0 are equal 


180 In the quadratic equation + 6a: + c = 0, 

(1) the sum of the toots = 

Of 

(2) the pt oduct of the t oots = - 

Of 

Let a and ^ be the roots 

- 6 + ^/6® - 4oc 
“ 2a 

o_ - 6 - -s/b® - 4ac 


2a 
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Adding, a+fi=-^ 

Multiplying, * [(p + 3)(p~s)=jP^-S^] 

_4ae 

“ 40 = 

_c 
~ a 

Jil/ C 

If we imte the equation in the form + 
express these results as follow s 

When the coeficient of x- m a quadratic equation is unity, 

(1) the stun of the roots is equal to the coefficient of z with 
the sign changed , 

(2) the product of the roots is equal to the constant term 
These results are of the greatest impoi tance, and tnll bo found 

most useful in sohing pioblems concerned with the roots of 
quadratic equations 

181 If a and /3 arc the rooh of ax- + hx+c—0, 
ax- + bt+c—a{x-a){x~^) 

ax--i-bx+c=a (x- + —+-') 

\ a a/ 

= «[?-- (a +/3)a;+a^] 

=a{v-a)(x- j3) 

In the same vay, if a and J3 are the roots of x- +j)x+g = 0, 

r- 4-p% + q = {z-a)(x- /3) 

Szamplo 1 The qu'idratic ho&c roots arc - 5 and b is 

(x+5)(a.-6)=0, 
or *2-16-30=0 

Example 2 If a and p ire the roots of *2-«*+(7=0, find tho \alues of 
(2)a"-+^=, (3)a2 + /S» 

( 1 ) a + P=:p, 

ap-q 

Squaring (1) ind subti acting four times (2), 

[a-pp=jP-4q, 
a-p=±ijp--4q 


(1) 

(2) 
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(2) Squaring (1) and subtracting twice (2), 

(3) Squaring (1) and subtracting thiee tunes (2), 

a® - ap+^=p^ - iq 
Multiplying this with (1), 

a®+j3®=p(23®-33) 


Example 3 If a and /3 are the roots of a®® + ?>% + c=0, form tho 
equation whose loots are and ~ 


/3 


1 . 1 


The sum of the roots of the reqd equation=-+jg 

_ a+j3 _ 6 c_ I 

~ ajS a^a”" ~c 
1 ct 

The pioduct of the roots=^=- 


the reqd equation is 


or 


ca:®+6r+a=0 


182 If a ^s positive and a, ^ aie teal loots of the equation 
flt2 + &c+c=0, the expmsion av^ + bn+c vanishes when m 
and IS positive for all othei vahes of % except fm those lying between 
a and /3 

(1) The values a and P satisfy the equation , 

the expression ax^ + lyt+c is zeio 'when ic=a or jS 

( 2 ) a + j8=-i 0,6 = ^ (Art 180 ) 

4v Cv 

ax® + 5x + c=afa2 + — + -') 

\ a a/ 

= a[x® - (a + ^)x + a^] 

= a(a,_a)(^-^) (1) 

Let a be gi eater than p 

When a > a, ® - a IS positive and x - /3 is positive , 
from (1) aa? + &x + c is positive 

When x< a but >p, x- a is negative, 
and x-P IS positive , 

fiom (1) ax^ + bx+c IS negative. 

Lastly, when x<p, x-ais negative, 
and X- P IS negative , 

from (1) ax® + ^+c IS positive. 
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aoir + hx + c — O, •nlicn ^ = o oi fi, 

IS negati\ o -n hen r lies hetw een a and /S, - 
and IS positne foi all ofchei ^ allies of x 
ItfolloMs that if a is negatne and a and ^ aie the loots of 
ax~ + bx + c=^ 0, the expression az‘ + bt +c is /ei o n hen ^ = a oi (3, 
negative for all othei values of x exeopt for those Ij^ing between 
a and P 


Example 1 To pro\ e qraph tealhj that tlic expi ccsion r® + r - 6 

(i) Aanishcs ^^licn a =2 or - 3, 

(ii) IS uGgatnc ^^hcn x lies hctvtcn 2 and -3, 

(lit) 18 positi%c foi all otlici salucs of a 

(i) If 110 drav the graph of y=a:®+a-6 as in Art 161, wo shall see 
that the ciu\o outs the aais of x where x=2 and a= -3 

(ii) It hen X lies bctirccii these \alucs, y is negative 
(ill) For all other values y is positive 


Example 2 


Show that can iicv er be greater than 7 nor less 


than 4- for real values of x 

T ,n?-3r+4 
Lot . ; g« 


a®+3i+4 


a-+ iv+4i 

Multipl) ing up and rearranging ns a quadratic for a, 
ar{l-M)-3*(l+«)+4(l -«)=0 

When we solve this quadratic for x, the expression undci the radical 
=9(1+«)=-1C(1-h)® (5=-4oc) 

= -7+o0k-7«® 

=(-7+«)(l-7i0 

=7(«-7){i-i0 


Hence if «> 7, « - 7 is positiv e, and i - w is negativ o 

the expression under the radical sign is negative and x is imaginaiy 
If « < 7 but > i, « - 7 IS iicgativ c and A - « is negativ e 

the expression under the radical sign is positive, and ^ is ical 
If « < i, M - 7 18 negativ e and i - it is positiv c 

the evpiession undci the radical sign is negative and % is iinaginaiy 
Thus foi real values of r, « cannot bo greater than 7 or less than -y- 


183 Find the condition that the equations ax^ + b% + c=0 and 
a''r'^-hb'z+<f =0 may haie a common lool 
Lot a be a common root of the equations 
Then by substitution av? + 5a + c = 0, 

tf 'a® + Va. + c' = 0 


0) 

( 2 ) 
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Multiplying (1) by b', and (2) by b, and subtracting, 
a? {ab' - a'b) + b'c — bd = 0, 

„ bc’-b'c 


01 


a-s= * 


( 3 ) 


■or 


or 


ab' - a'b 

Again multiplying (1) by a', and (2) by a, and subtracting, 
a{a'b - ab') + a! c - ad = 0, 
afc — dc* 


a=s 


ab'-a'b 

j; /o\ j/^\ bd -b'c fa'c-ad\^ 

from (3) and (4) , 

{aV - a'b) {bd - b'c) = (a'c - adf , tbe reqd condition 


Examples XXXII 


Eorni tlie equations whose roots are 


1 2 , 6 

4 0, -3 

7 


2 4. -5 
5 2a, - 3a 

8 m±s/m--7i 


10 3+s/3, 3 -Vs 


6 

9 

11 


a+1, 0-1 
-m,±sfv?-Un 
<21 

4-v'3 4+>/3 
6 ’ 5 


12 Ror what value of L Mill the roots of - 10*=!. be equal’ 

13 What 18 the condition that the loots of the equation a:®-pa!+g=0 
maj be rational ’ 

14. Proi e that the roots of ir - 3a5+l=0 will be imaginary if k is greater 
than 2i 

15 Sol\e the equation a?- pa:+g=0, and hence find (1) the sum of the 
roots, (2) tbe product of the loots 

16 If a and /3 are the roots of aT®+6a; + c=0, find the lalues of 
(1) a-jS, (2) a=+/3’, (3) a^ + jS^, (4) o«+j5^ 

17 If a and/3 be the roots of the equation !B®-pa + g=0, form the 
equation v hose roots are 2a, 2/3 

If a and /3 be the roots of the equation aa:®+6'c+c=0, determine the 
equation whose roots are 


18 -n, -/3 

« T. ¥ 
p a 


19 3o, 3/3 
22 2/8 - a, 2a - /3 




24 Rind the numerical value of a m the equation aaP + 2a; + 3a = 0, when 
the sum of its roots is equal to their product 

25 If one root of the equation oa;'+6a;+c=0, is double the other, nroie 
that0uc=26® 
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2 pQ 

26 Form an equation whose roots shall he where a, /3 arc the 

P ® 

roots of the equation a?=px+p~ 

27 If tti /S he the roots of the equation ax‘+hx~a=0, determine the 

equation arhosc roots are ^ 

P ® 

28 Find the sum of the cubes of the roots of ar+px+q=0 

29 If o, /3 be the roots of the equation 7 )ar+qx+r= 0 , find the equation 
whose roots are a+/3, a/3 Find also the aalue of a''+/3' 

30 If a, /3 be the roots of the equation aa^+bx+c=:0, form the equation 
w hoae roots arc a- and /3* 

31 Find the quadratic equation whose roots are the squares of the roots 
of the equation a^=px-rq 

32 Pro\e that the equation ~2)x-I~=0, cannot ha\e equal 

roots for anj leal \alue of 7 For what \aluo of L will the roots be equal 
but of opposite sign ’ 

33 It a, p be the roots of the equation a?+;)x+gr= 0 , pro\e that 
aP+px+q will be i iiegatne quantiU, if x be put equal to 30 + 5 /S 

34 . Iiud the condition that the two quadratics aP+px + q=(), 
^■^px+q'=0, niaa ha\e a common root 

35 If a, /3 tic the roots of the equation ar+px+g=0, pro\c that 
a‘4 /5^=(pS-2q)S-27- 

36 Show that one of the roots of the equation px- + qx + r=0, will he 
double one of the roots of the equation ra®+gx— 71 = 0 , if cither r=2p or 

Ip-rTsz ±q>/2 

37 If a, /5 be the roots of the equation a?-px+q=0, protc that 
o''4-/SS=:p* - 5]rq + 5pq- 

38 Fro\ c that, if one of the equations 

X® - a-(3c -&)-»■ 7/c=0. X® - x(oc - &) +4c®=0, 


has equal roots, so has the other 

39 If p, q be the roots of the equation aap+2bx - c= 0 , find the equation 
whose roots are pr, if 

40 One root of the equation ar+tw;-rb=0 is double of the other , and 
one root of the equation x® + ax-rc =0 is equal to three tunes its other root 

Find the \ alue of - 
c 


41 Fro> c that the roots of one of the two equations 

8 a®x( 2 x-l)+b== 0 , 4a!^+l.=(4x+l)=0, 
roust be imaginary 

42 If nir®+7/ra-c=0, bcj?+cax-\rab=0 ha\e a common root, and if 
a-ib+cssO, proae that 

7/(0 - c)®=a®<?{o — b){h — c] 

43 The roots of the quadratic aaP+hx+e=0 arc x^, x», find m terms 
of a, b, c, tbcialiicsof ( 1 ) {axi + b)(ax^+b), (2) (bXiTe)(bXg+c) 

44. If x„ x^lie the roots of the equation ax®+5x+r=0, find, in terms of 
< 1 , h, c, the aafuc of ] j 

(fi + axj (6+0^- 
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45 Prove that, for real -values of a,, the expicssion = — can have 

ft? “ 0 

all numerical values except such as he between 3 and 23 

46 Piove that cannot be greater than 4, nor less than -j, for 

1 . 

real v'alues of x 

47 Prov e that ^ cannot be greater than 3 or less than for 

real values of x ^>^+2^+4 

4ft3* ““ 5ft? *1“ 10 

48 For real values of x, piove that the evpression — — gr — cannot 

o a[x — a) 

he between 9 and - IJ 

49 Fmd the greatest value which the e-xpression a + \^6aa;-7a*-ar* 
can have for real v alues of x 

50 Find the minimum v alue of ^ ^ v » values of x 




CHAPTER XXXIII 


Examples ZZXIII a 

1 Resolve into leal elementary factors 

(i) 6'c®-23ay+20y® ^(ii) v*-7v y+^ (iii) r®-l 

l'2 

3 Find the squares of a:+y+Sk— 1, and of a+y-23-1 What is the 
I alue of the difference of these squares when z=-^ (r+y) ’ 

, 4 Emd the l c sr of xP-xt/*, a:®+*®y» a*+y®+T“y®(T;®+jr“) 

5 Solve the equations (i) 27'v*-57a:=14 

(II) rs+ya=5, 

6 A travels 42 miles in SJ hours Fmd, graphicallj, how long he 
bakes to travel 35 miles, and 29 miles Hon far did he travel m 2 his 36 
min ’ 

7 Solv e the equations 'c+2y-s+4=0, 

3x+4y+z-l=0, 

6a:+6y-3z+18=0 

8 If a, ^ are the roots of the equation 3i?+px+q=0, form the equation 
whose roots are a+2/S, /3+2a 

xxxni b 

1 Find the factors of (i) 'e-+16a:+63 

t i (ii)a(?r-^a®j/+42a® 

, "(ill) ^ - 14v,°.+ 4Qa:^'- 36a! 
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Find tilt square root of nx*—42a^-r373^+28r+4. 
1 1 2/1 

1 


3 Siinphfj 


” 1 -a r+a -i-q-a* 


1 






1 


+ az+a^ X — ar-f-a’ 


"0 


(1) iL+A=a2+l."- 

ox ax 


Tr* ha-’ 

4 Soh c the equations 

(n) (a: - 10)(a; - 7) + (2a. - 9) (a: - S)=103 
A person after pajing income tav of 6rf in the £ gaic aivay one- 
thirtccnth part of the rennindci, and then had £5t0 loft What was his 
original income ’ 

6 On an c\nminatinn paper of nia\imum 58 the marks gained by six 
candidates woie 52, 47, 41 ,16, 24, 12 Diaii a giapli to laise the 
maMinum to 100, and lead oflT tho nused marks of the candidates Test 
one okyour results 

^'<7 Employ tho Remainder Theorem to proio that a:*-4a,-®+2ai®+'c+6 is 
cvactlj diiisiblobj x'-oai-tG 


xxxin C 

1 Rcmoic the biackcts in 7«+6[b-o{c+4(fi -8(o+2c))}] and find its 
lalue 11 hen a=2, 5=3, c=l 

2 Simplify ^ 

3 Find the H c r of »^-8t®+13a^-30a:+8 L 

and a;^-4x’^-llar*-60t + 10 


2x-l 4tP-1 


4 Soho tho equation 


a*+3 r-3 lOx + 1 


a:+l - 


6x — 9 x+3 2a;+3 


d(x-d) ^ 

5 Soli c the equations 

(i) (n+5)(c+a) + (5+c){a+x)=(c+a)(6+a) 

^ (n) a +y=3, ?+i=2 

f ^ F 

'6 I bought a horse and carnage for £80 I sold the horse at a profit 
of 20 per cent , and the carnage at a loss of 4 per cent , and found that on 
tlic 11 hole transaction I had gamed 5 per cent W’hat iias the original 
cost of tho horse ’ 

7 Detonmno the lalucs of / for iiliich tho equation 
12(k+2)ar*- 12(25- l)a -385-11=0 
ai ill Imi c cqu il roots 

xxxm d 

1 Diiidc ar’+r‘-r4x''*+21a:®+21a: — 40 by x"+4x+fi, using tho method 
of dot ichcd cocflicicnts 

^ Find the square root of 4a;^+12a:®-lla:®-30x+2o 
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A man travels at the rate of x feet per second 

(i) How manj yards does he tra\el per minute ’ 
^<*'( 11 ) miles hour’ 

’ (ill) in y hours ’ 

(iv) How long does he take to travel y miles ’ 

Solve the equations 

7x 4S 


( 1 ) 


1 - 


2a:- 12 
3x-5 


l-i 

X 


|-§=9. 3y+2a:=l^ 

6 A man on a bicycle, who trav els at the rate of 10 miles an hour, and 
another w alking at the rate of 4 miles an hour, start at the same time and 
from the same point to go round a field a quarter of a mile in circum 
ference in the same direction Fmd how soon the bicyclist is one quarter 
of the whole circumference ahead of the walker 

7 Trace the graph of y=^3x-x^, and deduce the value of x when the 

expression is a maximum. What is the maximum value of the 

expression ’ 

xxxni e 


rji 

1 Show that is divisible by X'+px-r-^ if p®-27a®=0 

r 2 Fmd the product of x—y, s+y, aP-xy+^, a^+xy->-y'‘ 

3 Find the square root of 7i(7i+l)(n-i-2)(m+3)-^l 


4. Express 


X y-z 


■^1- ^ ^2yz simplest form 


^ 

X y-z 

5 Employ the Remainder Theorem to prove that 

1 -a®-2a?-2a:*-a^+a? 

IS exactly divisible by x+ 1 and by a?+ 1 

6 Solve the equations 

,, a(a-x) iijb+x) 

(1) -4— i 


111) (correct to two decimal places) 

7 Two travellers, one of whom travels 3 miles an hour faster than the 
other, set out to meet one another, starting simultaneously from two 
towns which are 216 miles apart They meet after a lapse of 8 hours 
Find the rate at w hich each of them travels 


8 Divide 1 into two fractions such that the sum of their cubes is ^ 


ZXXTTI f 

1 Divide (a:+y)<+(ar-yS)S+(a:-y)<by 3x=+y’ 

2. Resolve each of the following into three real factors 
4a?-23x®+28a?, jr*+lly=-180, aS+276® 
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3 Soh e the equations 

. . x+a x-h _ 2{a+h) 

' ' x-a x+b~ V 
(ii) a®+ay=2S, xy+y'^=2\ 

1 4 Given that a, /S aie the roots of a^+j)x+g=0, find the roots of 
a?+4pT+l6q=0 

5 Prove that the difiercnce of the squares of two consecutive numbers 
IS equal to the sum of the numbers 

6 A, walking uniformly, but taking a rest of 20 minutes when he has 
gone half way, does 5 miles in an hour B, staiting at the same time, and 
taking no rest, passes A li miles from the start Eind, by the graphical 
method, how long B takes to walk the 3^ miles 

7 Show, by any method, that a®(6-c)+6®(c-a) + c®(a-6) contains 

b-c, c—a, a—b as factors ' 


xxxni g 

1 Eind the quotient and the remainder when 2x^-^3?~a?+x-\ is 
divided by ib-3 

2 Find, to three places of decimals, a positii e numbei such that if it is 
added to ite square, the sum is unity 

3 Two workmen take the same time to earn £22. and £21 respectnely 
The former earns £15 8s in one dai less time than the latter takes to 
earn the same sum ^ How much does each earn per day "> 

4 Simplify the expressions 


,, /a» 6®^/3a+& Za-h\ 


(u) 


1 


(a® - JP) (a= - c®) ^ (6® - c®) (5® - o®) ^ (c® - w) (c® - &®) 
Soh e the equation^ 

:=0 > 


W 


a j b 

x-a x-b' 


ar+y=c S 

6 A man spends £70 m 45 days , make a graph and read ofi from it 
his expenditure in 17, 32, and 41 days, to the nearest pound 

7 K a and p are the roots of the equation oa;®-&a;+c=0, find the 
equation whose roots are 2a and 2/3 


xxxm h 


1 Simplify 

2 If the coefficients of sp and of x in the product of 2a?+3a:®+aa;- 10 
and 3a:® -OT®- 10a; +4 are equal to one another, find the value of a 

3 Find (i) thfe h c r , (n) the l c m of a^+a®6®+6*, a^-o®6®+2a6®-&® 

4 In the same diagram draw the graphs of 

y=a:+3, 2y-a;=8, and2y+5a:=20 
What do you deduce as to the roots of the different pairs of equations ® 

5 If o, /3 are the roots of 3p—px—q=^, form the equation whose roots 
are -3a, -3/3 
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6 Solve the equations (i) (2x® + 3^ - 1 ) [27? +3% 2) — 1 56, 

(11) 2(a-l)(y-l)=6(a+2^)=^ay 

7 The difference in the average rates of two trams is iXrniles per hoim 
The faster of the two takes 2 houia less time to tra\el 164 miles than the 
slower takes to travel 168 miles Find their respective rates 


xxxin k 


1 If5 + s^=a + -+-=c, proacthat o® + h® + c®-a5c=4 

1/71 ’ z y a. z 

2 Solve the equation 4a®+2a-l=0, giving results coriect to two 
decimal places 


or. ir / b-c a-b + c\fl c-b\ 

3 Simplify 


4 The denominator of a certam fraction evceeds its numerator by one 
Two othei fractions are formed, one of them by adding 9 to the denominator, 
and the other by subtracting 6 from the numerator, of the ongmal fraction 
These two fractions are equal Fmd the original fraction 

5 An old clock increased uniformly in \alue from £4 10s in the jear 

1890, to £8 10s in 1899 Find graphically its value m 1893, 1894, and 
1897, to the nearest shilling ^ 

6 Solvetheequations a®+y®=2(a®+6®), 

7 Construct an equation whose roots shall exceed by a quantity m the 

roots of the equation a7?+bv+c—0 


xxxin 1 

1 Resoh e into factors (i) a* — Sa-b - 486®, (ii) (a® + 6®) c + (6® + c®) a 

2 Multiply o®+4a®6+8a6®+86® by a®-4a®6-j-8(i6® — 86® 

3 Show that if a + 6+<! + d=0, then 

a® — 6®+ c® — <i®=2(a + 6)(a + d) 

4 Fmd the area of the quadrilateral formed by 3 ommg the points 

(10,20), (13, 9), (23,8), (28,20) 

6 Solve the equations !c+y+z=6, 4v+y=2z, a?+y®+z®=14 

6 If a, 6, c are real quantities, determine the condition that the roots 
of the equation aa?*+26T+c=0 may be imaginary 

7 The journey between two towns by one route consists of 233 miles by 
rail follow'ed by 126 miles by sea , by another route it consists of 405 miles 
by rail, follow ed by 39 miles by sea If the time occupied on the journey is 
50 minutes longer by the first route than by the second, find the aietage 
speed by rail, assummg it t<j be the same by each route, and 25 miles 
an hour faster than the average speed by sea 


XXXIII in 

1 Simplify 

-2 Resolve into factors (i) 18r®+33a-35 

\'(ii) g?±_2bc-[<?-i-2ab) 

\\ (ill) (a!- 36)®-46®a!+ 126® 
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3 Divide tf ^6*®-2^'*+37!C®-6*®+13*•-16 by ai^-ai+S, using the 
inetliod of detached coonicicnts. 

4 Find the \aluc of \^0 correct to two decimal places by any gtaphical 
or gcomctri&il method 

5 Soho the cqiialions (i) + a;+y=l 

y a. a 

(ii) a&(ar*+l)=a.{o''+ft2) 


6 Fiovo that if the roots of the equation 26^+c=0aro imaginary, 
the roots of the equation «a:'+2(o4 ft)a.+fH-2ft+c=0 ire also imaginary 

7 The marks of a foi in ringed ftoin iXi to 250 Draw a graph to scale 
tliciii from SO to 0, and lead off the scaled marks coricsponding to the 
following actii il nmiks gained 2S0, 295, 312 Verify one of your results 


xxxm. n 

1. Find tlic relation belli cen the constants iihen the three equations 
oa- + 6y=t, hx-\ray—d, st^+y-=xy 
aic siniiiltnncoiisly true 

2 If/(«)= ”-*;y — , and find the inluo of 

I (i)/(u+l)-^.(«). (lOE/fiHDP-r^fn-l)]’ 

Find the 1. 0 Bt of and •lar'*-&c®-a:+2 

4. Find graphically the ina\iinum lalue of Verify yout 

result bj nlgchri 

5 A moreliant beginning business iiitlia cci tain capital sutcccdcd ii? 
doubling it, but aftorii ards lost £1000 Ho cmploj'cd the reniitiiidcr in a 
iciitiirc iiliich brought him in a profit of 35 per cent, after iihieh Ins 
capital lias found to be £10 more tlian his original capital Find the 
amount ol that capital 

6 Solve the equations (i) 

(ii) nv" I hxy^h, iy?+axy=a 

7 If a and p are the loots of the equation ax°+&a-{-(;=:0, find the 
equation whose roots are — 

P a 

XXXIII p 

1 Find the uo m of x*-aP, and jir*+jp+a; 

2 Find the quotient when ar'-y*+c’+3ays is di videcF by a: - y + s 

3 Multiply Jx'®+3aP-7 by 2*®-a;-6, using the method of detached 
coefficients 

4. Draw the graph of y=t- ^2^, and hence solve the equation 
3?+2x~*}=0 (Use a large a; unit } 

6 Solve the equations (i) y 

''l-2aH3a:2 3+2r-a;- 

(ii) a:r»-y=y5-a=lT^ 
h 


DBA 
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6 A and B staifc in a long distance race For 15 minutes A goes at the 
late of ^ yaids per second, and B at the i ate of 2a; miles per houi, and then 
A IS leading bj 100 yards Find the value of v 

7 If tt, /3 are the roots of a^+px-g=0, and y, 5 those of a^+pa,+r=0, 
piove that {a-y){a,-S)~{^ -y)0-S)—g+i 


xxxm q 


1 Show that 

a+ti-c o+c-a c+a-o 
IS equal to 2(a + &+c)®+a" + i®+c® 

Soli e the equations (i) aa.+hi/=x!/=cx + dy 
> V/ 1 f x-aY _%-2a-b 
\x + b) "a;+tt+26 

_ „ ab-cd , ,, .a+a {a-c){a+d) 

3 If x=-, n — ; — :«> show that r= 7 j — "V. - . — r 

(a-6)-(o-d)’ x-b [b~d)(b + c) 

4 Find the l c M of 8'ir*+27, IBu* i-SGrS+Sl, 6a®-5i;-6 

5 Draw enough of the graph of y=a^ to enable you to find the square 
loot of 9a 


6 A dealer bought 200 sheep He sold 80 of them so as to mm 4 pei 
cent on them, and the rest so as to gain 7i per cent on them His whole 
profit amounted to £21 ^s What did he pay foi each sheep ♦ 

7 Piove tP-piP+gx-r^O to be the equation that results from the 
ehmmation of y and s fioin x+y +z=p, 

xy+yz-^-sx=g, 

xyz=r 


xxxm r 

Fmd the factors of each of the folloiving expressions 
a®-l, *=-6r-7, ar'-3»=+2a;, ^x^-7x+2 
iWhat IS then l o M ’ 


^,2 Simplify (i) (2x + 3) (3a: - 1) + (2a; - 5) (5a; - 3) - (4a; - 3)* 

(ii) U3a+2b)s-(2a+b)«}-{7a-2h-(2a-5l>)} 

^3 Draw the graph of y=ar-3x, and hence sohe the quadratic 
ar - 3® = 14 (Use a laigc x unit ) 

4. Fmd the condition that x“+ax + b~=0, and a? — i»a+aS=0 may have 
a common root / 


5 In an election, if one tenth of those who voted for A had rcftained 
from voting, B uould have been returned by a majority of 128, wlide if 
onenith of those who voted for B had transfeiied then votes to A, the 
latter would have been elected by a majority of 535 Which candidate 
was elected, and by what majority’ 

6 Solve the equations ®(»-y)=10, 


y(®+y)=24 

_ 7 If x+y+z=a, ii?+^+z-=zb, a?+^+t?=:c, 

hnd the product xyz in terms of a, b, c 
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xxxm s 

1 Pro\o that n + & + c IS a fittoi of a'+lP+c?-3abc 

Deduce the fact tint a +y + s is factor of the expression 
(a + y)®+(y+sr-^(=+a:)®-3(a:4-y)(y+s)(s+x) 

2. Sol\ c the cqintio (o + b) {ax + b){a- bx) = (a^ - 5®) (a + tar) 

3 If J find the '‘‘hie of 

(«) /(«)-/(«-!) 

(11) /■(«)- /-(It -2) 

4 If a and ^ bo the roots of the cqintion a:®-/»a + g=0, foim the 
equation uhosc roots ire tna-+v^, and mfp+na" 

5 Find the limits of \aluc betueen uhieh x must he in order that 
4x®^ la:-35niaj liepooitnc 

6 Soil c the equations a-^y+: = l, 

a~ + y--i 5 -= 0 , 

=®= 1 

7 A and B s( art from the eanie place at the same time After an 
hour and a quarter A is found to be 74 miles ahead of B If, honever, 
A’s rate o! c^ cling had been grcalei li> one se\cuth, and B'a bj one fifth, 
A would hate becu S miles ancad. Find their rates of cycling 
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6 99980001 7 1002001 8 1004004 

9 

9S 01 

10 

100060009 

11 400040001 

12 

999600 04 

13 

400400100 

14 4020025 

15 

10060 09 

16 

1016064 

17 998001 

18 

9994 0009 

19 

6432 04 

20 360600 25 

21 

809280 16 

22 

250300 09 

23 81 10S036 

24. 

63 936016 

25 

10040 000/j 

26 1 0100 

27 

101 606 

28 

999920 00 ' 

29 100 1000 

30 

999996 

31 39991 

^ 32 9991 

33 6391 ■' 

34 

120 73 

35 99 31 

36 6396 

37 399 9984 

38 

2 8896 

39 

3 9984 

40 80999999 84 



rV g. (p 33) 


1 

ar'-3ar+3a;-l 2 

'tr®+3t?+8*+4 

3 4a-®-8r®+5r-l 

4. 

jr* + 8 

5 

27a:®-! 

6 6*-*+lU®-2*+20 

7 

j? -2a3p+2a‘v-a' 

8 125*®-! 

9 a®+a®6 + tt6® + ft® 

10 

a^-aP 

11 

a" + a'’b - aft® - ft® 

12 a:® -9a.® +27* -27 

13 

8x=>-l 


14 S*»-32*®+4'is+35 

15 

4^® - 8a!® - 

•3t+6 

16 a.< + 3T'-6*®-0*+8 

17 

27a:® +1 


18 r^+2ar*-2*-l 

19 

ap-ax^- 

bx- - c*® + aft* + hex + cax - abc 

20 a.'^-lOa^ 

21 

x*-\8lhP+81b* 

22 12*®- 

16*® -79* -42 

23 

a® - n"c — ab'+lrc 

24, a®-6® 

-ac+ftc 

25 

Ga’+ab- 

3ac+46c- 12ft® 

— 




rV ll (p 33) 


1 

9 

2 4 

3-5 4 

17 5 1 

6 

-13 

7 *+3 

8 3*-6 9 

6* -10 10 -3* 

11 

5 

12 11 

13 0 14 

6-0 16 0 

16 

-31 

17 ad+b 

18 0 19 

6 20 31 

21 

c®+5® 


22 0 23 

a®+2«ft + ft® 

24 

21ar®4-Sa.® 

-39*+ 10 

25 *®-6* 26 

42 

27 

20*® - 'iax 28 

167r-Sr 29 

26* -10 30 16p-47 

31 

9*®— 6*®+7*-2 32 

2a®+5aft+2ft® 

33 7 35 14a 

\ 




V a (P 36) 


1 

X 

2 3 

3 a: 4 

-•> - 5 be 

6 

-he 

7 a 

8 -ft 9 

1 

o 

11 

a3 

12 -a 

13 1 

' 14 -1 



MU 


ELEMTSNTARY ALGEBRA 


15 

4x= 

16 

-3a^ 

17 -2 

CO 

00 

19 

-7a=a? 

20 


21 -9a 

22 4a6c 

23 

-3a:= 

24. 

-9a6=cs 

25 3a 

26 6 

27 

— 6a 

28 

8a 

29 - 6aZ.= 

30 xy^ 

31 

2ia^b* 

32 

Sjj’gfr 

33 -7oV 

34. -7gr 

35 

-Sin 

36 

-9aW 

37 - iSoa:* 

38 llary® 



w 

V 1) (p 

36) 


1 

a-2b 

2 

-a+36 3 

4a: 

4 -y+6 

5 

a+h 

6 

h-a 7 

0-26 

8 0-36 

9' 

-3a?+W 

10 

6 + c 11 

-a-6 

12 4a:-5 

13 

7ar-9 

14 

d?h-ab- 15 

Sa-76 

16 Sa^i^z -5a^i 

17 

— 2a+6 

18 

lla:+6y 19 

2a=-46= 

20 7n=-4??2:? 

21 

— 4a+36+6c 


22 a+c+d 

23 

-^a+4d+12a: 

24 

-a-x-ax 


25 -a+4fe- 

-Sc 26 

a:=+3a;-S 

27 

-a?+oa:-a= 


28 a + 56=- 

36 29 

-a+&-c 

30 

-2j:=+ai»-4a:+l 

31 3/-a:y2 

-6a:3 32 

-3a^+7v-+'e= 


33 -a.^+2ar|y®+7ar’y 
35 a™-« 36 o»-s 

39 9a:”«-«y"-m 


84 3ii/V-5ar^s3+6x-Vs= 
37 ar*-^' 38 -3a:»-^ 

40 9r‘-"j/3-n 


V C (p 3S) 

1 a;+4 2 a;-4 3 a+1 

5 6+7 6 *+3 7 a;-7 

9 a-6 10 y+9 11 a:-2 

13 2a:- 1 14. 3®-7 15 3a;+l 

17 2+a; 18 1-2® 19 3-a: 

21 5-3o 22 5y+ll 23 x-a 

25 a^2a; 26 5-a: 27 l+2a: 

29 30 3a-5 31 a-he 

33 Otri-l 3A 53?+4y^ 35 10 -a: 


V d (p 39) 

1 a:S+a- 2 v+b S^x~a 

5 x+a 6 a:-2 7 px+1 

9 re-a 10 ^*+2 11 aa.-5c. 

^3 x-7 14 ax+h 15 3aa;+26 

17 qa:+6c, 18 2a:+6g 19 bx+e. ‘ 

. 21 k- 3 22 15{a;-3a) 23 2a:+3 ' 

M 2l{a:+3) 26 2ar*-llai2+4a;+5, rS-Gar+S. 

^ n^-aV)-tA-+lfl. 29 IS 30 33 

32 2j,'-1 33 -4 3A hx-c 35 ax-h 


4 a-1 

8 a-1 

12 5a:+3 
16 2a:— 4 
20 a-2 
24. 5a:+4 
28 ^+2y 
32 2arS+7 
36 1 + 106= 


4 a:+l 
8 a^+l 
12 ax+c. 

16 aa: - 6 
20 5/>a:+35' 
24 ai=+2a;+L 
27 •2a;-3 
41 *-I 
86 a+26 



ANSWFRS TO ILXAMPLES PART I 


IX 


VI a, OmI (p 40) 

1 {.)a ( 1 .)^ (.n)| (v)5g!f (M)^ 

2 (I) 0 (n) -11 (hi) 0 (H) 1 (\) -5 (\i) o 

3 (OS.-; (n)0 {iu)f (h) ]- (^) I (M) -1 

4 (0 (ii) 23 (hi) -5 (IV ) 1 (v) 0 (vi) 27 

5 (i) 5 (ii) -a, (hi) -On (iv) 7a;- (v) 0 (vi) 3 

6 (1)0 (11)3 (111) -2 (IV) S (V) Ij. (VI) >5 J. 

7 (i) 7 (11) 3 (HI) n (iv) 1 (V) 1 (VI) 31 

8 (i) -1 (11)0 (Hi) -C (iv) 3 (v)ll (vi) -‘>2 

9 (i) 'ir (ii) “'t (hi) It- (iv) 2ah {\) Or -20 (vi) 2 

10 (i) 2 (h) a; (hi) a;-( 2. (iv) a;-] (v)a-l (vi) a;+2 

(vii) 4x4 2 (viii) (>+c 

11 (i) hjr (h) ~2fjc (ill) r“ 12 (i) h-(» (ii) e h 

13 (i) -4a. (ii) 4a (hi) 0 (v) ar®-l (vi) 1 

(vii) a^+1 (viii) a^-OxH 1 (i\) 7(r-l) (\) x-3 (\i) a + l»r 

(xii) a (xHi) 4lix (Mv) 2 » 

14 (i)lr-3y-»c. (ii) Ox" (iii) Bft+Ort. (iv) ar’-x’j^+ay- 
(v) 4xP-43r-5 (vi) 2a-h 

15 (i) lx (ii) rv (hi) Y (iv) ly-2x (v) 2a-x (vi) 86 

(vh) 0 (v hi) 2a -26 (ix) 4(2-x) (x) a 4 6 (\i) 26-2a 

(xii) 2x-C (xiii) ar'-a^ (xiv) Oar’-Sa^+'ix+l (xv) 2(a -y) 
(xvi)2(6-2a) (wii) 3xs (xviii) 26r (\ix) 2(x-v+:) 

16 (i) 4x (ii) 7r=-4 (hi) -or (iv) 2a-x (v) G-2a? 

(m) 4^6) (vii) x’-llx-nO (viii) -7(a--6-) (ix) 141 

(X) 0 (XI) 81 (xii) 21 

17 (i) -6a6 (ii) -1 (ill) -ax (iv) ® (v) 3a?6-V (vi) 36 

('ll) ('"•) {!’') (’') ^ ("^O (mi) 

(xiji) -a' (xiv) -a (xv) -a™ (\vi) -1 


18' (i) tasPif - ' inri /' (ii) -2x’4 0r*-r (hi) 3x®4 4x-2. 

(iv) lr’-2x+3 (v)-3ia42x+9 (vi) -18ar» + 12ar>-Ci^ 

19 (i) l-x* (ii) 1 H2x+x® (hi) 1 -4x4 4ra {t\) a- i-4nh+4h- 

(v) x'®4'8r » 17 (vi) ar-x-G (vii) sfi-Rry H,i/S (mu) Ox®-1 
(ix) *’0-11/) I (x) a^-O (xi) Ox^-aj (xii) a*x- 1 2a®x4 1 
(xiii) 2j®-32 (xiv) a:r‘4 'fr"i/+Gtf^ (xv) 14 2r-8a:2 (\m) n"- |6= 
(xvii) 14 lx+4x® (xvHi) laa-3j? (xix) 4aa-l (xx) 9ar*-l 
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20 (i) qa2-12ai+4?.= 
(iv) ar-»-ox->"j 

(\u) 2lJ-4a;-ar5 
(\.) a?J-cx~ax-ac. 
(\jii) a-+ 2 ax- 8 a? 
(xvi) 36 a ? -1 
(xi'c) 15 a?-rl 3 x +2 


(u) 4a--4ov+y" 
4a?-4r-^l 

(viii) '■5 -3a? 

(xi) a?-5x+6 
(\ir) ah3p-a3.-bx-\ 
(wii) 10a?+9x-9 
{ xk ) 14a?+Ty-3i? 


(ill) a*-4a--r4 
(M) 9a?-Gi-rl 

(i\) 2ar-4xy+2y* 
{\ii) a? -A 
(w) 9a=-|- 
(will) loa?+29x-14 


21 ( 1 ) 3 ( 11 ) -7 (in) -27 (i\) -2 

22 (0 3 ( 11 ) 11 (m) 16 (iv) -S 

23 (i) -a? ( 11 ) 2 a- ( 111 ) 7 a (ii) ^ (') 4 r 

o 

(vi) ('ll) 3 li- 4 a ('in) 3 a? + 1 (i\) 3 n- 4 x (\) Sl)- 4 a 

(m) -o-+hc-£? (\n) -X (xni) a-r (\i\) 2 (a- 6 ) (w) x 
(wi) 5 a (xvii) (a+x)- (x'lii) ax (viv) 2 . (w) (o-x)- 




VI 


(p 44 ) 

1 

0 . 1 , 9 



2 2 ar»- 7 i?- 5 r- 3 , - 7 , 0 

A 

a-^ 4 b, 66 

f 


5 6 a?+ 7 ai- 20 a*, aa?-a* 

6 

7 x, - 3 a?, 2 a= 

- 3 a 6 + 46 = 


7 3 x-jr 



VI 

c 

(P 44 ) 

1 

0 , 9 , 1 



2 bH 2 ab’'+ 5 n-b-- 3 a='b+a*, -36 

A 

x=-l 



5 a? - 9 a-, a? - aa? - 2 a?a? 

6 

(I) ( 2 ) X- 

3 a, ( 3 ) a-be 


7 3 a +46 



VI 

d 

(P 45 ) 

1 

6 , 12 , 0 

2 a?* 

- 3 i?+ 3 x-l, 0 3 0 . x-S 

A 

a-Hc 4-66 



5 -n" 6 -, o^x®, -a*b*c* 

6 

6 x- 9 a 



7 21 /?+ 7 >g- 3 Cy- 



VI 

e 

(p 45 ) 

1 

I, - 1 , 64 



3 10 a + 2 x, r-+ 3 a?- 16 x- 4 , 32 

A 

a?- 2 r +3 



5 15 a?+ 3 ax 

6 

ax- 3 o 



7 -Gv- 



VL f 

(p 15 ) 


3 a- 7 , 2 (x-l) 

5 7 a?— ITax — 12 '!- 
7 5 x- 4 a 


1 - 1 , 0 , 0 
A 3a?-4a?+6x-2, IS 
6 lSx‘+gaa?-2a? 



ANSWERS TO examples PaUT 1 
VI. g. (p 16) 

1 -3, -20 2 2m\lcsE'ist 

3 x--2a.x-ha-, ax-2aP 4 lla*® 

6 2a=-5aln3?»® 6 4%-~a!‘, r*-9, a^-p* 


VI h (p 40) 

1 27, 44 2 Cai=+2 3 5^-y-Ga 4 5x-4 10 

5 lO, 1, -3, 3, 10 6 ar’-2a,-y-4xy®+8y‘* 7 ax+Sp 

VI k (p 46) 

1 -33, -21 2 2x=-3i. 3 a--}P-e‘'+2Ite 4 2®, 2if 

6 23, 9, 1,-1, 3 6 a^'^^n2-^=^-a■' 7 4x-5 


Vn. a (p 48) 


1 

3 

2 

3 


3 

4 


4 

-5 

5 

3 

6 

-3 

7 

-6 

8 

0 


9 

0 


10 

2 

11 

12 

12 

-8 

13 

-20 

14 

0 


IS 

2* 


16 

2’, 

17 

9 

18 

2 

19 

1 

20 

5 


21 

i~ 


22 

'T 

23 

8 

24 

-16 

25 

0 

26 

ll 


27 

3 


28 

-3 

29 

»1 

30 

0 

31 

-1 

32 

-1 


33 

2 


34 

4 

35 

2 

36 

2 

37 

3 

36 



30 

~2 

40 

2 

41 

20 

42 

3 

43 

3 

4A 

01 


45 

03 

46 

- 03 










vn 

b 

(P 

40) 





1 

2 


2 

12 



3 

7 


4. 1 


6 

3 

G 

12 


7 

I'l 



8 

-3 


9 0 


10 

0 

11 

2 


12 

2 



13 

0 


14 - 

3 

15 

5 

16 

4 


17 

-1 



18 

0 


19 3 


20 

-2 

21 

1-’ 


22 




23 

-27 


24 1 

1 

25 

-C 

26 

1:V 


27 

-9 



28 

-sl 


29 0 


30 

3 

31 

2V 


32 

2 



33. 

0 


34. 6 


35 

3 

36 

It 


37 

3 



38 

-5 


39 10 

40 


41 

1 

to 


42 

2i 



43 

0 


44 2 









vn 

C 

(P 

61) 





1 

3 

2 

10 


3 

u 


4 

22 

5 

3 

6 

28 

7 

-11 

8 

-3 


9 

7 


10 

28 

11 

2 

12 

3 

13 

9 

14 

-20 

15 

1 


16 

2 

17 


18 

-5 

19 

-It 



20 

1 




21 - 

2 


22 

3 

23 

1 



24. 7 




25 5 



26 

9 
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VII d {p 5^) 


1 

18 

2 

12 

3 

15 

4. 

4 

S 

70 


6 

12 

7 

4 

8 

14 

9 

19 

lOii.7 . 

11 

2 


12 

3? 

13 

5 

14 

2 

15 

-1 

16' 

1 

17 

4 


18 

11 

19 

7 

20 

11 

21 

-6 

22 

-It 

23 

12 


24 

8 , 

25 -4^ 

26 

8 

27 

12 

28 

12 

29 

-7 


30 

8 

31 

2 

32 

10 

33 

-1 

34. 

_JL 

35 



36 

-7 

37 

0 

38 

-2 

39 

2 

40 

2 “ 

41 

15 


42 

17 

43 

1 R 

~rr 

44 

9 

45 

2 

46 

3 

47 

2 


48 

7 

49 

1 

7 

50 

3 

51 

1 

52 

5 

53 

14 


64 

14 

55 

7 

56 

o 

CQ 

57 

3 

68 

15 5 

69 

1 


60 

15 

61 

140 


62 

69 


63 3 



64 

1 95 

65 

2 


66 

1 1 


67 1 



68 

ItV 

69, 

When 

x= ■ 

70 1 

The equation has no root 

71 

No 

root 





VII e 

(P 

55) 






1 

10 

2 

47 

3 

- 78 

4 

4 33 

5 

5' 

71 

6 

26 

7 

2 53 

8 

46 83 

9 

-141 

10 

46 

11 

3 03 

12 

2 04 


♦ 

U?fc-20 ' 2 %-y 


VIII a (p 67) 


6 35x 

11 21 ' 


2 

35 -y 

3 

x-20 

4 

1 

CO 

5 

56 







X 

7 

21 

8 

a:-23 

9 

y-x 

10 

x-13 

12 

X 

y 

13 

3a 

14 

2IOx~y 

15 

96-w-y 

17 

2y-x 

18 

y 

19 

12y 

20 

125 




V 


r 


y 

22 

a:+4 

23 

4 +x 

24 

20-r 

26 

40 -a 


26 25 
29 ^ 


V: I 


30 ? miles, miles, hours, — hours 
o 0 % X 


28 t;+ 7, ^ + v» » - 11 years old 
— hours, — hours 31 26 


32 ® 33 

y 

36 ^ pence, ( 

U X 

39 71, n + 1, 7i+? 
42 71, 77 + 1, 71 + 2 
45 2a: - 2i/ 

48 


33 ponce 


34 

^ pence 

35 

2 

37 

~ pence 

38 

yz 

V 


40 77-2, ai- I, 7? 41 71-1, 71, 71 + 1 

43 71-2, 77 - 1, 77, 77 + 1, 71 + 2 44 ^ 

46 41) 47 240a+12l)+c “ 

49 10c miles 50 ^days, 5^ days 



ANSWERS TO EXAMPIES PART I 


xiu 


61 -+25 62 2n-2, 2n-3, 2n-4, 2n-5 

4 


63 

2/1-5, 2/1-3, 2/1 

-1, 2n+l, 2/t+3 54 

ah 

so ft 55 - feet 

^ V 

56 

arsq ft 

57 x-20=ff 

68 

3\^y=25 

59 

X- 8 2a:+3 

6 ~ 7 

60 3{x-4)=5{a;-l) 

61 

20ij+2z=x 

62 

2406 + 30o+12d= 

a 63 v(x-l)=y 

64 

(a;-l)»(a;+l)=a® 

65 

2x+5=y 

66 2 a,- 2 /=a 

67 

a;+a=y-a 

68 

•c=15y+7 

69 a=bv+y 

70 

xy=a 

71 

II 

72 xy=3{a -1) 

73 

a,-y=5(a-6) 





vni 

b (p 

61) 



1 

3 ft 8 in 2 

4 ft 8 y- in 

3 

17r ft 

4 

llfft 

5 

314 m 

6 

2 5m 

7 

3 2m 

8 

50 3 sq in 

9 

7 in 

10 

186 sq ft 

11 

22 ft 

12 

12 ft 5 m 

13 

560 sq 

ft 14. 

12 ft 6 in 

15 

10 ft 10 in 

16 

198 cub ft 

17 

4^ ft. 

18 

Sy sq ft 

19 

7 ft 2 m 

20 

576 ft 

21 

3 secs 

22 31 ft pet sec 

23 

41 

24 

6b 

25 

325 

26 

460 

27 

264 

28 

336 

29 

1500 

SO 

1892 

31 

441 

32 

644 

33 

1625 

34. 

612 

35 

693 

36 

1240 

37 

3220 

38 13035 39 

113 14 40 lOi 

ft 

41 £200 

42 

.134 


43 Kiglit-angled 44. 

Not right-angled 

45 

and 46 

Bight angled 47 

Not right-angled 

48 

Bight angled 


vin c (p 64) 

1 1, 3, 7 2 15, 28, 3, (” _ ± jL y !i±g), 

3 -6, 0, 0, 24, -60 

4. 0, 33, 16«®-2n, 167j?+147i+3, 47i-+7n+3, i 6 2, 2, 14 
7 aP+5x+4 8 26('C+1) 9 c-a, 26, 3a+45-3c, 8a+6&-3c 


IX. a. {p 66) 

1 £10, £20 2 10 3 27 

6 20 6 21 7 10 miles 

9 12 10 38, 10 years old 11 36 

13 £48, £58, £38 14. 30, 12 16 20 

17 75 gallons 18 31, 32, 33 

20 18 pennies, 9 slnllmgs, 6 lionns 
22 £10, £22 23 £336, £164 24 £8 8s 

26 63, 40 27 63, 21 28 72, 12 


4. £15, £25 
8 3 
12 20 
16 90 
19 9 

21 £42, £7 
26 45, 20 
29 57 



AX* 
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30-4 31 20 32 £420. 33 34,35,36 

34. 43, 45, 47 35 38 sbillmga, 19 shillings 36 2 miles 

37 £23 6s , £16 15s 38 £3600,. £720 

39 £13 10s , £22 10s 40 15, 42 

41 29 men, 46 women, 76 children 42 56 

43 4^ miles an hour, .1 miles an honr 

44 36 miles an honr, 24 miles an hour 45 150 yards a minute 

46 24 miles 47 44^ miles 48 30 miles 

49 36 miles 50 15 miles an hour 

IX. T) (p 73) 

1 12 miles, nearly 2 13 miles, nearly 3 17 miles,rhearly 

4 3 7 miles an hour 6 5 feet 7 36 1 feelT 

8 2 39 feet 9 4 6 miles 10 35 4 miles 11 4 6 miles 

12 4 1 miles 13 6 55 metres 14 3 9 in 15 4 24 in 

16 3 6 feet 17 2 C in 18 2 2m 19 3 3 in _ 

20 6 4 miles 21 2 83 miles 22 8 05 * 

23 15 98 24 3 7 miles 25 14, 29, 43 miles 

26 2 6 miles 27 34 feet 28 2 8 miles 


IX C (p 77) 

1 £24, £35 2 15 1 millions, 1876 3 67 T 

6 3 oz. 8 4475 foot nearly, 205“ 

9 26 8 m , 23 4 in , 10,600 ft , 5,300 ft 
10 107 5 sq in , 162 9 sq ft , 13 2 in 


1 2y=4 2 

5 3y=14. 6 

9 3y=-ll 10 
13 3 14. 

17 ®=8, y=2 

j20 a¥=^J, j,=2 

* 23 '^- 3 , 

26 a:=15, y=\ 

29 a;=0, y=2 
‘ 32 x^5, y= -2 
35 a:=ll y=_2^ 
38 a:=a4, y=li 
41 a:=:7, y=5 
44 a;=5l6, y=-24 


X a (p 81) 

lly=22 3 4y=12 

y=46 7 17y=17 

3y=-17 11 2 

4 16 11 

18 a;=9, y=l 
21 j;=3, y=2 
24. *=2J, 

27 x=5, y=6 
30 v=z4, y=0 
33 a:=ll, 3,= i, 

36 a:=3^, y=2^ 

39 x=2, y=z3 
42 x=6, y=8 
45 x=~6, y=2 


4 21y=:-13 
8 58y=87 
12 5 

16 2i 

19 x=2, y=l 
22 x=4, y= -1 
25 x=4^, y=0 
28 a:=8, yr:6 
81 a:=l, y=6 
34 a;=13, y=7 
37 x=5, y=3^ 

40 a:=l, yirr-i 
43 a:=i, 

46 a:=2, y=-l 



ANSWERS TO EXAMl’LLS PART I xv 


X b (P S3) 


1 

a,=12, y=20 

2 ^=20, y. 

= 12 3 

x = 18, 2/=48 

4 

a=40, y= -2C 

1 5 x= -20, 

y=6 6 

%= -20, y= -40 

1 

xp2, v=3 

8 x= -2, iy 

= - 3 9 

x=-ll|, J,= ‘ 

10 

arrrrj, y=10 

11 x=7, !/= 

10 12 

»=5, y=2 

13 

r=ll, y=l 

14 ^=.^, »/= 

G 15 

a-=2, i/=l 

IG 

a, = 7. v=2 

II 

00 

= -Il 18 

x = 13, y=9ij- 

10 

x=li», y=i7 

20 1= 1, i/= 

2. 21 

r=lO, i/=2 

22 

r= 7, y= 1 

23 t=-2 5,y 

= -3 5 24 

1 2 

^=j. y-s 

25 

x= 02, y=2 9 

2G x=l 5, 2 ^ 

=2 4 27 

b 

28 

2, 6 

29 1 

30 

5, 1 

31 

t=:J, l/=l 

32 x=l,ij= 

1 33 

®=^, i/=i 

34. 

^—4* y-e 

35 i = J, y= 

-1 8G 

y=li 

37 

-c=.i, y=4 

38 x=J, y= 

-i 39 

•c=l, V--1 



X. C (p 

s19 


1 

a:=:2, 

2 x=2, 

3 x=2, 

4 x=-2, 


y-->. 

y=«. 

y= -8, 

y=6. 


s= -1 

:=C 

5=1 

5 = 8 

5 

x=-2, 

G x= 12, 

7 x=J, 

8 x=9. 


J/r= -3, 

y= -24, 

y=-n. 

y=8, 


= = -1 

5=12. 

5= -10 

5 = C 

9 

x=(», 

10 x=8, 

11 x=-4j, 

12 x=12, 


y=-2, 

y=4, 

y=i8. 

y=24, 


== - fl 

5=-3 

5 = CJ 

5= 16 

13 

1=6, 

14 x=4, 

16 x=i, 

16 x=\. 


y=6, 

y=o, 


y=-j. 


==i 

5=8 

»— 1 
— T 

1 

c 

17 

x = \ 

18 x=40. 




V=ll, 

y=47. 




c=17 

5=18 





XI a (p 88) 


21 

-lx-" 

22 4-x 

23 2-2x 

24. 4x4-10 

25 

18-2.1 

26 a 4 54 c-(/ 

27 4o-8 

28 5y4-x 

29 

lOfH 75 

30 Sc 

31 a -25 

32 12x-6 

S3 

-24x4 45 

34 21X-42 

35 .k4 15 

3G 171 -9« 

37 

8a -IG 

38 10 

39 30X-5G 40 30x-Cy 



elemeniary algebra 


XI b {p 91)) 

12 a 2 c S b 4 7a; 

G 12-110 7 2b--2ab 8 

10 -2a;-2 11 » 12 y 13 0 

23 8a-db 2i. c 25 2a-6b 
S8 2«-3i-6<r 29 -a+66+72c+24d 

31 6oy+4i/® 32 12a-2al>+4o®b 

34 o+lOb 35 33o+2b6 

37 lSa:-9a;y-9a;®i^ 

XI C (P 92) 

I ar*+a?(o+2)-a;(6+2o)+a-7 2 3a?-2a:(a+b+c)+a®+6®+<y* 

3 a!’+a?(y+a)-'c(y*+2*)-y* 

4 -2.e’+3-c=(o + b)-3x{a?+b'') + o3+b® 

5 bar'+a?(a-l»)-a!(tt+6)+a+c 6 v‘{iP~^)+2x{p-q)+j^-^ 

7 ar'{a-b)+'c“(c-b)+a:(c-a)+d-e 

8 r'(2-o)+ar*(6-o)+a:3(6-3)+*{-o-7) 

9 a?+37?{y~z)+3v{z^-y-)^f 1® ar*(a-c)+a,®(a-b)+a:(c-b)+c 

II 'B«(o-3^)+a?(9-bi+^^(^’-c) 19 ai^(m+6»)+2a;y2(n-»>) 

13 -ar'll»-a)-ai=(c-i>)-a:((i+9)-(l)~c) 

14 -'x?{<i^b)-t?{b-a)-x(b-c)-{c-d) 

16 -a?(6-a)-'ct3rt-4)+2a 


5 15-6a; 

9 2a-46+S4c+72tf 
14 2a: +y 

26 3a 27 2a 

30 3a -7. 

33 a!2^.3a. 

86 2Ca-84 
88 a;-2a? 


XI d 


3 

18 

7 

7a:+5 

22 

X 

6 


l2 

7x+15 

26 

7® -25 

20 


12 

w+49 

30 

9x+8 

30 

12 


xn a 

2 I5a?-4a:y-35y®, -3y® 

4 ®=2, y=: ~2 
6 4 inclics 


(P 94) 


19 

1 

20 

9 

23 

7® -16 

24. 

2®+5 

10 


35 

27 

5® 

12 

28 

E 

■^X 

31 

9®+20 

32 

9® 

36 


40 


(P 95) 

3 4 

5 3 * 100 + 30b+24c, |+|+^ 
7 48 


1 

3 

6 


xn b 

91a: -30 
60 

-1 

S miles, minutes, — hours 
b a a 


(p 95) 

2 3a+25, 9a--46« 
A a;=3, y—i 
6 3 35 miles 


7 96 



ANSWKRvS TO hXAMl'LES PART I 


xvu 


xn. c 

1 llT+j 2 ■} 

5 xt12, x- 16, 1C, JO-xjcirs 

XIL d 

1 4Gx-l 3 -7 

5 - pcntc, — pence, lbs 

O (I Cl 

XU e 

I ap h«jr 3 1. 

5 ? + 14, 13+x. 2r. | 

XIL f 

1 *-2 2 3 -3ff 

e - 240 

5 u » i>cncc, i- pence, — ■ egg^ 

o a 

xn g 

1 -11,-21, -6, 1, 0, -0, -2b 

3 -i 4 107, 117 

6 x= - I, v=2, c=l 


(P ‘IC) 

SC 4 a=n, y=2 

6 '14 miles 7 51 

(p 90) 

4 a =2, 4, C 
y=l,2,3 

6 IGfoet 7 60,47 

{p 06) 

4 x=2, y= -0 

6 Half a mile, 0 04 miles 

7 42, 32 

(P 07) 

4 « = ■), i/ = 10 

6 1 1 65 miles 7 50 

(P 97) 

2 225 lbs, 300 lbs 

5 x=6. y=-3 

7 C2 5 feet nc<irlj 


xn h. (p 98) 

1 46, 27, 11. 7, 6, 11, 22 2 670 sq ft 

3 1^ 4. 7, -2. 6 51, 53, 67, 50 

6 2 4 miles 7 x=-4, y=0, c=4 

Xni a (P 104) 

1 P,r,, 4), Pslll, 8), AC -6, 5), P4(-8, 9), Pg(-9, -5), 

P«(-5, -3), P.{3, -6), Pg(8, -7) 

3 {!) (0, 0). (II) (1, 0), (in) (2, 2), (iv) (-1, 4) 

4 Tilt j all be on a straight line parallel to O >” 


5 

12 

C 

48 

7 

0, 12, 16, 

3 6 

8 

9 

3o 

10 

74 0 

11 

ISO 

12 

3 5 «q in 

13 

15 

11 

26 

15 

22 

16 

25 nearly 

17 

34 

18 

2 73 m 

19 

3 71 in 

20 

4 11 III 

21 

3 40 in 

22 

30 

23 

72 

24 

00 

25 

70 

28 

12S 

27 

102 

28 

62 

29 

96 

30 

r.o 

31 

CS 

32 

95 


BKA 



B 






XVI I 


ELEViEXTABY ALGEBRA 


XEU 


SO T=s y=2. 31 

33 x=4, ^=0 3A 

36 x=2'S ^=4-2. 37. 

39 x=7, y=17 « 

42 x=10 v=5 43 

45 2r-t,=7 46 

48 i;=3x-4 49 


b (P US' 
x=3, y=2. 

32 

x=rS y=6. 

x=5, y=S. 

35 

x=4. y=3 

x=4, y=5 

38 

x=12, t/=4. 

s:=o y=i2. 

4L 

x=5 y=2. 

y=3x 

44. 

a:-(»z=4. 

jf_5x=0 

47 

y— 5=2r 

2y=3x-12. 

50 

Sy-x=:5 


XIV. a. (p 111) 

L 17, lA 2 12 5 3 6 S 4^ 13 9 

5 4 pence, 9 pence. 6 7 baif-crowns 3 fionns. 

7 44 for 31 acanst 8 24 12. 9 6a . 1?. 10 2^ 64 

IL 14. S3 12 £450, £200 13 45, 15 14. 7 

15 14 Conns. 11 baif-CDtrns. 16 63 

17 72 miles 5 m les an honr 18 2^ 7^ miles an boar. . 

19 32i 2S 20 57 19 2L lf5 

22 56, 67 23 17 Conns 7 half-cronns. 24. 93 

25 9 11 mil^ an hour 26 10 SO gallons;. 27. 10^ 

28 15 mfles 2 m Jes ’n noa'". 29 24, 12, 4 30 £51 

3L 24ba1es.o~72casl.s 32 12. 33 24 feet long ISfeetw’de. 

34. o teachers "na 93 children at firs* 7 teacners and 132 children at 
last. 

35 £13 15» 36 SI 49 so yds 

38 21 crcms 40 Inlf-gnineas. 39 3 40 3 mules an hoar. 

41 15 ml« an Eon^, 93 miles 42 3 raiies an hoar, si miles. 

43 4 miles an Lon* 24x^1165 44. 30C'0fr.frointhestari.ingpomt, 

45 £40^ 5 pence in the £ 46 3 4 5 miles an ho’T 

47 303 riCes , 15^ lOQ miles a day 

XIV. h (p i:si. 

1. 44 francs 2S shillings. 2 Sshilungs. 2) 3 SSminntes. 5 miles 

4. 13 it per sec., IT 5 ft per sec., 2 5 secs. 

5 55 Ihs S4 Ills , 14 S kilogrammes, 17 3 kilogrammes. 

6 4-9 c. in. 2 45 c. la , 41 c. cm* 7 lOT, o' 

8 They mce at 3 30 P J 14 miles from Camhndce : 10 miles apart 

at 2.4S r v ana 4 12 p v “ 

9 In 10 s»cs ’*0*1 .4 s start 33 3vds firm the s*art'’rg poin' 

10 Jne, iSS7 IL 3S 23 

12 2-2 m 12 45 cms. 13 9*23 cm* 3 a5 in 

14. S7 7S, 67 51 45 42 39. 3S 33 IT 15 2* 2|rf. 31 -rticles, 
16 £1 1 l,j apprav • 615 copies to tne nearas* 5 17 £.53 

18 2150, O'®? 416 577 19 £.>jei, 4250 cop’es 



ANSWERS TO EXAMPLES PART I 


xix 


20 In half an hour from A’s start, A having travelled 2 miles 

21 In 4^ hours 22 2 7 miles per hour 

23 25 of a mile poi liour 24 5§- miles per hour 

25 In 2j hours, 20 miles from A’s starting point , 2 hours, 3 hours 

26 In 3 1 hours, 24 S miles from A’s starting point , 2 6 hours, 3 0 hours 

from A’s start 

27 13^ miles an hour 28 35 miles, 45 miles 

XV a (p 131) 

I aP+2az-2l)i+ar-2ab + b- 2 a^-2ax-2l/7;+a-+2ab + b‘ 

3 n-+2ab+b^+4a+4h+4 4 a-+7P+c~+'2ab+2bc+2ca 

S a^+b^+<^-2ab+2br-2ea 6 a^+b-+c--'2ab+2ac-2bc 

7 a--2ab-h/j~-4a+4b+4 8 4ar+y^+z-+4xy+2yz + 4xz 

9 a^+42/^+z- -4xy+4ys-2zx 10 a®+4t®+9c°+4a5 + 126r+6ca 

11 fl®+46- + 0r--4a5 - 125c + 6cffl 12 9a^-t-Gax-67ix+a- — 2ab + b^ 

13 4ar + 12ax~4f>x+9a--6ab + l^ 14 4x*+4x’+'}a^+2x+l 

15'9r*-6-(r*4-7a;2-2r+l 16 x*+2x^ - 15afi-16x + r>4 

17 a^T4ar*+fiar*+4x+l 18 ar*-2ar*-73!°+Sz + lG 

19 4r*-4ar*-19*®+10a;+2j 20 a^+2xy+y^~6x~6y+9 

21 4a?-4ty + y"+16r-8y+lG 22 1 -2a:+3*®-2r'+T^ 

23 4-^4a-3-e®-2a:®+aH 24. 9-Gx+13a:®-4t'®+4a:^ 

25 25 - 20x + 34 -b* - 12x 4 Oar* 

26 a*® + 5® + c- + d® + 2rt5 + 2ac + 2ad +2bc+ 2hd + 2rd 

27 a®+5® + c®+d*® + 2fir6+2oc-2oci+2fK:-25ti-2cd 

28 o=+5S-tc=+d*-2a/H 2ac -2ad-26c + 2f/d-2crf 

29 a® + 5-+4c- + <P + 2a6 + 4ac + 2a<f+46c + 25(f+4cd 

30 a® + 6® + 4c® + 4d® + 2ah +4ac-4ad4-4hc-4bd~ Serf 
81 ar®+y®+2®+0 + 2ry+2ys+2sc-6x-6y-6s 

32 ■E®+y®+s®+0 2ary + 2y3-2sa;+Gx-6y-G: 

33 4ar®+y®+4£®+l-4ary-4y2+8a»-4r+2y-4s 

34. 9d?+4b‘+4<? + dr- 12er5 + 12ac-6ad -8&c+46d-4cd!. 

35 a^+2ar’+3ar‘+4x'+3ar®+2x+l 

36 x'’+4r®-6ar®+8a?-4a-*-l 

37 x®-2a:®+3ar‘-4T®+3ar®-2x+l 

38 a:®-6ar’+15a:*-20a:*+15ar*-6a:+l 

XV b (p 131) 

1 a®-2af»+6®-c® 2 a-+2ah+V^-4<? 

3 aP+2xy+y-~'l 4 ap+4xy+4y^-b^ 

5 a®-6®-25*-x® 6 oS-4&®+46r-c® 

7 4a^+4ffx+a®-5® 8 9y® - a® - 2a5 - 6® 

9 a®-lG-c®+8a:y-y® 10 l-a®-2ct5-6® 

II 16-o=+2a5-6® 12 a<+o®5®+5< 



BLEMIfiNTARY ALGEBRA 




13 

l-2a+a®-&® 

14 

a?+4ri/+4y®-6® 

15 

p® - 4g® + 12gr - 9r® 

16 

1 -4ai®+12a;y-9^® 

17 

{•0a;y+9y®-16 

18 

scA+t^+1 

19 

l-4'c+4r®-49y® 

20 

4ar® + 1 2a;y + 9y® - 25 

21 

9a:* - a;® + 4a; -4 

22 

4a:® - 16p® - 40y - 25 

23 

25a® + 30a + 9-46® 

24 

tt*-2a®6®+6* 

25 

l + 2a:®+9a;* 

26 

a® - 2a6 +6®- c®+2crf - (P 

27 

29 

4x'’+4a;j/ + 3 /® -a^~2ab-b^ 

4r® - 4rt c+a® -j/^+Ahy - 46® 

28 

a:® + 2aa: + a ® -7 y® + 26y - 6® 

30 

9r® - I2aa: + 4a® - 4:/® 4 126y - 95® 


31 

1 - 2a: + a,® - y®+ 2//Z - s® 

32 

4-4o+a®-9&®+C6c-c® 


XV c 

(P 134) 

1 

b*-3r:®-6x + 8 

2 

o3+a®5-o6®-?>s 

3 

ir'-y 

4 

a:®+ 3a:®y - 4a:y® - 12^ 

5 

^■‘-a^'-6'B®+27'C-30 

6 

v*-bir~ 16a:- 15 

7 

a® - 8a*6 H I4a®6® + 9a®6* - Gab* 

8 

-t*--Pif^-y* 

9 

2a* - 7a®5 - 4a®5® -t 23a6® - bb* 

10 

a? -1 

11 

tP+S 12 8c®- 1 

13 

ar>-8y® 14 27o®+86® 

15 

1;®+! 

16 

a* +6® 

17 

a--®-S 

18 

T®-4a^V+ 12^ 

19 

'C*-5r®H 10c®-7a;-15 

20 

ar‘-13ar'-2a:+35 

21 

c*-2o<P<I^~50cd‘'-2irl* 

22 

'c*+x^^+y* 

23 

o®6®+'^®cP-a®t®-6®(i® 

24 

- lOa* + 21o''6 - 21a®6® + 166* 

25 

a;*-2-c®- 12a;®+a: + 2 

26 

12ir‘-34a-®+37a:®-17a;4 5 

27 

20 + ll'c-21'e®+7x*-2a,'’ 28 

6 + a; 

- 2i:® + 7a:®y + 'i'Pi/ - 3a:*w® 

29 

31 

'c»+3a:®y + 3a:i/®+2/"-l 30 

4a;® + St* — 23ar®+ 25ar - 141: + 4 

i;®+3a;» - a:* - ISar*- 14a;S+18a;+24 

32 

- 6 + 8a - 1 la®+ 4a® + 19«* - 9a® 

-6a8 


33 

2lv*y - 29ar>y®+ 3^+5xy‘ 

34 

6i^ -ri2a;®y® + Gy* 

35 

a* + a^b+aP+b* 

36 

a®+6* + c®-3a6c 


1 a.®~5r+I4 

4 2a^*+2a, + 5 

7 SB+l 

10 2x+l 

13 3a^*-2i + 6 

16 a,- ^ 

19 a;* J 3?-i x-\ 1 

22 'C®+ 1 23 

25 ^-s+aj+l 26 

38 2v~‘t 29 

' 31 2-e3-3a;S+4a;-5 


XVI a (p 136) 
2 — 6a! — 5 

6 3r®-4ar-6 
8 7s~y 
11 3a -26 
14 T-1 
17 9ar*+3a;+l 
20 a?>--c®+a!- 1 
27ar’-lST®+12'B-8 
^'*+2^;+^ 
a- -a 30 

32 


3 a:® — ai + 3 
6 6+6'c+4r® 

9, x-2 
12 5a;-- 3y 
15 nP+ry+ir 
18 o® — a6+6® 

21 iP+1 
24 a,= -a, + l 
27 r®- 411+4 
12-c<-llar»+10a.®+3‘)x+8 
^«-5a;® + 13ar*-40a:+119 
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XVI 

b 

(P 

138) 

1 

n + 2/H c 



2 

nS4 2ah+2(fl 

3 

c + 5-1 c 



4 

111 + 2Zi 4 t 

6 

a^-ffjr'4 n’x-rt* 



6 

n - 5-1 c 

7 

a-‘* + 7a*- '■> 



8 

3^ 1 ry-2a l y~-4p+4 

9 

a!'-a''-ra-’-a*-i a’ 

1 


10 

2a3-3ry4 “i/J 

11 

o®-rf/’+c* uh~nc 

-he 


12 

a®4 lr4 c--ah 1 «c-l be 

|13 

a^+tr-i 4 +a*y4 2v 

-2j 


14 

ir'-a‘4 a-* - a, - 1 

15 

a-H'ay+y- 



16 

a -i h-i c \ 

17 

ah + lic-\ ac. 



18 

a*’ + a + x^i/* H y® 

19 

32a* hl(Vi*-l Stt*+ la^i 2rt 1 1 

20 

tth-ae-hci r" ^ 
aP-i 2fTi - 4a- > 

21 

r3+«3 H '»«" 



22 

23 

X Is/ 
t * ¥ 

24 

1 

ah 
1 


25 

1(» 20 T2) 


0 

0 

26 

rt* nil Ir 

27 ‘J!- 

51af> 

4?. 

28 “ _ 

4 ’■'g" 9 


•21 

4») 

3' 4 



XVI 

C 

(P 

110) 

1 

-8 2 2i« 

3 

-6 


4 -3127 5 

G 

Ti 7 

11 



8 10 0 

10 

-51 11 

-18j 



12 14 13 


xvn a (p 141) 


1 x'-ixipi q \r]-\[j>q~nr-*--p}] 2 127 ’ 

3 j"— 5, t/=0 4 *l half crov^ 1 s, -( Ihuppcnm jhccps 

6 r« i I 6 a:2^ ^V* t T 


xvn tj (p 141) 

1 2r-y, 2 j -v + 20, 2ji - v-20, y 
3 Coininou loot's, a =(i, v=S 
5 ,i*-i4aVn inir-l,' G 10n«-M 


2 I'll 

4 ,17 

7 2tt=-3av I 


xvn c (p 

1 lOr apples, pontp 

9 


a=-fi 

-1 

3 

1 

n 

1.7 

'S4 

■1 

4 

1 


- 'j 

-s 


XVII d (P 

1 5”^janK ^ 

y 3 - 

3 X ~ i 07, V ■= iiC 4 

i 72 7t 6 hn-s (- Irtl/r 7 


142) 

2 4 

4 rs+da^* 4^2+l 

5 OOn 18i/ + ‘)r= JSOff 

6 e«-8l3/' 

7 'Lk2-Ac^‘) 

142) 

180 

r'’- lar'-r' + 0a'‘«-5x2_,Ja +2 
a - !fi-2 




All elementary algebra 

xvn e (p 142) 

1 xy miles, 60a:y miles, ^ miles 2 22G 

3 102 4 12 57, ^4 57, 62 86, 15, 10 inches 

5 a^-3-e®+6ar*-7ar* + 6ai®-3a;+l 7 3a-b+4 

xvn f (p 143) 

X X S x A 1 

1 xy pence, j pence, - pence, — pence 2 — 

5 4y-lla;=3 4 26 7 miles 6 2a;<-llar'+20a:®-14a:+3 

6 4ar + al»-ac-6c 7 a-3&+4c 

xvn g (p 143) 

1 a+5 2 a:®+2a:y+y®-r® 8 7 

4 27 m from one end, 18 m from the other 5 a;=5, w=ll 

6 3a?-2a:+l 7 56, 48 


xvn h (P 144) 

1 x—a? 2 a‘a?~2a^+a^ 5 11, 7 

6 3a;-7y 7 21 

xvn k (p 144) 

1 *®+7 2 -39, -20, -7, 0, 1, -4, -15 3 -2^ 

A 22 miles, 48 ininntes 5 a;=2§, y=12 

6 2ar®+3x+l 7 a;=2, £5 5s 


xvn 1 (p 144) 

1 2 a:+y+z-3a 3 -6j 

A 1 ^9 in , 2*25 in , 3 8 ems , 5 58 ems 6 2a:®-5a;-3 

^ ISCU 7 a:=3, y=l, z=5, w=9 

XVni a (p 145) 

1 a(aj+6) 2 a{x-a) 3 x(x-3a) 

4 ar*(a;-5a) 5 a(x" — ax+a") 6 3a(a-6) 

7 5x®(a;-3y) 8 a:(a;-y) 9 7(3-8aj) 

10 5x{flx-4y) 11 x{a-b+c) 12 -2a;(a;®-2) 

~13 -yift-h-c) 14 px[px-ay+hy) 15 lQaPx^4x-3a) 

16 3(2J=a:=-3pa:+4) 17 xyz{x+y-z) 18 n{a-c-3x) 

19 7»(2.'e®-a:y+8y®) 20 6a:ys(6a:-9y+8s-3Ty2) 

XVin b (p 147) 

1 (a;+4)(a;+5) 2 {x-3)[x-’J) 3 (a:+4)(a:+6) 

4 {x+3){a;+7) 6 (a:-4)(a:-6) 6 (a:-l)(a:-7) 



win 


ANSWJ2I1S UO KXAMrUS 


7 

(x+l){x+2) 

8 

(^-2P 

10 

(a,+2){x-l) 

11 

(->-■> D- 

13 

(a.-5)(i+l) 

14 

(x+.lXxH 7) 

IG 

(X- 10)(x- 1) 

17 

(x-mx-9) 

19 

(r-ri)(x-13) 

20 

(a-5)- 

22 

(x-7)(x + l») 

23 

(xhOXx 5) 

25 

(x+7)= 

26 

(x^ 0)(x-7) 

28 

(x-n)(a. + 10) 

20 

(xiq){x-S) 

31 

(7 + x)(3h X) 

32 

(X + ?l)(X + (/) 

34 

(x + ni)(x-«) 

35 

(x-jh)(x 1 ji) 

37 

(x-n)tx- V>) 

38 

(a -2'»)(x «- ib) 

40 

(x-5rt){x+ ?6) 

41 

(a-2)(ch9) 

43 

(1 -2x) 

44 

(f.+a){l-r) 

40 

(8-x)r*-x) 

47 

(H 10r)(l- nr) 

49 

(8+x)(-|-x) 

60 

(x+ll)(x-Ul) 

62 

(C+x)(ll-x) 

63 

(l-«.r)(l-r) 

65 

(x-SHc-27) 

66 

(x+ 10y)(x - v) 

58 

Ix-UMx-Wi 

60 

(3x-i v)lx-p> 

61 

(x-llv)- 

62 

(x-ro- 

Cl 

(x-nyp » 

65 

(x-I02)(ir-l) 

67 

(x-qa)(x-5rt) 

68 

(0xH-v)((n:-v) 

70 

(10,c-l)(nr^ 1) 

71 

(13x + l)(x- 1) 

73 

(•«/-S)(tv+ M 

74 

(Hi » l)(l2r-l) 

76 

(17xy-l)( Jxy- I) 

77 

(7«7* I l)((jn7» - 1) 

79 

(lSx+v)( Ix+vl 

80 

(lSa.^ y)(3r-jr) 

82 

(xy-rj)(xi/-JI} 

83 

(ay-l«)(jy-r J) 

85 

(107 1 x){l -x) 

86 


88 

(Slx-i l)(x-i 1) 

89 

(x-Uy)(xi:ty) 


1 (a+/;)(smy) 

4 (x -!/)(<>-«) 

7 {ar+l)){ar-d) 
10 {a~e)[a-b) 

13 (a--il,-]{r + d) 
16 {iB-2)(a“-y) 
19 (a:-l)(y=+l) 
22 (a-i m) («+;«*) 
25 (2je-l)(T=H) 
28 

31 {a:»-7)|2j^-3) 
34 (a:H l)(x-tt^'j 


xvni C (p 148) 

2 {a~b}{v-ij) 

5 (T V) 

8 (c+y)(a:-2) 

11 

14 {n-hb-Hr-d) 

17 (T-i '))(C'-'J) 

20 (ax-b)[be~a) 

23 (3-H){x5f.l) 

2G (n-fc)(*®+l) 

29 (7i - 

32 (a+5)(lH5 + 7) 
35 (24 3 }(«-x-) 


1>ART I 

9 (a;-2j(a, + l) 

12 (^+5)(a,-l) 

15 (t-3)® 

18 (%+M(a-+l7) 

21 {»-{ 7)(a.-C) 

24 (a.-7)('«+5) 

27 (x-12)(aj-10) 

30 (I-ac)(l-a.) 

33 {x-w){x~n) 

36 (ar+2a)(a. + 6) 

39 (^ ^ la)(’c-ii&) 

42 (a.-ll)(a;+10) 

45 (a. + 17)(a.-l) 

48 (x-15)(a;+l) 

61 (7 + x)(6-x) 

64 (9-a:)(S4a.) 

67 (o hl56)(n+/>) 

60 

63 (^-72){j:-1) 

66 (7^-l)(a.-l) 

69 (nA-l)Cicl 1) 

72 {I - i(di){l -2nb)\ 
76 (l-Sry)® 

78 (17A-y)(x+v) 

81 (10-!t)()-a.) 

84 (•»--q2)(x-]) 

87 (l-lS-c)!* 


3 {x-y)la-2) 

6 (c-y)(x+s) 

9 {v-y){t-a) 

12 {ac+d){ae Hi) 
16 (a.-3)(aJ + 2) 

18 (a?^l)(p5H) 
21 (t-y)(»+v-4) 
24. (a*+l)(a,M 1) 

27 (2a:-3)(.i=+2) 
30 |2B-l)(e2_fl) 
33 (rt^-7<)(r^J) 

36 (xH)(2x5-c) 



K\l\ 

ELEMENTARY ALGEBRA , - 



xvin d (p 

'l49) - * 

1 

(l-a:){l+a;) 


2 

(1 -2a,)(H 2a;) 

3 

(a; -2a) (a: + 2a) 


4 

(a-7)(a+7) 

5 

(3a + a;) (3a -a;) 


6 

(3a;+l)(3a;-l) 

7 

(5r-4)(5a:+4) 


8 

(x+3)(i;-3) 

9 

(5a;-7)(5j: + 7) 


10 

(a-5)(a + 5) 

11 

(ll-5)(ll+5) 


12 

(o-3)(o+3) 

13 

(a;-13)(x+13) 


14. 

(2-a)(2+o) 

15 

(4-lla)(4+lla:) 


16 

[ah+cd)(ah-cd) 

17 

(3xu + 4a6) (3a:y - 4a6) 

18 

100x102 

19 

8x14 


20 

(xy+\){xu-l) 

21 

(8-cd){S+cd) 


22 

(l-3iL)(l+31) 

23 

(3-2a)(3+2a) 


24. 

(3a6-4)(3a6+4) 

25 

1 x305 


26 

(x-100)(a;+100) 

27 

(100a:+l)(100a:-l) 


28 

{pry - 9a®) {xy + 9a®) 

29 

{a?-V^)(a?+h-) 


30 

(6®+5)(6®-5) 

31 

{a^+a)(a^-a) 


32 

(6a;6-j^)(6a;C+j^) 

33 

{aPc? - x) (olr>c® + *) 


34. 

(l-10x)(l + 10a;) 

35 

(a5c+d)(a6c-fl) 


36 

(l-lla®)(l + llc®) 

37 

(7®-6y)(7a:+6y) 


38 

(Pff-2)(p?+2) 

39 

(12z2+yV)(12r*-2/Ss?) 

40 

(a-15fi)(a+156) 

41 

(9a; -8) (9a, +8) 


42 

(2nm+l)(2nm- 1) 

43 

{3p-1q){3p + 7q) 


44 

(r-13y)(a; + 13y) 

45 

(9a&+l)(9o6-l) 


46 

(a.»-y")(a;»«+y'’) 

47 

(a- 176) (0+175) 


48 

(lla-rl26)(lla-126) 

49 

(5ai3-13a'>)(5x«+13a*) 

50 

(a?y-10)(a.-®y+10) 

51 

(-By® - \2p) (xy- + \2p) 

52 

(1 - lOar'j/V) (1 T lOa-yV) 

53 

(lla;»y*-l)(llxV+l) 

54. 

67,000 

55 

1800 

56 

998,000 

57 640 

58 

1002,000 

59 

54,800 

60 33,096 

61 

130 

62 

650,000 

63 573 

64 

313,800 

65 

996^000 

66 15,152 

67 

9,400 

68 

43,984 

69 11,800 

70 

9,999,800,000 

71 

13,440 

72 15,000 

73 

15,600 

74 

69,600 

75 128,400 



XVm e (P 

150) 

1 

3(a:-2o)(a:+2a) 


2 

7(l-'c)(l+a;) 

3 

1 2(x-12)(a;+12) 


4 

5a^*(3y- 4a) (3y+ 4a) 

S 

i 3(0*+ a;) (o'* -a:) 


6 

7a®y (4a^y - 5) (4ry + 5) 

■J 

i 6(3a6+2cd)(3a6- 

2cd) 

8 

141a''6® (a»6® - 2) (a'h^ a. 2) 

9 7(a-7l>)(o+75) 


10 

3 (5a; -4) (5a; +4) 



ANSWERS TO EXAMPLES PART I 




11 ll(l-36)(l+3&) 

13 13(a?-l>){a^+b) 

15 3(ic=-10){-»r+10) 

17 5c(lla;+12<<){lla;-126) 
19 17(l-2p3)(l+2/»5f) 


12 5(^a5-4)(3aJ+4) 
14 l(v- 15a) (a:+ 15a) 
16 3a{3p-7q)(3p+7q) 
18 13ah{c-2d){c + 2d) 
20 laPf-{l~2p)(l+2p) 


XVni f (p 151) 


1 [a-b + c){a-h-c) 

3 (r-y+2a)(a.-y-2a) 
5 [x + 2a-b)('t-2a+b) 
7 (3j;+4y)(-B+2y) 

9 (5a;+a-5)(5a:-a + 6) 
11 4r 12 8av 


2 {a+b + c){a-b-c) 

4 {x+2p+4b){x-p2p-4b) 

6 {x+p+a + b){x+y-a-b) 

8 (n + 4T-y){a-4a;+y) 

10 (4a + 5a: + 5y) (4n -5a;- 5y) 
13 [a-2b+e+d)[a-2b-c-d) 


14. (a+6 + c+a;+y+2)(a+5 + c-a:-y-e) 

15 {4x + y){2x-3p] 16 16(2a: + l) 

17 20pq 18 y{Gx-y) 

19 {2x+2a + 3t/+3b)(2x+2a~3if-3b) 20 (6a:Tv)(a; + 5y) 

21 3(a+5+2c+2d){a+5-2c-2<i) 22 (8p+5'-4)(8p-g'+4) 

23 4ab 24 (3a:+2y+2a){a,+4y) 

25 5(x+y)(i;-y) 26 -48aa: 

27 (1+ la:-2y)(l-3a;+2y) 28 (l+2a?-2y)(l -2a+2y) 

29 (10+2o-35)(10-2a + 35) 30 5(8a-5) 

31 (a-5)*(o + 5)5 32 {a- + 2ab+2b'^{a--2ab+2I/‘) 

33 2a?J-l 34 5(o-l)(o+l) 35 (2a.'2+l)(5-4a:) 


XVni g (p 151) 


1 {a-b4 c){a-b-c) 

3 (r + a+5)(a:+a-5) 

5 (a + &-c)(o-6+c) 

7 ('i: + a-y)(a:+o+y) 

9 (a:-y + 3)(a:-y-3) 

11 (l+2a-5)(l-2a+/i) 

13 (2a-5+a:+c)(2a-5-a;-c) 
15 (a-c+b+d){a-c-b~d) 
17 (o + c + 6){a+c-5) 

19 5(tt-5+2c)(a-6-2c) 


2 (c + o + 5)(f-a-6) 

4 (y+a-^)(y-a+a:) 

6 (l+a-5)(l -a+5) 

8 (a;-2y+3a6)(a:-2y-3a5) 

10 (4+a-6)(4-a + &) 

12 (a+a+5+y)(tt+T;-l»-y) 

14 {a-b+c~d){a-b-c+d) 

16 (ar+a;+l)(a:®-a:- 1) 

18 (3a-5+a,+2c){3ff-5-a;-2c) 


1 {5x-2)[x-2) 
4 lx+7){2x-3) 
7 (r+9)(2a;+l) 
10 (3x-2)(3*-4) 


XVm h (p 154) 

2 (a:+3)(3a+5) 

5 (a;-6)(3a. + 5) 

8 (a:-7)(3a:-I) 

11 (4x+3)(4x-5) 


3 (a:-2)(3x-l) 
6 (x+9)(5x-3) 

9 (2T-5){2a;-3) 
12 (7T+l)(7a:+2) 



<V1 


ETiEMENTAliy ALGEBRA 


13 

{S^-2){3'B+4) 

14 

(2a, -7) (2a: + 9) 

15 

(2a:+3)(3i:+l) 

16 

(2i-3)(3m-1) 

17 

{3z-2)(2x+l} 

IS 

(4x-3H3x-4) 

19 

(la: +4) (4a. + 5) 

20 

(3a:-4)(4a:+3) 

21 

(Ca:+l)(3a:-2) 

22 

(4x-5)(Ca:-5) 

23 

(l-2a;)(3-2a:) 

24 

(5-a:)(l+2a:) 

25 

(2a: + 3?/)('c+y) 

26 

{2x-}/){x+2y) 

27 

(Ga;-5y)(2a:+3y) 

28 

(7a:- i)(2a: + 5) 

29 

(3x-7Hix+4) 

30 

(7a. -4) (2a: -3) 

31 

I5v-^j/){2a. + y) 

32 

I7x-3i/){x+!/) 

33 

(12x+5y)(a:+y) 

34 

(13x-l)(2a,- () 

35 

(na:^2)(^+3) 




XVIII k. (p 15-5) 


1 

(a:+y)(a;®-a.y+y®) 

2 

(x-ti]{a? i-xy+ir) 

3 

(l-'c)(l+a! + a") 

4 

(l+x)(I-a:+a:®) 

6 

lv^+]/)(x*-x‘!/+y-i 

6 

(a:®-y)(a:‘+a:®y+y®) 

7 

(2x-l)(4a,'S + 2t+l) 

8 

(l+2y)(l-2yH4v=) 

9 

(2a + t)(4«*-2<i5 + 52) 

10 

(la 3a)(l-3a:4 9a:®) 

11 

(a: +3) (a:- -3a: +9) 

12 

(y-3)(y= + 3y + n) 

13 

(o + 5) (a® - 5a + 25) 

14. 

(5a - 1 ) (2')a® + 5a + 1 ) 

15 

(2a:-3y)(4ar*H bty+Oy®) 

16 

{2o+35)(lo-’-Ga5 + n5®) 

17 

(a-6)(a®+Ga + 3G) 

18 

(7a,- l)(40x*4 7a:4 1) 

19 

(y-4)(y®+4»/+10) 

20 

(t+y)(16-4y+v®) 

21 

(10T+l)(100x®-10t H) 

22 

(o5-l)(a"5®+a5 H) 

23 

(l+o/»)(l -ah i-a-lf) 

24 

(a5®-4)(a®5< + 4a5 4 1C) 

25 

(2xy - 1 ) (4a:®y® + 2xy + 1 ) 

26 

(r®+l)(ar‘-a®4 1) 

27 

(4a - 55) ( 1 Ga® + 20n5 H 255®) 

28 

(3e+;;7)(0r® - 3jiqt+p''q-) 

29 

(6o-6)(3Ga»+Ga5 + /)®) 

30 

(S^ + l)(C4ar-Sa:+l) 

31 

(3a-2a,)(81a®+ 18aa:+4a,®) 

32 

(l+9a:)(l-9x+8Ix-) 

33 

(a-h){a + h){a- + ab + h-){u" 

-ah-i 5®) 


34 (a:-2)(a: + 2)(a,’+2'c+4)(T?-2a:+4) 


XVin 1 (p IW) 


1 

-8a.(ai®-2) 

2 

(a-G5)(a-56) 

3 

3(a:-l)(x + l) 

4 

3a®5‘'c®(«i® - 75c + Ca5) 

5 

3(a-))(a + 3) 

6 

5(a-2)(o=+2a+4) 

7 

(10a-5)(a+5) 

8 

3 (2a -3) 

9 

vy(9^-3i/) 

10 

7(a-5) (a + 5) 

11 

-(l+a:)(l+'B®) 

12 

llac(c-3a) 

13 .3(l-6a:)(l-a:) 

14 

3(o-l)(a + l)(5-l)(5+l) 

15 

?(2+a.)(2-a:) 

16 

p V'"* ( P V -3qr^+ 2//} 

17 

3xl4x&=3x7x2‘ 

18 

3(5a:-2)(-B-2) 

19 

{x-p){x4-q) 

20 

4(a:-10i/)(r + y) 

21 

6j(l-3y)(l+3y) 

22 

10(2a;-y)(a:+2y) 

23 

ll(r-lly)(a:-12y) 

24. 

3(l-3a:)(l+.lx + 9a,®) 

25 

J 

'(5-a:)(r-l) 

26 

(x-y){x-y-S) 



ANSWERS TO EXAMPLES PART I 


XX\1I 


27 15(a;-y)(r+j/)(x'+y-) 
29 3{a-2)(6-c) 

31 2 (a; - 5) (a? + 5a; +25) 

33 2(x-l){x-7) 

35 2{a-5)(a-r5) 

37 2(3a;T2y)(3a;-2y) 

39 3{ll+a:)(ll-a:) 

41 (4a;-I}(Ca;+I), 

43 5(a;-y){a^*+a:y+y=) 

45 3(zy-l)(ar‘y'-^a;»/ + l) 
47 a(25c-l)(45V-t2tc+l) 
49 {oa - 3ft - 2c) (a- 36 -r 2c) 
51 2(a;-yJ-l)(a:-y-l) 

53 (l-2a:)(l-3a:) 

55 3(a-6){a-*-6) 

67 I3a.(3a:-2) 

59 12a;(I-a;) 

61 a:(Ca;+l)(3a;-2) 

63 a:(3-a;)(l+2a:) 

65 a^(3x-2)(2a:->-l) 

67 o(STa;)(5 — a;) 

69 7(«+l)(ar-l) 

71 {a:+7y)(a;-6y) 

73 a:(o-5)(«- + 5a+2.5) 

75 (2a +h)- 
77 ai=(na: + 2)(a:+3) 


28 3{a;-l)= 

30 13(3a;+l)(Sa;-l) 

32 (2>a:+l)(7a;+l) 

34 7(a;+y)(a;-2) 

36 (a +76) (a -66) 

38 2,i?qHoq-4p+Q) 

40 Q[x-r5)(x-l) 

42 (l+x){l-x){2-rx) 

44 3 (a; +5) (a,-*- 4) 

46 5(2^J7-rl)(2/»g-l) 

48 17(a;+l)(a;+2) 

50 l{xf-^lQ)(xy^-lO) 

52 i(l+x-y)(l-x-^y) 

54. (x - 5y) (x - 4y) 

56 (l+2a;-2y)(l-2a: + 2y) 
58 2(x+5y)(x+ly) 

60 (a;- 15)* , 

62 3{a:-2)(a:+2) 

64. 13a6(a-26) 

66 i7x-l)[x-l) 

68 2a6c(2a-36T4c) 

70 x[x-3naP+3x+9) 

72 9(x-l)(x+3) 

74. r(l-2z)(3-2U;) 

76 7(o + ll)(o-10) 

78 {a;+p)(a;-5) 


XViil m (p 157) 

1 (a-6)(a+6)(«=+6*) 2 (2a-l){2a+'l)(4a2+ 1) 

3 2(2a;-y)(2a;+y)(4ar+y®) 4 (ar'+a;-l)(ar-a, + l) 

5 3aix-a)lx+a)(afi+axTa-){r‘-ax+a-) 6 2Sa6 
7 (a-6+2c-2(Z)(a-6-2c+2d) 8 4o6(a-6)= 


9 (a:-y)(a;-y+I)(a:-y-l) 
>11 (a:-3)(a;4-3){2a;+l) 

13 (otc)(6-<Z) 

15 (a;-2)(a;+2)(a,+3)(x-3) 
17 a(a-b-^c)(a-b-c) 

19 (6a:-l)(14j;-^l) 

21 (l+x+aP){l+x-aP) 

23 (aS+46®)(a-26)(a+26) 

25 {x-l)(x+l)(x-2)(x+2) 
27 {a;+l)(x-o) 


29 (x+ Ja+6)(x-6) 


10 (x-3)(2a;-l)(2a;+l) 

12 [ax-hy)(bx-ay) 

14. (ac=+3y*)(2x-3y)(x+y) 

16 o®6*(l+a6)(l -06+0=6®) 

18 (x-a)®(x+2o) ^ 

20 (7x-3){a,+ 15) 

22 6(a+6-c)(a-6 + c) 

24 («-l)(a+l)(a=+o + I)(a=-o+l) 
26 (x+yf{x-y) 

28 (r+3a+6)(x-o) 


30 [x(a+6) +y(a-6)][x{a-6)-y(a + 6)] 



XXVlll 


ELEMENTARY ALGEBRA 


31 (a. + l)(ai2 + l)(a^-'B=+l) 32 (20a;+7){10a,-S) 

33 (®+i/+i!)(a!-w-s)(a;-y+z)(j;+y-z) 


34 9(a.-y)(n5®-'cy+2/-) 

36 [71 l-b)(bx + a-) 

38 [x^+y’-)[a?+lfi+c^) 

40 (a;-fi)(6a;+a®) 

42 [aa:-(o-l)][{a + l)a:+a] 

44 ('B-ina:+l)(5a:+l) 

46 (a;-3)(a5®-a, + l) 

48 (a-h)(a+ah + h) 49 

60 3(a+6 + c)(6-c) 

62 {r-2)('c®+2a,-2) 

64 [x-\-ay)(x-1}y) 

66 a,(l + 2ay){l-2ay + 4a®y®) 

68 (x~2){ji?+x+2) 

60 (a-rB)(l + aa:) 

62 4(a:-12){a!+9) 

64 (a:-l)(a:+l)(a:+3)(a!-3) 

66 ('B-3){a;+2)(a:-2)(a;+l) 


36 a.(a:+l)(a,-2)(a;+5) 

37 (a'+l)(2a:-5)(a--3) 

39 (3a, -5) (5a: + 7) 

41 4a6(l+a)(l-a)(l + l»)(l-6) 
43 (a:-l)(a;-2)S(a;+2) 

46 [x+y)[3x-2y)[2x~5y) 

47 [(o+2)a:H a + l][aa;- ( a-1) ] 
{2a+b-c) (2a-6 + c)(4a®+6-c|*) 
61 [x+y){5x-3y)[S7,-2y) 

63 {x-yf(v + y) 

66 (5j9-4g)(p-3?) 

67 3[3a?-4y)(3v^+^y) 

69 (2a;-5)(a. + 6) 

61 xy{y+x){y-x){y^+x-) 

63 (6-l + a)(6-l-a) 

65 (5a:-l)(n-'B) 


XIX a 


1 

5db 

2 


6 

3d?hP 

6 

3r» 

9 

3d?P 

10 

13a^* 




XIX b 

1 

a 

2 

x — 2 

5 

a + 26 

6 

x+y 

9 

‘«:(a;-3a) 

10 

3(x-3) 

13 

a:+l 

14 

1-a. 

17 

x+y 

18 
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10 a:®-5a:+l 
13 a; — 4 
16 3%^ +3,2 

18 5x2-1 


XIX C (p 163) 

2 aP+xy+y'^ 3 

6 x+2 6 

8 4x+3 9 

11 2a:+7 12 

14 2*24.7a:+3 15 

17 a,-“ - 3xPy + dxy'^ - y^ 
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19 

4|=4 67 20 16 
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5 41 S 
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1 a('c-a)(a:+o), (a;+9y)(a;-lly), (75x~l)(x~l), (x+y)(x-6) 

2 a; -3 8 4 4 a;«-a®ai»- 6 ®a;®+a® 6 ® 

(a;-l)(a;-2)(x-3) 

6 +2 6 . ±3 6 , 3 2, 5 8 67 - 7 30 miles an hour 


xxm c (p 182) 

1 2 (a;- 2 )(a:+ 2 ), ( 2 a;-l)(a:- 2 ), (a+ 6 -c)(a+ 6 +c), (x-y)(x+y~3) 

2 1 3 12a-'6®(a-6) 4 3a;-2 

6 22 4 acres 6 a;=:3, 6 7 25 miles an hour 

xxm d (p 183) 

1 (2a;+l)(a;+3), (a+ 6 +a;)(a- 6 -a;), (b~c)(a-c), 3(1 - 6 )(l + 6 + 6 ®) 

2 a;-a. 8 0 4 a;= 6 , 4 , 2 ,\ 

y=l, 2. 3/ 

7 2 stumped, 3 caught, 6 bowled 


6 a^+a^b-ttlfl-b* 
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3 (a;+l)(a:-2)(a:-3) 4 25 7 miles from the start 
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20 33 3, 48 41 
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XXIII k (p 185) 
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The equation is an identity 
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41 

3 03 

42 

3 06 

43 

3 03 

44 311 



45 

4 03 

46 

4 03 47 

4 09 48 5 03 49 

6 05 


50 

5 07 




V • Sr 

(p 203) 





1 

1.2 

2 

1, -1 

3 0.6 


4 

0.1 

[ 

5 

-2, -3 

6 

-a, 6 

7 0, -2 


8 

3a. 

b 

9 

-o, 25 

10 

1 - T 

11 -h- 

s 

'S’ 

12 

0. 

^ 1 

13 

a h 

2 3 

14 

a +5, a-6 

15 

c+d 

■“2^ 



16 

r-2q,2p-q 

r 


17 2(0 4-5] 

1 , -3(0- 

h) 


18 


19 

-(a-5)=, {a+5p 


20 

3 


21 

0, a 

22 

0, -4 

23 -o 


24 

-3a 




XXV. b 

(p 205) 





1 

5, 2 2 

3, 

2 3 ±2 4 

0,3 


B 

-1, -3. 

6 

-5, +1 7 

1, 

7 8 2, 

, -1 9 

±2 


10 

10, 1 

11 

-9, 5 12 

3, 

0 13 - 

5,4 14. 

7,0 


IS 

±1 

16 

20 

o o 

'5, -8 

17 

21 

-3,0 

15, 15 

18 -7, - 
22 ±3 

3 


19 

23 

15, -1 

0, 2 

24 

0, -7 

25 

102, 1 

26 -1, - 

15 






elementary algebra 


XXV C (P 207) 


1 

6 

1^.4 

l|. -h 

2 

6 

"7J - 

3 - ly. ■■ It 
aft 
' 5’ 2 

00 

0, 

'If 

a b 

5’ 6 

9 

a+b c + d 

2 ’ i 

10 

-1^,4^ 

11 1, 

-2 

12 

6, 

3 

13 

-4, 8 

14 

4,6 

16 5, 

-1 

16 


17 

4,4 

18 

1.7 

19 - 

4,6 

20 

0, 

-3| 

21 

10, 1 

22 

~h 

23 - 

41,-7 

24 

1, 

1 

25 

4.7 

26 

3 ^ 

ir> ”"3 

27 f, 

, -4 

28 

3 

IT* 

_ 7 

T 

29 

2, -1 

30 

-9^,1 

31 15, -4 

32 

2, 

“ifr 

33 

o 2 

f. “T 

34 

_ B _ 7 
T’ V 

35 1, 

7 

“IT 

36 

B 

T. 

7 

TT 

37 

S 8 
"7. 7 

38 

11, -IS 









XXV 

d (P : 

211) 




1 

1 -A 

7* 7 

2 

1 1 
T3' 7 

3 

“Tff 


4 

1. ~f 

5 

§. 5 

6 

-5, T 

7 

“2. “7 


8 

5, -3 

9 

2, ?- 

10 

1.^ 

11 

•"T. " 


12 

4 . , 3 

T* “T 

13 

B _3 

TT* T 

14 

3, -2 

15 

B 13 

7. — S' 


16 

0 _ 4 

T> T 

17 

0 -44. 

•4, “7T 

18 

¥. 1 

19 

h -T 


20 

22, -2 

21 

■•7» T 

22 

f. 4 

23 

1. -7 


24 

3 10 

7' — 

25 

2. -3 

26 

2, -14 

27 

5 ^ 


26 

6, 

29 

0, 7^ 

30 

12, 36 

31 

0, 3^ 


82 

3, -27 

33 

r, 4 

34 

4, -T 









XXV 

e (p 

212) 




1 

l±s^s=2 41 or 

- 41 

2 

-1±n/3 

= 73 

or 

-2 73 

3 

2±n/ 3=3 73 or 

27 

4 

ld:\/5 = 

3 24 

01 • 

-1 24 

5 

giN/Iei 
10 ~ 

217 

or - 37 

6 

l±\/6= 

3 45 

or 

-1 45 

1 

' S'^=173 



8 

-6±\^ 

==-7 73 

or - 4 27 

ft 

® 10 “ 

=1 93 

or - 73 

10 

2±\/i:3: 

=5 61 or 

-1 61 

,, -6±\/73 

4 

= - 3 39 or 89 

12 

9±n^ 

s - 

3 58 

or 

2 42 - 

IS 80 or 

- 14 

14 

2n/ 3=3 46 or - 

n/3=-1 73 




answers to 

EXAMPLES 

PART I 


\\\1X 



XXV f (P 214) 





1 

±6, ±2 2 

±3, ±b 

3 1, 3 


4 

0. 

-1 

5 

3, -1. 1±k/I3=- 

1 61 or - 

2 61 6 1, 

-1, ■ 

-1 


7 ±1, { 

8 

5, -1, 2±\^=3 73 or 2‘ 

7 


9 

±2, ±i, ±1 

10 

— 8> 3| 0| *“6 




11 

0, 

5, -6 

12 

0, -5, (other roots imaginary) 


13 

0. 


14 

- 5, 2, (other roots imaginary) 





16 

, , -Siv/IT 

1» -*> O 

= 16 or 

-3 16 





16 

n is/IO-3 

2 “ 

-3 03, 08 17 1, 2,^ 

-5±\^_ 

2 

: — 

4 56, - 44 



XXVE (p 219) 





7 

2.>, -15 

8 —2 •>! 3 o 


0 

5, -1 6 

10 

8, 2 5 

11 1 >, 23 


12 

5, -2 6 

13 

21, -15 

14 The loots arc equal 

1, 5 



15 

The roots are imaginary 

17 3 8, - 

8 

18 

-2, 2 6 

19 

-2, 3 5 

20 -3, 4 6 





21 

1 87, - 1 07 Minimum \ alue - 10 8 


22 

-2, 3 

23 

4, -2 5 

24 4 8, 2 





25 

-1, 2-2, 3, 3 4, 

3 4. 3 

Maximum \aluc 3 45 




26 

(3, 5) 27 

1 44 

28 6 


29 

25 25 

'30 

2 C, 1 31 

-4 

32 -14, 

26 

33 

2 5,-4 



xxvn a (P 222) 





1 

»=3, y=l 

2 

x=5, y= - 2 


3 

a. 

=2, y=:8 

4 

*=7, y=2 

5 

r=3, y=5 


6 

X 

= 1, y=2 

7 

*=2, y= -1 

8 

x=6, y=: - 3 


9 

X 

=5 v=2 

10 

a;=G, 9 

11 

x=5, -3 


12 

X 

= 12, -11 


y=9, 6 


y=3, -5 



y 

= 11, -12 

13 

a:=n, -9 

14. 

x=-l, 13 


16 

X 

=7, -3 


13 


y=13, -7 



y 

= 3, -7 

16 

X 

17 

*=2, J 


18 

X 

=2,-^ 




y=3, 8 



y 

= 1, -10 

10 

®=o» “4 

20 

a=4, 1 6 


21 

X 

= ±7, ±2 


y=2, -9 


y=2, 5 



y 

= ±2, i7 

22 

x=±5, ±3 

23 

*=±2, 


24, 

X 

= ±3 


y=T3, T5 


y=±l, ±4 



y 

= ±1 

25 

a;=db2,±Y 

26 

»=±5, ±3 


27 

X 

=4, 2 » 


y= ±5, ±3 


y=±24, ±4 



y 

=2, 4 



ELEMENTARY ALGEBRA 


28 ^ 
y~h “'5' 
31 a;=l, -2 
y=-l. ^ 
34 a:=2, 

y=h It 

37 r=6, 1 

y=2, 10 

40 a;=13, -12 
y=l2, -13 


1 aj=l, 2 

y=2, 1 

4 'is=6, 4 
y=-2. -2r 
7 ^=±1, ±2 


29 %=5, 9 
y=Q, S 

32 v=^ 
y=3 

36 a:=7, -2 
y=-2, 7 

38 a:=3, 0 
y=0, -9 

41 ®=2, 4 

y=2, 1 

XXVII. b. (P 224) 


2 ®=: 
y= 

5 x= 

y~ 

8 ■«= 

y= 


4, -3 
3. -4 


±5, ±4 
±4, ±5 


10 

®=±7±2 

11 

'c=|, ^ 

12 


y=±2±7 


y=i i 

16 

13 

§ 

14 

x=3, -16 


'TO 


y=6, -1 

18 

16 

■B= ±-|, ±1 

17 

«?=T» "-ff 


y=±2, ±1 


y=^* "T 

21 

19 

®=2, 

20 

»=8, 2 


y=h -2 


y=4, 16 


22 

®~T* ~T 

23 

®=2, 7 

24 


y— 1> ■? 


y=7. 2 


25 

a;=i 

26 

a.=i 



y=i 


y-s 



SO *=7, -5 
y=5, -7 
33 ®=5, 

y=-2/-6| 

36 ” X 

y=h -7 

39 x—5, 11 
y=ll, 5 

42 a,=3, 1^ 

y= -2i 


3 a=3, 2 
y=4, 6 

6 *=4, - 1^ 
2^=1, -2| 

9 ®=±4, ±3 
y=±3, ±4 

L2 ®=|-, 
y=T> 

16 »=±^i 

y- ±T 
18 a=4, 
y=T. 4 
21 ®=i, ^ 

y— ffj :r 
24 “C^g, -3 
y=3, -9 


xxvn c. (p 226) 


1 ®=±1 2 »=±3, ±s/2 

y=±2 y=±2, t4s/5 

4 ®= i 1 (otiher roots imaginary) 
y=±l 


6 ®= ±3, 0 
y=±l, ±2 




3 “1?= ±3, ®=Tl 
y=±2, y=±2 

5 ®s=f, 1 
y=¥.2 
8 ^*=±10 

ys=±2 



AJfSWERS TO EXJuMPLES PART I 


9 


10 

.=AS. 4;=. 


11 

a;=:rb2 







y=i3 

12 

a=i2 

y=^Z 

13 

iCss^ 2 ^ 

y— 2* 4 / roots imaginary 

lA 

a:=i2 

IS 



16 

*=±7 







y=±5 

17 

x=S, -3 

18 

x~ — /, 3, 5, — 

1 

19 

a:=4, — Oj 


y=3, -8 


y~/, —3, 1, — 

5 


y=6, -44 

20 

x= iS, d:2 

21 

ar= i2 


22 

ar=5, 4 


y==4, =3 


y==l 



y=4, 5 

23 

a;=l, -3i 

24 

®=-7, 4 


2S 

4> 4 

^~5' “K 


y=l, -4 


“TT* 3 



y=S, 0 

26 


27 

*=7, 


28 

a;=dk5, db3 




y=3, — 



y=i3, ±0 

29 


30 

»= 2 f, -If 

31 

a;= 

=2, 5, l ±^/6 


^rz 


y=-lr, 15 


y= 

= -5, - 2 , - 


82 x-^3, ±1 33 j.^2, -3, -2±s^ 

«^=-l, =3 y=3, S, -liC5 

34. a=0, -21 oe 

v= -4 o f other roots imaginary *=±3, ±2, ±3, ±2 

y*±2, ±3, qF2, :f3 

XXVn d (p 229) ' 

1 A circle, centre (0,0), radios 6 2 Theongin 

H ** ** ^ ^9 ^/l 99 O 10 /o o\ - 

•* /-I m 4-10 ” »» ^ 

13 „ ,, M A\ A 1A 99 • „ (2, 0), „ O 

IK A % ** 99 4 14 /«r <lt A 

15 A circle, centre (0, 0), radius vf ” ' ° 

If ” » (0. 0), „ V5 

• 7. (0.0) „ v-13 



\Ui 


ELEMENTARY ALGEBRA 


18 A circle, centre (0, 0), radius \/l0 


19 

„ » (0, 0), 

9l 

2-Jb 


20 

>1 If (0, 0), 

9} 

\/3 


21 

„ I. (-1,-1). 

93 

six through the origin. 

22 

,, ,1 (1, 0), 

99 

sl2 


23 

„ I. (-2.2). 

ft 

s/5 


24 

.. .. ( — 1. — 1). 

It 

s/E 


25, 

.. .. (3. —2), 

99 

s/IO 


26 

.. .. (^. 0). 

19 

>M 

2 


27 

„ (1, -2). 

99 

s/sB 


28 

.. .. (2, -1). 

It 

1 5 


29 

t» .. (3, 0), 

19 

25 



xxvn e (p 

233) 

1 

x=5 3, 1 7 


2 

x=6 56. 2 44 


y=l /, 5 3 



y=2 44, 6 56 

3 

x=5 1, -31 


4. 

»=5 61. -161 


y=3 1, -6 1 



y=161, -5 61 

5 

x=6 19, 81 


6 

x=4 7, -17 


y= 81, 619 



y=17, -4 7 

7 

4, 9 8 3 2, 7 8 


9 5 73, 

2 27 10 5 12, -3 12. 

11 

t=1-27, - 47 12 

X 

= -2. 2 8 13 x=2 6.-2 


y=154, -194 

y 

= 2, - 

4 y=^3 2, 4. 

14 

x=l, -22 


15 

x= 69, -2 61 


y=5, 21 



y=-2 92, 148 

16 

x=±5‘29, ±2 84 


17 

r=±13 8, ±58 


y=±2 84, 3:5 29 



y=± 5 8, ±13 8 

18 

x=9 3, - 43 





y=8 6, -18 6 


1 (i) K+y miles, (ii) x-y miles, (ui) hours, (iv) hours 

x+y x-y 

' 

3 (il f JPOOO ^ 100a . . ^ 10000 ^ 100a 

ioo+x> ^“^^looTS’ ^^^iooT^ 

4 (I)i hours, ( 11 ) I hours, (m) ?i hours, (iv) ay miles 

5 (1)^. (.)»J^) (lu)^^'hours. (.v)j^hours 



AJTfeWLRS TO E'SLAMPLES PART I 


6 (i) (ii) lioor« 

ryz yz-Ts -ry 

(.) £?, r..| f i, (ml (I.) £^ 

8 (>)£(=-y), (h)£(^), 

(\ ) ZV). per cent 


(») ^ peace. 

{»; ^ iwnce. 

(«»J ^ pence. 

( 11 ) ^Jply pence, 

« t car 

<') pence. 

(vi) pence 


(..) ^(^•,-5,). 

>■"> 








(>.l £{/>(■ 

r-^1 


11 (I) £-125L fill ^_i!£_ fmj -r J!i22L fill £— SSL. 

‘ ' lOJ-i ' ' •”100-*’ ' ' lt-»+ry’ ' ' ^100-w 

12 (t)l, (11) 

Ax ix 

13 (i) (a:-y) miles, (ii) B(r-y^n«lc*<, (in) — !— hoars, fn) -Juiiorre 

x~y i-v 

14 [xJ-2){x-f-3)~ x(z~-l)=y 15 ax-liy=^^ 

y=-(r-.s)’=* 


16 ^.k=j2z. 

12 10 

18 =*-(:-2yr=o. 
20 a*-liy=(*— jr)c 

22 52_22=„ 

^ y 

24 orsyfiT-n) 

23 ax-(«-i.)t/=:n 

28 (ar- l)ysr 1700a 
SO mj. 3' 

y •* e-.TT 


19 

y-c y 

21 (>--fl)(y-a)s=2zy 
23 -£1.== 

3 — y 

25 oj-- fiv=t, 

27 (r-l)y=I7C0 

OQ X X . r . 


m~ 

32 

X y z 


29 ^ or ll*=3yy 

31 

10-1 1(10 

33 ay-:(a:-fl)=2i>' 



\hv 


ELEMENTARY ALGEBRA 


XXES. (p 239) 

1 5, 7 2 3 in S 43 4 12 5 93 

6 6 yds per sec 7 14, 11 8 6 miles an hour 9 7 

10 55, 60 miles an hour 11 6 s 6 d 12 13 miles 13 32 

14 24 ft long, 18 ft wide, 11 ft high 

15 10 yds , 7 yds square, £7, £5 

16 30 miles an hour, 50 miles an hour 

17 14 ft long, 12 ft wide, 9 ft hi^ 18 8 miles an hour 

19 5 miles an hour 20 8 ft , 7? ft 21 576 

22 42$ , 7$ , 3$ 6 d 23 24 9 miles an hour 

26 3d for 14 lbs , 2d for every extra 7 lbs 26 3xV minutes 

27 78 28 10, 7, 5 miles an hour, 70 miles 29 7 ft , 18 stone 

30 7 2owt, 11 25 miles 31 40 yds, OOiyds 32 7, 5 

33 9, 4 yards 34 32 yds long, 27 yds Midc 

35 88 in , 80 in 36 10 hours, 15 hours 

37 20^ ft , 16 ft 38 3 miles an hour 39 14f 

40 10 minutes, 16 mmutes 41 3, 4, 5 miles an hour 

42 15x oz , 16x oz. 43 6 miles, 8 miles an hour 44. £3 14s 

46 5x, 67 hours 46 12 miles, 3 miles an hour, 4 miles an hour 

47 8 miles, 16 miles, 4^ miles an hour, 7f miles an hour 

48 49 l'^, I'J, 1 j minutes 60 10 gallons 





XXX 

a (p 

243) 



1 

oaPb 

2 

01*5 

3 

oiPy 

4 

** 




y 



08 

5 

2{a~b) 

6 

1 

*-3 

7 

2x±3y 

8 

l±2o=6 

9 

Xii 

X 

10 

4 

11 

l±(a-6) 

12 

a 

h 

13 

z 

14 

2a 

16 


16 

XT 

17 

4, 5 

18 

-3, 1 

19 

5, 2 

20 

4, -5 

21 

25 

0, -5 

If. 

22 

26 

±T 

a, -3 

23 

27 

1 1 
n F 

1 

24 

28 

1 1 oi 

If* 4§ 

29 

4, -2 

30 

-1 

31 

1, -2 

32 

1 

33 

1^ 

34 

1 

“T 

35 2 

36 

1 

-T 

37 1 


XXX I) (p 244) 

< 2citC 

4 x- - fla®’ ^ ^ a+6 — 1, a® + li"+c-+2a6-2ac-25c, 

a*+3a®6+3a6s+63 

' 3 4 2 83, 3 61 5 ^=3, -2j 

y=i, -If 


7 


7 

TF 



ANSWERS TO EXAMPLES PART I 


xh 


1 

5 


2r 

(a:-a)(a:-i>) {x+b) 
z=2 5, f/=:6'25 


(a+2f>)(«-36) 

3 1, 2 aro tbc roots 
6 1, 4 


XXX. C (P 244) 

2 ±10 8 •% -2 4 G3^-7z-t-4 

6 x=3, 4, y=4, 3 7 7062 

XXX d (p 245) 

2 3J_x- 4, n"J-4!i®-*-c=-4ai-*-2ac-4i»c, 
fl»+6a"fc+12al»’ + S?<® 

4 7 40, 7 05 6 ar=3, -S, y=4, -iV 

7 Half a minute 


1 

5 


XXX. e {p 245) 

2 ±12 8 1^,-1^ 4 a:<2i>-3’ 

(x-l){*+2)(a;+d) 

— 1, y=±2 6 4a^— 2jr+- 7 £!.» 15? 


XXX f (P 215) 

1 1 3 - 28,2 3 4 12-23, -0*25 6 x=8, y=l 

7 2340 

XXX g (p 240) 

la? 3 215, -14 ^ 4 28.3 5 ar=C, y=^, -2j 

6 a?-6x+l 7 3f miles an hour 


XXX h (p 240) 

1 {a?-«-3x+3)(3?-3x-» 3), (8z-l)’{l-a)(l+a+o-) 

3 (x'-y'*)-+(a^-y'’)s’+:^ 4 CS» , SCs , OS? 

0 x=±l,y=±2 7 80, £32 

XXX. k. (p 246) 

1 lCa« - 3Ga*b‘'- - lOSnV - lC2a56« J- 186ofc» + 720&' 

2 (c■^«-M(c-<^^^t»)(c+a-^*)(c-ff±5) g g 4 2 50 - 1 50 

4(i^lr ' 

5 2 54 pm, 151 pm, 3 57 pm 6 x=±4, ±1 7 I ridnj 

y=±i. i4 


2 

(r+n)(x+r) 
6 2 - 6 , -1 0 


1 

5 

6 


XXX 1 (p 2t7) 


Ca? - x‘+ lOa? - I4x" - 25 3 3,3 

Thcj meet in 1 liours, 42 miles from homo 
apart in 5 hours 

x=±5, ±2s'3(=±3 40), _ 

y=±4, T ^/5(=?173) 


4. x=C37, 03, 
y=-C4, 0 37 
Thtj nro 10 milts 

hours 

2-i-r 



ELEMENTARY ALGEBRA 


(a-6)« 

4 £19 ISs , £41, £57 8i 


6 x= ±2, y= ± I 


XXX m (p 247) 

2 3 3 

x-S 

8 b 5 a:= 6 , -2, 

y=6, 2 

7 39 ft long, 31 ft YTide 


A X=:0, 4, 
y=0, -8 


XXX A <p 248) 

2 4,1- 3 2o25(o+5), (®-2){a:-3){a:-5) 

5 12,-15 6 a:=ii, ±9l, 7 One mile 

y=T2, ±7“ 


XXX. p (p 248) 

1 6 a;+ay+l 2 - 8,-12 

3 (a-b){a-i-b-e)[aTb~e), (ar*-ay-y^(ar+iy-y-) 

4 4 54, - 1 54 5 25|^ nules an hour 

6 a:s=|., --f 480 apples, 400 pears 


1 - 0-6 

, 2(a-26)(2a-6) 
a->-b 

7 0+6 


10 o 6 c. 


o 6 +l 

a(oS-o^-2) 


XXXI a (p 249) 


0 * 6 ® 6 *c® c^o® 
a-rc 

b 

2ab 

0+6 

a?=+6S 

0+6 

ab 

a--ab + b- 
o-»-6 


17 - 


20 - 


2 

a2-r6S 


12 e: 

? 

16 

Ct'i'h 

18 grf-^6e-26rf 
0-6— c-d 

21 oJ-36 


22 


XXXI h (p 251) 

1 •c=oJ-l,y=a_l 2 x=c,y=-a 

3 *=30-6, y=o + 36 4 . 


5 


A v—tZl 

2 a ’^- 26 " 

6 *= 0 + 6 , y=o -6 



AZsSWEBS TO EXAMPLES* PART I 


xlvu 


c=c, y=-a 

0—6 0-6 
^~a-b' ^~a—b 


_ o-c a-c 
8 r= — r, y=i — - 
0-0 O-c 

10 a:=Y, y=-2 


b-c-a a-e-b ,, — 


c -g _ o— c 
''“c-o’ ^-2{e-a) 

5=0, y=6 

cs=a— 6, y=a-b 
c?~bc Ir-ac 


,, fl— 6-rC a-»-6 

14- =r^^^>y=— 


_ a- -I? _ 0 ^ 1 ^ 

* ap-hq'^ aq-bp 

6c-tZ a<Z-c 
18 3:=-i — ; y=-r — 
c6-l ^ a6-I 

20 ar=6a-*-6, y=s2o-6 


o -1 „ 6-c-a c-a-b a~b~c 

^=^*^'=^31 22 ;r=-^,y=-3^,==-5^. 


24 


=o —6 ±e 

2abe 2abc 2abs 

ab — bc—ac' ^~afj—bc-ac' '’~hc~ac—ab 


ts=5a, -3a 


10 x=-i, i 


13 x=2? 2 


16 x= 


1 1 
■~o 6 
.5a 3a 
T’ lu 
0-6 0—6 


19 x= 


21 X 


24. x=] 


XXXI. c (p 252) 

2 x=2o, 3a 


5 xs=a=:— . 

o 

51 ^ 

0 X=:- 


11 x=46, -36 

M «=3.,^ 


17 x= 


0—5 0—6 
0 - 6 ' 0—6 


® *=? 6- 
6 x=i 

a 2^" 

» *45 

12 X=:^ 

ay 

15 x= -3a, ai-26 
18 x=a, 6 


= 0 - 1 , 0-1 20 ^=\la^b-c-'J^'-b-^^-bc-<K-<AX 

~2(®=6j 22 x=a-b, 23 x=0, a-^b 

^ 2o-5 y=o, 26 - 0 . 


XXXL d. \p 251) 

2 2. 3 7 

6 =5 7 0,^ 


4* ItV 

8 3 
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ELEMENTARY ALGEBRA 


9 

1 

2<s/l0 

10 8 

13 

4 

00 

17 

a+2& 

18 — 

21 

16 

22 0 

25 


28 1, -4 

29 

2, -4 

30 2, 31 


11 

-5 

12 

- 

15 

(a2+5'*)= 

16 

±5 

(a +5)- 


19 

11 

20 


i 


a 

23 

n 

i 

2A 

dr 

16 

27 

0, 6 

28 

-1 

(3±\^) 32 

-1 

33 


a;=6, 4, 
y=4, 6, 
s=5, 5 

34'2 


4 *= ± 


2 


±3. 


y~±^2, ±1 

2c 


7 »=0, ± 




y=d=C. 


XXXI e (p 256) 

2 a.=9, 1, 
y=3, 3, 

2=1, 9 

6 x= ±4, 

y =±2 


x= 


1 

- 4 


6 T — ^ — 9 

, a + b 

8 «=!, 1, 2, 2, 4, 4, 
Sf=2, 4, 1, 4, 1, 2, 
2=4, 2, 4, 1, 2, 1 


2'=±(l'5)> 

lA x=±3, v=±l 


10 »= 


12 x—±\fG, 

y=±-^» 
^'6 


abjc +d) - c<Ha+b) 
ah~cd 

13 x~ T Y^j 

«- j-ii 
y— ==T2> 

» L 41 

= = ±Tr 


C=: ±- 


XX, XI f (p 259) 

1 (0, 7)(5, 5)(10, 3)(15, 1) 2 (0. 5){3, 3)(6, 1) 

3 (5, 1)(3, 6)(1, 11) A (7, 8) (10, 1) (4, 15) (1, 22) 6 (2,3) 

e (11, 10)(24, 3) 7 7 8 8 9 6 10 6 

12 (1, 7)(3, 4)(6, 1) 13 (1, 13)(2, 8)(3, 3)(0, IS) 

14 (0, 12)(4, 9)(8, 6)(12, 3)(16, 0) 16 (1, 3)(8, 1) 

16 (0, 10) (3, 8)(6, 6)(9, 4)(12, 2)(15. 0) 

17 (2, -5)(4, -4)(6, -3)(8, -2)(10, -1) 18 (3, -6) (6. -4) (9, -2) 

19 (1, -3)(2, -2)(3, -1) 20 (-3, -6)(-6. -4)(-9, -2) 

21 (-3,-4) 22 (-2, -10)(-4, -8)(-6, -6)(-8, -4)(-10, -2) 
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23 

25 

27 

28 
31 


1 

4 

7 

10 

13 

16 

17 

19 

21 

23 

26 

28 

SO 

32 

39 

4^ 


2 at Ss each, 4 at 7s 24 6 geese, 4 turkeys 

30 ways 26 27, 32 

Give 10 four shilling pieces, receive 2 half crowns 
4 ways 29 (i, (h r) x^l3p + 7, y=9j? 

3 ways 32 35,4 83 Sways 


XXXII (P 266) 

ar>-7»+10=0 2 a,®+a:-20=0 

xS+3a;=0 6 'C-+aa:-6a-=0 

aV-2a*a;+a®-lsO 8 ar*-2»ia:+»=0 
a:*-6a;+6=0 11 2Sa:®-40a:+13=0 

P' - 4g must he a perfect square 15 


3 4®=-l=0 
6 a®-2aa.+a®-l=0 
9 Zai®+jna+M=0 
12 -25 


a (i“ 

aP-2px+4q=0 
aafl+3bx+9e=0 
acaP-2(b^-2ae)x+4ac=0 
a®fiB®- 6(3oc - 6®)a:+ac®=0 
ai®+4p»-2J*=0 

p(3q-p^ 29 p®ar* 


7,(3ac-h®) (h®-2ac)® 2c® 

18 aa:®-fta:+c=0 
20 aca:®-(6®-2ac)a+ac=0 
22 a^afl+abx+Qae - 2b-=0 
24. a=-§ 

27 a®{a!®+l) + (6^+2a®)a:=0 


a®*® - (6® - 2ac) » + c® = 0 
k =-2 

a®i<? + 26 (46® + 3oc) » - c® = 0 


31 a®-(2)®+2g)!C+g®=0 
34 (p' -p) (pq' -p’q ) = (g - g')® 

40 -=4t ^3 (i) (n) c‘ 


6®-2gc 

a®c® 


49 5a 50 ^ 


XXXm a (p 268 ) 

1 {2x-Sy]{3x-4y), (a^~3xy+y‘^{x"+3xy+y^], 

(a:-l){!c+l)(*s+a;+l)(a:s-a; + l) 

2 0 3 8z(2s-l) 4 ®8(a9-y») 

5 (i)2j, (ii)a:=±2, ±1, 

y=±l, =f2 

6 4 hrs 35 min , 3 hrs 4S min , 19 9 miles 

7 !c= -3, y=li, a=4 8 3fi+3px+2p'^+qs=0 


XXXIII b (p 268) 

1 (®+7)(a:+9), (y-a)(y+7a)(y-6a), 

!c(a;-l)(a. + l)(a;-2)(a;+2)(a,-3)(a;+3) 

® ^ ^ ^ (»0 1 . 13 

6 90, 81, 71, 62. 41, 21 


2 3'B®-7a:-2 
5 £600 
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XXXm c (P 269) 

1 367a- 1146+690C, 1082 2 0 Z 4 -^,3 

5 ( 1 )-^ (n)'c=2, li, 6 £30 7 -1,-^ 

y=L H 

XXXin d (P 269) 

1 2 5 - 1 -- 8 2a:®+3a:-5 

o a 

4 20r >ds , ^ miles, miles, ^ hours 

6 (i) a;=0, 7, -2^ (ii) ^= 7 . y=r 

8 In 37-j secs 7 x=15, max \a1ne2 25 

i 

XXXIII e. (P 270) 

2 3 ii2+3n+l 4 

‘Zyz 

8 {i) a -b (u) 2 63, 1 37 7 15, 12 miles per hour 

« 2 1 


xxxm f. {p 270 ) 


1 


8 


x‘+Sy^ 2 a?(r-4)(4'c-7), 

(a2 + 36®) (a® - 3a6 + 36®) (a® + 3a6 + 36®) 



(n) 


r=±4, 

y=±3 


4 4ei, 4/3 


(y+3)(y-3)(y®+20) 


48 minutes 


7 -(a+6 + c) 


xxxm. e. (p 271) 

1 2a:® + 3 1 :®+ 8a: +25, remainder 74 2 618 

8 14/8, 14/ 4 (i) -4{a2+6®) (u) 0 

6 (.) („) 6 £26. £60, £64 

7 aa:®-26a:+4c=0 

xxxm. h (P 271) 

1 ^’"(a + 6a.®) 2 _30 

3 ( 1 ) a=-a6+6® (n) (a®+tt6+6®)(a®-a6 + 6®)(a®+a6-6a) 

4 a:= 2, y =5 are common roots 5 %-+3px-9g=0 

6 (i) 2, -3j (ii) x=^, -i, 7 4 ij 28 miles per hour 

1/— - 1 2 
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h 


XXXnLk. (P 272) 

2 31, - 81 3 4 ^ 

’ 6-c 

5 5/17/ , 6/6/ , 7/12/- 6 x=±{a±b), 

y=±(a7b) 

7 fKfi+(b-2am)x+am'-bm+c=0 

xxxm 1 (P 272) 

I (aS-125)(o=+46), (a+c)(ae-^lfi) 2 a'>-64b« 

4 16li 6 *=1, y=2, 2=3 

6 b^cac 7 43, 18 miles per hour 

XXXIH m (p 272) 

1 {b-c) 2 (2a:+7)(9a.-5), (a-e)(a+e- 2b), 

(x-b)(x-3b)(x-6b) 

3 x*+7aP+2z-3 4. 3 61 

0 (a) x=i) -j, (b) p ^ 7 25, 44, 64 

, o a 
y-Sf T 

xxxm. n (p 273) 

1 ' (ac - M)9.Ka// - Jc)9= (ac - bd) {ad - be) 2 (i) 0, (n) 

4 

3 (3x+2){a;-2)(2a:-l)(2a,+l) 4 35 

5 £800, 6 (1) (ii)x=±^‘'^ '' 

it Y 25 

y=±^ 

7 ac:c‘+(ab+2ac-b^)x+a{a~b+e)=0 

xxxm. p (P 273) 

1 a^'(t9-l)(a:*+*= + l) 2 

3 8a:«+Cir’-4ar‘-37ar>-16a:9+7a;+35 4 - 3 83, 183 

« (0 0, ^ (11) *= - J, 1^, - 11, 1, 6 6 

y~ “T> t» ~ It 


2 (i)a:=0, 

y=0, 
s 0 75 


ad -be 
a-c 
be — ad 
b-d 


xxxm q. (p 271) 

(n) 4 (64*B-729)(3a.-^2). 


8 35/ 
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XXXm. r. {p 274) 

1 {x-l)(x-^l), {x-7)(i-*-l). x(x-1){x-2). (Sr-.l)(a -2), 

LCM a (x- 1 )(Xt l)(a -7)(r-2)(3x- 1) 

2 (1)3. 3 f. >3. -2 5? 4. 2n=-3'i?>-».26"=0 

5 A ^^as elected b\ a majoritj of 5 6 t= iN2(±l 41), ±5 

M V=^4\0(j66) ±3 

G 

XXXm S (p 275) 

1 ■*•--- xtj-yz-xz) 2 1 

2a+fj 

8 (i) j'- (ii) r- + {ji-l)5 

4 x= - (nj ^ n 1 ( 7 ^^ - 2? ) X •*■ 5 " (m2 J- n-) + nn (p2 - 4^*7 -r 27 -) = 

5 x<-3^ «r>2T 

6 xt=l, 1, 2, -2, 2, -2, 7 14, S miles per lion 

y— •• •"» *•* 

^00 oil 
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[OUAF 


Find the quotient in thei following Ciises 

16 {a^-(d>x-acx+bc) — {ax-c) 

17 (27!»^+%cx-9ax-abc)—{3x-a) 

18 {li!:?-2a/px+7bqx-abpq) — {7x-ap) 

19 [abi»?-2bex-i-acx-2(?)—{ax-2e) 

20 {5apaP-5bpx+3aqx-3bq)-(ax-b) ^ 

Divide th^um otx(x- 3) and 2(3 - a.) by ar - 2 
Divide the product of 3x - 6a and 5x - 15a by x -2a 
Simplify [6a; (a: - 1) + 5 (a; - 3)] - (3x - 6) Check your result by putting 
£^3 

Divide the sum of a;^+ 1 and 3a;(a;+ 1) by x+ 1 |^eck your result 
Simplify (3a; +9) (7a: -21)— (a, -3) 

Find the product of 2a;®-9a:-5 and a:-l, and divide it by 2a;+l 
Simplify [6a;(a:- l) + (a:-6)]— (3a;+2) |Cjieck,youc.result. ^ 

Find the cxpandedjialuc of {a+b)(a-b)^ 

Without doing all the multiplication, determine the coefficient of a? 

in the product ('B®-2ar*+6a;-9)(2a:-3) 

Divide 2a^- 17a; by a; -3, and hence determine what number must be 
added to the first expression to make it exactly divisible by the 
second 

Divide the sum of 2a - 7 -3a:®, 5a;®+l-3a;, and 7-4a;+2a:® by 4a;- 1 
Divide 5(a;-l)(a;+l)+3a;(3a:+l) by 7a;+5 

What must be added to the expression 3a;’-8a;®+10a; to make it 
exactly divisible by da;- 2’ 

Divide a;(6a;-c) + c(6a:-c) by a;+c 
Simplify [a®(a:®- l) + (a-6)(a+6)]— (oa;+6) 

Divide (o-26)(o+26)+46(a+6)+4h® by a+2b 


CENTER VI 
REVISION EXAMPLES 
VI a {OrcU ) 

1 Read off the simplest form of 

W 2 "^ 2 ®+2 ®“2 

(iv) 4o5+^ (\) 3dbc~\bca (vi) 2a-^+a 

What IS the value of 5a;- 1 when 

(i) a:=2, (ii) a;=-2, '(iii)a:=*2, 

^ (iv) x= 4, (v) a;= - 8, •’ (vi) a;= 3’ 


2 



VI] 


REVISION EXAjMPLES 


41 


3 /• What IS 


1 (i) the second power of 

5, 

(ii) the second powei of 

‘(lU) 

1 

:r> 

(iv) 

i (v) the square of - 1, 


(vi) the cube of - 1, 

Jd 


(Vlll) 


of -3, 


1 

u 


What are the values of 
(1) (_2)3+(-3)= (ii)(-2-3)«. 

(IV) (-2+3)« (V) l-{-2)3. 


(111) (-2)2- (-3)=, 
(VI) [l-(-2)]2» 


5 Simplify 

(i) 7-5+3, (ii) 7a-a-7o, 

(iv) ai2-3ar*+9ar*, (v) 2xy-lyx-\-ixy, 

6 What IS the value of ar® - 1 when 

(i) x= - 1 , (ii) a;=2, 

(iv) a;= - 3, (\) l-r, 

7 What 13 the value of - 5x +7 when 

(i) a;=0, (ii) «=!, 

(iv) a:=2, (v) a;=3, 

8 What 13 the value of ar* - 2ai2 +2 j 5 - 1 when 

(i) a;=0, (u) a;=l, 

(iv) a:=2, (v) a;=3, 


(ill) -a-5a + 3a, 

(\i) 5-4+3-2+2-1 

(ill) x=\, 

(vi) a:=2^’ 


(ill) a,= - 1, 
(vi) »= - 3’ 


(ill) aj= - 1, 
(vi) x=-3’ 


9 Read off the simplest values of 
( 1 ) 5-5(1 -a,) 

(lu) 2ar®-(3ar®-4ar®) 

(v) 2(r-l)+3(a:-2)+4(i;-3) 


(ii) 6a+(-3o+2a) 

(iv) -2db-{3ab-7ab) 

(vi) 3(2a;-l)-2(3a:+l)+7 


10 Simplify 


(I) 

3a:-6 2a;-8 

(II) 

9-3a: 12-8a; 

3 2 

3 4 

(111) 

4-2a: 5x~5 , 9a;-3 

(IV) 

3a;- 1 . a;-3 

2 5 ’ 3 

4 4 

(V) 

7a;-9 , a;+l 

(VI) 

7x-5 3a;- 13 

8 8 

4 4 

(Ml) 

23a;+7 3a;-3 

5 5 


1 


(viii) (a+6-c)-(a-5-c) + (a-6+c) 


11 

12 


In the expression aa?+h3?y -2cxy^+2t^, what is the coefficient of 
(i) y, (ii) y\ (in) a’ 

In the expression aaP-bx-e — bsfl+cx+d, what is the coefficient of 
(i) aP, (ii) a;? 



